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Konvexe Bewertungen und reelle Stellen auf angeordnete Korper

1. VALUED Z-MODULES AND VALUED (Q-VECTOR SPACES

All modules M considered are left Z-modules for a fixed ring Z with 1
(we are mainly interested in Z = Z, i.e. in valued abelian groups).

Definition 1.1. Let I' be a totally ordered set and oo an element greater
than aech element of I' (Notation: co > I'). A surjective map

vi M — T'U{oo}

is a valuation on M (and (M,v) is a valued module) if Vz,y € M and
VreZ:

(1) v(z) =0 < z=0;
(73) v(rz) =v(x), if r # 0 (value preserving scalar multiplication);

(7i7) v(x —y) > min{v(z),v(y)} (ultrametric A-inequality).
Remark 1.2. (i) + (i1) = M is torsion-free.

Remark 1.3. Consequences of the ultrametric:

e v(z) #v(y) = v(z+y)=minfv(z),v(y)};

o v(x+y)>v(x) = v(z)=0(Yy).

Definition 1.4. v(M) :=T = {v(z) : 0 # x € M} is the value set of M.
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Definition 1.5.

(1) Let (My,v1), (Ms,vs) two valued modules with value sets I'; and T’y
respectively. Let
h: M1 — M2

be an isomorphism of Z-modules. We say that h preserves the
valuation if there is an isomorphism of ordered sets

@Y. Fl — FQ
such that Vo € My : p(vi1(x)) = va2(h(z)).

(73) Two valuations vi, vo on M are equivalent if the identity map on
M preserves the valuation.

Definition 1.6.
(1) An ordered system of Z-modules is denoted by:

[T, {B(v) :v€T}]

where {B(7y) : v € '} is a family of modules indexed by a totally
ordered set I'.

(2) Two systems
Si= [Ty, {Bi(v) ;v eli}]  i=1,2

are isomorphic (we write S; = Ss) if and only if there are an iso-
morphism
(Y2 Fl — Fg

of totally ordered sets, and V~ € I'; an isomorphism of modules

@yt Bi(y) — Ba(e(y)).

(3) Let (M,v) be a valued module, I" := v(M). For v € T" set
M7V :={x e M :v(z) >~}
M, :={z e M:v(z) >~}
Then M, C M"Y C M. Set
B(M,~) := M"/M,.
B(M,~) is the (homogeneous) component corresponding to

7. The skeleton (das skelett) of the valued module (M,v) is the
ordered system

S(M) := [v(M), {B(M,7) : v € v(M)}].

We write B(v) for B(M,~) if the context is clear.
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(4) For every v € I, the coefficient map (Koeffizient Abbildung)

M (y,=): MY — B(7)
T — r+ M,

is the canonical projection.
We write 7(7y, —) instead of 7 (v, —) if the context is clear.

Lemma 1.7. The skeleton is an isomorphism invariant, i.e.

if  (My,v1) = (Ma,vs),
then S(Ml) = S(Mg)

Proof. Let h: M1 — My be an isomorphism which preserves the valuation.
Then

h: v(Ml) — "U(MQ)
defined by

h(vi(x)) := va(h(z))

is a well defined map and an isomorphism of totally ordered sets.
For v € v(M7) the map

hy: Bi(y) — Ba(h(7))

defined by

M (y,z) = 72 (h(y), h(z))

is well defined and an isomorphism of modules. O

2. HAHN VALUED MODULES

A system [T, {B(7) : v € T'}] of torsion-free modules can be realized as
the skeleton of a valued module through the following canonical construction:

Consider [],c B(v) the product module. For s € [, o B(v) define

support(s) = {y € I' : s(y) # 0}.

The Hahn sum | |
elements with finite support (i.e. @

B(y) is the submodule of [[ . B(v) consisting of

ver B) endowed with the valuation:

Umin - |_| B(’Y) - FU{OO}
yel’
Umin (8) = min support(s).

(convention: minf) = o).
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The Hann product Hyer B(7) is the submodule of [ [ . B(7) consisting
of the elements with well-ordered support equipped with vin.

We recall that a totally ordered set I' is well-ordered if every non-empty
subset of I has a least, or equivalently if every descending sequence of ele-
ments from T is finite.

3. HAHN SANDWICH PROPOSITION

Lemma 3.1.
(1) Uyer B(7)) € Hyer B(7).
(i1)
S(||B() = [T {B():7€T}]

vyel
~ S(H,er B()).

We shall show that if Z = @ is a field and (V,v) is a valued Q-vector
space with skeleton S(V') = [I', B(y)], then

(|_|B(’7)7Umin) — (Vvav) — (HWGFB(’V)’Umin)'



