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PART A: POD FOR DYNAMICAL SYSTEMS

POD Galerkin ansatz. Consider the linear parabolic differential equation

1.
2.

My(t) + Ay(t) = f(t) + Bu(t),  My(0) = yo.
Find a linear and bounded operator S : U — Y and § € Y such that y = Su + 9.

Complete line 7 and implement the function Rom in the algorithm

Algorithm 1 (PodGalerkin)

Require: M, A, f,yo, B, u, At, Lipax-

1: Solve § = State(M, A, f,yo, At)
2: Solve y; = State(M, A, Bu,0, At) and y» = State(M, A, f + Bu, yo, At)
3: Solve Uy = Pod(At, M, y1, bmax) and ¥y = Pod(At, M, y2, max)
4: for £ =1,..., 0. do
5. Determine [M{, A%, B{] = Rom(V{, M, A, B) and [M$, A%, BS, f5,vy5] = Rom(W5, M, A, B, f,y,)
6:  Compute 2§ = State(M{, A, B{u,0, At) and x5 = State(M{, AL, f§ + Biu, y’y, At)
7:  Determine the corresponding high dimensional states y{ = ..., y5 =
8 Compute ef = [lyo — y{lly and €5 = [ly2 — yslly
9: end for
3. Visualize eq, e and the first few Pod elements of ¥y, s,

Solutions.

1.

We consider the homogeneous controlled and the inhomogeneous uncontrolled pdes
My(t) + Ay(t) = Bu(t) & My(0) =0,  My(t) + Ay(t) = f(t) & My(0) = yo,
then S is the linear, bounded solution operator to the first problem and g is the solution to the second one.

Let N be the dimension of the high-dimensional system and n be the number of control components, i.e.
M, A € RY*N and B € RV*", The function Rom assembles the system matrices of the reduced order model.
For this purpose, the high-dimensional pde is transformed onto the space spanned by the POD basis elements
which is provided by multiplication from the left with (¥*)T € R®*¥; further, the solution vector y(t) € RV
is replaced by its expansion in the POD basis, > z;(t)1f = W¢ - 2(t) where x(t) € R’. The reduced pde is

M (t) + Alz(t) = f4(t) + Blu(t), M z(0) = y°

where M*, AY, B, f¢,4¢ are calculated by the function ROM which is an implementation of

Algorithm 2 (ReducedOrderModel)

Require: V¢ M, A, B, f,vo,90, Y-

MZ (\IJZ)TM\IJE c RZXZ AE (\IJZ)TA\IJZ c Rbd’ BZ — (\I]Z)TB c RZXn.
if nargout > 5 then
FA@) = (BOTf(1) e RY, yo = (¥9)Tyo € R
end if
if nargout > 7 then
Yo () = () Ty (t) € R, v, = (¥9)Tya € RY.
end if




Notice: The coefficients for yg, yo are required later.
The full solutions y¥(t),y5(t) € RN are reconstructed by yt(t) = W% - x1(t) + §(t) and y5(t) = U5 - z5(¢).

3. We have a look at the inhomogeneous, controlled state solution y» = y; + ¢, at the errors between the high-
dimensional FE model and the low-dimensional POD model and at the shape of the POD basis elements of
the two ansatzes.
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Fig. 1: The state solution with discontinuous initialization. As typical for linear parabolic equations, the initial

value is smoothend imediately.
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Fig. 2: The state errors caused by the model reduction. As one sees, the modified ansatz where just the
snapshots of the homogeneous solution component y; = Su are used for the POD basis creation leads

to significantly better results than the classical ansatz where the snapshots of yo = Su + ¢ generate the
POD basis.
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Fig. 3: The first POD basis elements ¢! of the homogeneous ansatz (left) and v} of the inhomogeneous one
(right). As one sees, the rows 15 of Wy include jumps at the positions where y, is discontinuous to be
able to reconstruct the initial value which is not required for the homogeneous ansatz.
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Fig. 4: The reconstruction of the initial value, W¥y§ for different POD basis ranks ¢ with the modified ansatz
(left) and the classical one (right). The approximation with the inhomogeneous basis ¥o works quite
well where with Wy, it is neither required nor possible to build up y, accurately.

PART B: OPTIMAL CONTROL OF PDES

Optimization problem. We consider the pde-constrained optimal control problem
min J || QO dt + 5T~ Gl + 3 ull?
y7 y H Yy Yallg 2 U

subject to
My(t) + Ay(t) = f(t) + Bu(t) & My(0) =y, ua(t) < u(t) < up(t).

Optimality system. An optimal control-state pair (g,4) € Y x U is given by

My(t) + Ay(t) — f(t) — Bu(t) =0 My(0) = yo,
—Mp(t) + Ap(t) + My(t) — yo(t) =0, Mp(T) + My(T) — ya, =0
u(t) —P(o~ B*p(t)) =0

where P(u) = min(max(u, uq), up) is the canonical projection of U onto [ug, up) and yo () = My (t), yo = Myq.



