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1. HAHN SANDWICH PROPOSITION

From now, let Z = @ be a field and (V,v) a valued @Q-vector space with
skeleton S(V') = [T, B(~)]. We want to show

(|_|B('V)a Vmin) — (V,v) — (H'VGFB('V)a Vmin)-
~yel'

2. IMMEDIATE EXTENSIONS

Definition 2.1. Let (V;,v;) be valued Q-vector spaces (i = 1,2).

(1) Let Vi C Va @-subspace with v1(V7) C ve(Va). We say that (Va, v9)
is an extension of (V,v1), and we write

(Vi,v1) € (Va,v2),

if V2|, = V1.

(2) If (‘/luvl) - (‘/271}2)7 for v E ’Ul(Vl) the map

Bi(y) — Bz2(7)
z+(Vi)y = z+(Va)y
is a natural identification of Bi() as a @-subspace of Ba(y). The
extension (Vi,v1) C (Va,v2) is immediate if ' := vy (V) = va(V2)
and Vv € v1(11)
Bi(7) = Ba(v)-

Equivalently, (V1,v1) C (Va, v2) is immediate if S(Vi,v1) = S(Va,v2).
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Lemma 2.2. (Characterization of immediate extensions)
The extension (Vi,v1) C (Va,va) is immediate if and only if
Ve eVa, x#0, Jy € Vi such that va(z —y) > va(x).
Proof. We show that in a valued @Q-vector space (V,v), for every x,y € V
3 = = d
v —y) >v(r) = (Z) 7 =v(@)=v(y) an
(it) w(y,z) =7(y,y).
(<) Assume (i) and (4i). So z,y € V7 and x —y € V,.
Then v(z —y) > v(z) = 7.

(=) Assume v(x —y) > v(x). We show (7) and (ii).

If v(z) # v(y), then v(z — y) = min{v(z),v(y)}. In both cases
min{v(z),v(y)} = v(z) and min{v(z),v(y)} = v(y) we have a con-
tradiction. (7i) is analogue.

U
Example 2.3. (l—lveF B(7), Ymin) € (Hyer B(7¥), Vmin)
is an immediate extension.

Proof. Given x € Hyer B(7),  # 0, set
7o := min support(x) and z(y0) :=bo € B(7).

Let y € [ |,ep B(7) such that

_J0 ify#F
y(v) = :
by if v = 0.

Namely y = box~,, where
Xvo: r — Q

(v) = 1 ify=
o0 iy # 0.

Then vpin(x — y) > 70 = vmin(z) (because (z — y)(y0) = x(y0) — y(y0) =
bo — by = 0).
O

3. VALUATION INDEPENDENCE

Definition 3.1. B={x;:i € I} CV \ {0} is Q-valuation independent
if for ¢; € Q with ¢; = 0 for all but finitely many ¢ € I, we have

v(; giwi) = min, {v(z)}.
Remark 3.2. B C V\{0} Q-valuation independent = @Q-linear indepen-
dent.
(Otherwise 3 ¢; # 0 with > ¢x; = 0 and v(D_ giz;) = 00).
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Proposition 3.3. (Characterization of valuation independence)

Let B C V \ {0}. Then B is Q-valuation independent if and only if
VneN, Vby,..., by, € B pairwise distinct with v(by) = --- = v(b,) = vy, the
coefficients

W(fya bl)a s 777(’7/’ bn) € B(V)
are Q-linear independent in B(7).

Proof.

(=) Let by,...,b, € B with v(b1) = --- = v(b,) = v and suppose for a
contradiction that

7'('(’% bl)v s 777(’% bn) € B(’Y)

are not @-linear independent. So there are ¢q,...,q, € @ non-zero
such that 7(v, > ¢ib;) = 0 and v(g;b;) > =, contradiction.

(<) We show that
U(Z qib;) = min{v(b;)} = .

Since 7(7,b1),...,m(7,by) are Q-linear independent in B(7), also

W(fy) Z szz) ;é 07
=0

fe. v(dqibi) <.
On the other hand v(}_ ¢;b;) = 7, so v(>_ qib;) = v = min{v(b;)}.

O

4. MAXIMAL VALUATION INDEPENDENCE

By Zorn’s lemma, maximal valuation independent sets exist:

Corollary 4.1. (Characterization of maximal valuation independent sets)
B CV \ {0} is mazimal valuation independent if and only if Vv € v(V)

By :={m(v,b) : b e B;v(b) =~}

is a Q-vector space basis of B(V, 7).

Corollary 4.2. Let BC V \ {0} be valuation independent in (V,v). Then
B is mazimal valuation independent if and only if the extension

(B) = (V()aU|V0) c (Viv)

1s an immediate extension.

Proof.



(=)

SALMA KUHLMANN

Assume B C V is maximal valuation independent. We show V) C V
is immediate.
If not 3 x € V,  # 0 such that

VyeVo: vz —y) <o(z).

We will show that in this case BU{x} is valuation independent (which
will contradict our maximality assumption).
Consider v(yo + qx), ¢ € Q, ¢ # 0, yo € Vp. Set

Y= —%/q.

We claim that v(yo + qz) = v(z — y) = min{v(x),v(y)}

Fact.

oz —y) < o(z) <= v(z—y) = minfo(z), v(y)}

Proof of the fact. (<) is clear. To see (=), assume that v(z—y) >
min{v(z),v(y)}. If min{v(x),v(y)} = v(x), then we have a contra-
diction. If min{v(x),v(y)} = v(y) < v(x), then v(x —y) = v(y) >
v(y), again a contradiction.

Now assume (Vp,v) C (V,v) is immediate. We show that B is maxi-
mal valuation independent.
If not, there is v € v(V) such that B, is not a basis for B(V,~).
Let b e B(V,v), b¢ (B,).

beVIV, = b=a+V,,
with z € V, v(x) = 7.
Claim: Vy € Vj v(z — y) < v(x) (contradicting that the exten-

sion is immediate). This follows by Characterization of immediate
extensions (Lemma 2.2).

O

5. VALUATION BASIS

Definition 5.1. B is a -valuation basis of (V,v) if

(1)
(2)

B is a )-basis,
B is @-valuation independent.

Remark 5.2. B ()-valuation basis = B is maximal valuation independent.

Example 5.3. (||, B(7), vmin) admits a valuation basis.

Proof. Let By be a Q-basis of B(y) for v € I' and consider

B:= U{bxh}; be BW},

yel’

where Vv € T’

X’yZF — Q
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() = 1 ify=+
X\ )= 0 ifv#4.

O

Corollary 5.4. (V,v) with skeleton S(V) = [T, B(vy)] admits a valuation
basis if and only if

(V,u) = |_|B )5 Vmin)-
yel’

Proof.
(<) Clear.

(=) Let B be a valuation basis for (V,v). Then B = {b; : i € I} is
maximal valuation independent. For every b; € B,v(b;) = =, define

h(bi) = (7, bi)x4

and extend it to V' by linearity (note that v(b;) = vmin(h(b;))).

Corollary 5.5. Assume S(V) = [T, B(y)]. Then
|_|B )s Vmin) — (V,v).
yel’

Proof. By Zorn’s lemma, let B C V' \ {0} be maximal valuation independent.
Set
Vo :i= o(B).

Then B is a valuation basis for V and V) C V (immediate), so S(Vp) =
S(V) = [T, B(»)] and

‘/07 |_| B ) vmm
vel’



