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1. INTRODUCTION
Our aim for this and next lecture is to complete the proof of Hahn’s em-

bedding Theorem:

Let (V,v) be a @-valued vector space with S(V)) = [T, B(y) |.
Let {x; : i € I} C V be maximal valuation independent and

h: Vo= ({zi:ieT}), v) = (|| B(Y), vmin).
verl’

Then h extends to a valuation preserving embedding (i.e. an isomorphism
onto a valued subspace)

h: (V7U) — (HWEF B(’V)a Umin)'
The picture is the following:

h
(V, v) —— (Hyer B(7), vmin)
immediate immediate

(Vo, v) —=> (Uyer BOY), tmin)

2. PSEUDO-CONVERGENCE AND MAXIMALITY

Definition 2.1. A valued Q-vector space (V,v) is said to be maximally
valued if it admits no proper immediate extension.
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Definition 2.2. Let S = {a, : p € A} C V for some limit ordinal .
Then S is said to be pseudo-convergent (or pseudo-Cauchy) if for every
p < o <1 we have

v(ag —a,) < v(ar — aq).

Example 2.3.

(a) Let V = (Hn, R, vmin), where Ng ={0,1,2,...}. An element s € V
can be viewed as a function s: Ny — R. Consider

ao = (1,0,0,0,0...)
a1 = (1,1,0,0,0...)
as = (1,1,1,0,0...)

The sequence {a, : n € Ng} C V is pseudo-Cauchy.

(b) Take (V,v) as above and s € V' with
support(s) = Ny,

ie. s;:=s(i) # 0 Vi € Ny. Define the sequence

b(): (80,0,0,0,0...)
bl = (80,31,0,0,0...)
b2= (80,31,82,0,0...)

For every | < m < n € Ny, we have

[+1= Umin(bm - bl) < Umin(bn — bm) =m+ 1.

Therefore {b, : n € No} C V is pseudo-Cauchy.

Lemma 2.4. If S = {a,} e is pseudo-convergent then

(i) either v(a,) < v(as) for all p < o € A,

(i1) or Ipo € X such that v(a,) =v(as) Yp,0 = po.

Proof. Assume (i) does not hold, i.e. v(a,) > v(a,) for some p < o € .
Then we claim that

v(ar) =v(ay) V1> o0.

Otherwise, v(a; — ar) = min{v(a,),v(as)} < v(ay).
But v(as — a,) > v(as), contradicting pseudo-convergence for p < o <
T. O
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Notation 2.5. In case (ii) define
Ult S :=v(apy,) = v(ay) Vo = po.

Lemma 2.6. If {a,},ex is pseudo-convergent, then for all p < 0 € X we
have

v(ag —ay) = v(apr1 — ap).
Proof. We may assume 0 > p+1 (so p<p+1<o). From

v(aps1 —ap) < v(ag —apy1)
and the identity
Qg — Qp = (ag — ap+1) + (ap+1 - ap)»

we deduce that

v(as — ap) = min{v(as — apt1),v(apr1 — ap)}

= v(apt1 — ap).

Notation 2.7.

(ap+1 - ap)

(ag — ay) Yo >p.

Remark 2.8. Since p < p+1 < p+ 2, we have v, < v,41 forall p € A.

3. PSEUDO-LIMITS

Definition 3.1. Let S = {a,},c) be a pseudo-convergent set. We say that
x € V is a pseudo-limit of S if

v(z —ap) =, for all p € \.
Remark 3.2.
(i) If v(a,) < v(as) for p < o, then x = 0 is a pseudo-limit.

(7) If 0 is not a pseudo-limit and x is a pseudo-limit, then v(z) = Ult S.

Example 3.3.
(a) In Example 2.3(a), the constant function 1:

a=(1,1,...)

is a pseudo-limit of the sequence {ay, }nen,-
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(b) In Example 2.3(b), s is a pseudo-limit of {by, }nen,-

Definition 3.4. (V,v) is pseudo-complete if every pseudo-convergent se-
quence in V has a pseudo-limit in V.

We will analyse the set of pseudo-limits of a given pseudo-Cauchy sequence

(this set can be empty, a singleton, or infinite).

Definition 3.5. Let S = {a,},e\ be a pseudo-convergent set. The breadth
(Breite) B of S is defined to be the following subset of V:

B=B(S):={yeV:v(y) >, Vpe A}l

Lemma 3.6. Let S = {a,}per be pseudo-convergent with breadth B and let
x €V be a pseudo-limit of S. Then an element of V is a pseudo-limit of S
if and only if it is of the form x 4+ y with y € B.

Proof.
(=) Let z be another pseudo-limit of S. It follows from

r—z=(x—ap) —(z—ap)

that

v(z — z) 2> min{v(z —a,),v(z —a,)} =, Vpe

Since 7, is strictly increasing, it follows v(z —z) > «, for all p € A.
So x — z € B is as required.

(<) If y € B then v(y) > v, = v(z — a,) for all p € X\. Then

v((z+y) —ap) =v((z—ap) +y) =min{v(z —ay),v(y)t =7, VpeA
0

4. COFINALITY

Definition 4.1. Let I" be a totally ordered set. A subset A C I' is cofinal
in I"if
Vy el da € A with v < a.

Example 4.2. If I' = [0,1] C R, then A = {1} is cofinal in T".

Lemma 4.3. Let ) # T be a totally ordered set. Then there is a well-ordered
cofinal subset A C T'. Moreover if I' has no last element, then A has also no
last element, i.e. the order type of A is a limit ordinal.



REAL ALGEBRAIC GEOMETRY LECTURE NOTES(06: 27/04/15 - CORRECTED ON 06/05/2019)

Remark 4.4. Note that if {a,},c) is pseudo-Cauchy in (V,v), z € V is a
pseudo-limit and {v,},ex is cofinal in I' = v(V'), then it follows by Lemma
3.6 that the limit is unique. This is because if {7,},ex is cofinal in I', then

B(S) = {0}.

Warning: {7,},ex is cofinal in I" % S has no limit.