Lagrange calculus. The optimality system is derived by differentiating the Lagrange function

T
Ly, u,p) = J(y,u) + / (E(y, u)(), p(8)) 12 vy d
0
with the modified objective functional J : Y x U — R and the constraints operator E : Y x U — L£2(0,RN),

T
J(y,u) = / 1(T) = (G (t) — g7 dt + Ily(t) — Fa(t) — §(T)IE + %IIUII%,
0

E(y,u) = My(t) + Ay(t) — Bu(?).

Notice: The resulting variational inequality Vi € [uq,up) : (ou—B*p, i—u)y > 0 is equivalent to u = P(c =1 B*p).

4. Find a linear and bounded operator S : U — Y and p € Y such that p = Su + p.
5. Define a selfmapping F on U such that the optimal control @ is a fixpoint of F.

6. Formulate a condition of the regularisation parameter ¢ such that the corresponding Banach fixpoint iteration
admits a unique solution.

Solutions.
4. Consider the two initial value problems
—Mp(t) + Ap(t) = —M Su(t) &  Mp(T)=-MSu(T),
—Mp(t) + Ap(t) = yo(t) — My(t) &  Mp(T) = yo — My(T),
then S is the linear, bounded solution operator to the first one and p is the solution of the second one.

5. Choose F(u) = P(o—*(B*Su + B*p)), then (y,u,p) solves the optimality system if and only if y = Su + §,
p=Su+pand F(u) =u.

6. We show that F is a contraction for suitable o, i.e. that
IC € (0,1):Vu,u e U : |F(u) — F(a)|lv < C|lu—1|y.

Since PP is an orthogonal projector on the nonempty, closed, convex set [ug,up), P is Lipschitz continuous of
order 1, i.e. |[|P(u) —P(a@)||jy <1-|lu—ally for all u,u € U. Further, the operator B*S is bounded. Hence:

1Fu~ Fally < o B*S] |lu—al.

Choosing C' = o~ 1||B*S||, we get C € (0,1) for o > || B*S].

PART C: REDUCED ORDER MODELLUNG FOR OPTIMIZATION PROBLEMS

Optimization algorithm. We provide the following fixpoint strategy:

Algorithm 3 (SolverOptimizationProblem)

Require: initial control u,, desired exactness £, maximal iterations ky,,x, inhomogeneous component B*p
1: Set k=0, u = u,
2: repeat
3:  Compute yp, = Su = State(M, A, Bu, 0, At)
4:  Compute p;, = Su = fliplr(State(M, A, —f1liplr(Myy), — My(T), At))
5. Evaluate uy = P(o~!(B*py, + B*p))
6: until ||uy —ully < e or k = kpax.
7. Set u=uq and k =k +1
8: Return optimal control wu.




Notice that the adjoint equation can be solved with the forward routine State as well by backwards transfor-
mation in time:

Mq(t) + Aq(t) = =M (Su)(T —t) & Mq(0) = =M (Su)(T),  p(t) = q(T —1).

7. Design an algorithm which combines the model reduction via POD with the provided optimization strategy.

8. Visualize the errors between the suboptimal controls ¢ and the optimal control u for £ = 1, ...,15.

Solutions.

7. We have to calculate the inhomogeneous component B*p, to solve the high-dimensional state equation to
build up the snapshot matrix, to construct the reduced order system matrices and to execute the optimizer
with the reduced objects as input parameters:

Algorithm 4 (ReducedOrderOptimization)

1: Calculate §(t) = State(M, A, f,y., At).

2: Calculate p(t) = fliplr(State(M, A, £1iplr(yg — M9),yo — MG(T), At)) € RY.
3: Construct inhomogeneous component (B*p)(t) € R™.
4: Execute optimizer u(t) = Solver(uo, €, kmax, M, A, B, At, 0, us, up, B*p) € R™.
5: Calculate snapshots y(t) = State(M, A, Bu,,0, At) € RV,
6: Determine a rank-/,,,, POD basis U = Pod(At, M, y, lay) € RN ¥ bmax,
7. for £ =1,...,lax do

8:  Assemble reduced order model [M?, A*, BY] = Rom(W¢, M, A, B) € R*¢ x R*¢ x RO,
9:  Execute optimizer u’(t) = Solver(uo, €, kmax, M, AL, BY, At, 0, uq, up, B*p) € R™.
10:  Compute control error e(f) = ||@ — u’||y.
11: end for

8. We visualize the optimal control functions @, first.
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Fig. 5: The control bounds u, = 0.25 and u, = 0.75 are active for u1,u19 and for the central components.

An efficient decay of the control errors can just be expected if the initial control guess u, is already close to

the optimal control @. If this is not the case, the procedure may by repeated several times to construct a

sequence (u})x with initialization uf, = uo and uf, =uf ,, k=2, ....
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Fig. 6: The control errors with respect to the reduced control solutions u{, calculated without a basis adaptivity

strategy, and u4 where the POD basis is updated once by initialiting the snapshots with u{. Indeed,
the snapshots to u! already numerically coincide with those to @, i.e. a second basis update leads to no
improvement in the error decay.

Further information, especially concerning the asymptotic behavior of the errors, decay rates, a priori error
bounds and a posteriori error estimators, can be found in the literature.
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