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1. VALUATION BASIS

Definition 1.1. B C V\{0} is a Q-valuation basis of (V,v) if

(1) B is a Q-linear basis for V,
(2) B is Q-valuation independent.

Remark 1.2. Bis a Q-valuation basis = B is maximal valuation indepen-
dent.
(This is because valuation independence = linear independence).

Warning 1.3.

(1) a maximal valuation independent set needs not to be a valuation
basis.
Example: HyQ is a Q-vector space, with vy, valuation. Consider

B=1{(1,0,...),(0,1,...),...} C HyQ\{0}.
Then Vy € N : B, = {1}, which is a Q-basis of B(y). Hence, B is
maximal valuation independent. However, note that B is not a Q-
linear basis of Hy Q.

(71) a valued vector space needs not to admit a valuation basis.

Example 1.4. (L], B(7), vmin) admits a valuation basis.
Proof. Let B, be a Q-basis of B(vy) for all v € I and consider

B:= U {bxy; b€ By},

~vel
where Vy eI’
Xy: ' — @
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Corollary 1.5. Let (V,v) be a valued Q-vector space with skeleton S(V') =
[T,{B(y):v€T}]. Then ( v) admits a valuation basis if and only if

|_| B(%), Umin)-
yerl’
Proof.
(<) UA.

(=) Let B := {b; : i € I} be a valuation basis for (V,v). Then B is
maximal valuation independent. For every b; € B with v(b;) = ~
define

h(bi) = (v, bi)xy € | | B(v)
yerl’

and then extend h to all of V' by linearity, i.e. for x € V such that
T = ZbieB qv; bi define

= Z av; 1 (bi)

b;eB
Verify that h is valuation preserving, i.e. verify that
Umin(h(z)) = v(z) (=id(v(x))) VzeV

First consider the case x = b;. Then it holds by construction
v(b;) = vmin(h(b;)).

For arbitrary = we have h(z) = gp,h(b;), and therefore

v(z) = min{v(b;) : b; € B}
= mln{vmm(h(b )) 1 b; € B}
= Umin(h(2)).
O

Corollary 1.6. Let (V,v) be a valued Q-vector space with skeleton S(V') =
[[,{B(y):v€T}. Then

|_| B 7 Umm — (V7U)7

~yel'
i.e. there exists a valued subspace (Viy,vg) of (V,v) such that (Vp,vo) C (V,v)
15 1mmediate and

(Vo, o) = (|_| B(7; Umin))-

Proof. By Zorn’s lemma, let B C V' \ {0} be maximal valuation independent.
Set

Vo :=(B)q-

Then B is a valuation basis of Vj and the extension Vy C V is immediate by
maximality. By definition S(Vp) = [[',{B(v) : v € I'}]. So (Vo,vjy;,) admits
a valuation basis and has skeleton S(Vp) = [I,{B(y) : v € I'}|. By the
previous corollary (Vo, vjy,) = (L B(7), Vmin) - O



