Universitiat Konstanz ]
Fachbereich Mathematik und Statistik e
Prof. Dr. Salma Kuhlmann
Dr. Annalisa Conversano
SS2010

AT

UBUNGEN ZUR VORLESUNG POSITIVE POLYNOME

BLATT 05

These exercises will be collected Tuesday 1st June in the mailbox n.14 of the
Mathematics department.

In the following exercise we complete the proof of Hilbert’s Theorem for any real
closed field R.

1. Let R be a real closed field.

(7) (Spectral theorem.) Let n € N and M, (R) the set of nxn matrices with
coefficients in R. Show that for every symmetric matrix A € M, (R)
there is a diagonal matrix D € M, (R) and S € M,,(R) such that

STS=71 and A=SDST.

(Write details for n = 2 and explain in words why it is true Vn € N).

(74) Show that

d
f€Pnoa f:f12+...+f32 = EIsuchanswithsg<nzlr >

(791) Show that Vn € N and Vm € N with n # 2, m # 2 and (n,m) # (3,4)

Tnm(R) € Pom(R).

2. Show that Vn € Nand Vay,...,an,21,...,2, ERZ' = {y e R:y > 0}

n
Zaizl = aqry + -+ apry —xftcant = 0.

n
=1



3. Consider the ternary sextic form
S(x,y,2) = xiy? + y122 + 7282 — 3x2y222,
and the Motzkin’s form

M(x,y,z) = 2% + x'y? + x?y* — 3x%y?7°.

We established that M (x,y,z) is psd but is not sos (See UB 6 Vorlesung
RAG WS 2009/2010).

(a) Show that S(x,y,z) is psd.

(b) Show that S(x,y,z) is not sos considering the possible monomials in a
representation of S(x,y,z) as sos.

(¢) Can you prove that S(x,y,z) and M(x,y,z) are not sos using Robin-
son’s method? Justify your answer.



