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1. PREORDERINGS AND POSITIVE CONES

Definition 1.1. (Prdordnung) Let K be a field and let T'C K such that
(i) TH+TCT,
(5) TT C T,
(i7i) a® € T for every a € K.

(Where T+T:= {Ifl + 19 :t1,10 € T} and TT := {tltg 1 t1,t0 € T})
Then T is said to be a preordering (or cone) of K.

Definition 1.2. (echte Priordnung) A preordering T of a field K is said to
be proper if —1 ¢ T.

Definition 1.3. (Positivkegel) A proper preordering T' of a field K is said

to be a positive cone if -T'UT = K, where —T :={—-t:t € T}.

Proposition 1.4. Let (K, <) be an ordered field. Then the set
P={xeK:x >0}

is a positive cone of K. Conversely, if P is a positive cone of a field K, then

Vz,y € K
<y & y—xrx <P

defines an ordering on K such that (K,<) is an ordered field.
Therefore for every field K there is a bijection between the set of the or-
derings on K and the set of the positive cones of K.

Notation 1.5. Let K be a field. We denote by >~ K? the set
{a3 4 +d2:neN g cK,i=1,...,n}.
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Exercise 1.6. Let K be a field. Then

(1) 3. K? is a preordering of K.

(2) 3> K? is the smallest preordering of K, i.e. if T is a preordering of
K, then S K2 CT.

(3) If K is real then —1 ¢ 3" K? (i.e. . K? is a proper preordering).
(4) If K is algebraically closed then it is not real.

(5) Let (K, P) be an ordered real field, F' a field and

p:F — K

an homomorphism of fields. Then Q := ¢~ !(P) is an ordering of F'
(Q is said to be the pullback of P).

(6) If P, @ are positive cones of K with P C @, then P = Q.

(7) In particular, if Y K? is a positive cone (or ordering: see 1.4) of K,
then it is the unique ordering of K.

Remark 1.7. Let K be a field with char(K) # 2. If T' C K is a preordering
which is not proper (i.e. —1 € T'), then T' = K.

Proof. For every x € K,
z+1\2 z—1\?
= -1 T.
= (5) +o (7))

Remark 1.8. Let 7 = {T; : i € I} be a family of preorderings of a field K.
Then

(4)

O

T

el
is a preordering of K.

(i1) if Vi,j € I 3k € I such that T; UT; C T, then
Um
el

is a preordering of K.
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2. A CRUCIAL LEMMA

Lemma 2.1. Let K be a field and T a proper preordering of K. If a € K
and a ¢ T, then
T—al = {tl —atg : 11,12 € T}

is a proper preordering of K.
Proof. Since K2 C T, also K2 C T — aT. Clearly (T —aT) + (T — aT) C
T — aT. Moreover Viti,to,t3,t4 €T,
(t1 — ato)(t3 — aty) = tit3 + a’tity — a(tity +tot3) € T —aT,
therefore (T'— aT)(T — aT) C (T — aT) and T — aT is a preordering of K.
If (T'— aT) is not proper, then —1 = ¢; — aty for some t1,ty € T with

to # 0, since T is proper. Therefore

1
a=t3(1+t1)t2 €T,
2

contradiction.

3. SEVERAL CONSEQUENCES

Corollary 3.1. Fvery maximal proper preordering of a field K is an ordering
(positive cone: see 1.4) of K.

Corollary 3.2. FEwvery proper preordering of a field K is contained in an
ordering of K.

Proof. Let T be a proper preordering. Let

T={T :T'DT, T is a proper preordering of K }.

7 is non-empty and for every ascending chain of 7

T, €T, C...CT, C ...

by 1.8(i7) |JT;; is a proper preordering containing 7" and Zorn’s Lemma
applies.
Let P be a maximal element of 7. Then P is a maximal preordering of
K containing T', and by 3.1 P is an ordering.
O

Corollary 3.3. Let T be a proper preordering of a field K. Then

T= ﬂ {P:T C P, P positive cone of K}.

(C) It is obvious.

(D) Let @ € K such that a is contained every positive cone containing
T. If a ¢ T, then by Lemma 2.1 T — aT is a proper preordering of
K. By Corollary 3.2, T'— aT is contained in a positive cone P of K.
Then —a € P and a ¢ P.
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Corollary 3.4. (Characterization of real fields) Let K be a field. The fol-
lowing are equivalent:

(1) K is real (i.e. K has an ordering).
(2) K has a proper preordering.
(3) 3. K? is a proper preordering (i.e. —1 ¢ > K?2).

(4) VneN, Vay,...,a, € K

n
Za?:@ = a1=-- =a, =0.
i=1

Proof. (1) = (2) = (3) obvious. We show now (3) < (4).
(=) Let Y1 ; a? = 0 and suppose a; # 0 for some 1 < i < n. Say a,, # 0.

i=1"1
Then

n

al 2 Ap—1 2
<> +---+<") +1=0.
ap, p,

Therefore —1 € Y K?, contradiction.

and

(<) Suppose —1 € 3" K2, so
—1 =b7 4+,

for some s € N and by,...,bs € K. Then

L+bi+--+b2=0

and 1 = 0, contradiction.

To complete the proof note that if —1 ¢ > K? then Y. K? is a proper
preordering, and by Corollary 3.2 K has an ordering. This proves (3) = (1).
U

Corollary 3.5. (Artin) Let K be a real field. Then
ZK2 = ﬂ{P : P is an ordering of K}.
In other words, if K is a real field and a € K, then

a>2p0 for every ordering P < a € ZKQ.



