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Chapter I: Valued vector spaces

1. VALUED MODULES

All modules M considered are left Z-modules for a fixed ring Z with 1
(we are mainly interested in Z = Z, i.e. in valued abelian groups).

Definition 1.1. Let I' be a totally ordered set and oo an element greater
than each element of I' (Notation: co > I'). A surjective map

v: M — T'U{oo}

is a valuation on M (and (M,v) is a valued module) if Vz,y € M and
VreZ:

(1) v(r) =00 & x =0,
(73) v(rz) =v(x), if r # 0 (value preserving scalar multiplication),
(#i7) v(x —y) = min{v(z),v(y)} (ultrametric A-inequality).

Remark 1.2. (i) + (i) = M is torsion-free.

Remark 1.3. Consequences of the ultrametric A-inequality:
(1) v(z) #v(y) = v(z+y)=min{v(z),v(y)}
(i1) v(z +y) >v(x) = v(xr)=0v(y).

Definition 1.4. v(M) :=T = {v(z) : 0 # 2 € M} is called the value set
of M.
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Definition 1.5.

(1) Let (My,v1), (Ma,v2) be valued Z-modules with value sets I'y and
T'y respectively. Let

hZM1 — M2

be an isomorphism of Z-modules. We say that h preserves the
valuation if there is an isomorphism of ordered sets

@: Fl — Fg
such that Vo € M; : o(vi(z)) = v2(h(z)).

(7i) Two valuations v; and ve on M are equivalent if the identity map
on M preserves the valuation.

Definition 1.6.
(1) An ordered system of Z-modules is a pair

[T, {B(7) : v € T'}],

where {B(v) : v € T'} is a family of Z-modules indexed by a totally
ordered set T'.

(2) Two ordered systems
Si= [Ty, {Bi(y):yeli}]  i=1,2

are isomorphic (we write S; = Ss) if and only if there is an isomor-
phism
(N Iy — Iy

of totally ordered sets, and Vv € I'y an isomorphism of Z-modules

oyt Bi(y) — Ba(ep(7)).

(3) Let (M,v) be a valued Z-module, I := v(M). For v € T set
M7V :={x e M :v(z) >~}
My :={x e M:v(zx) >~}
Then M, C M7 C M. Set
B(M,~) := M"/M,.
B(M,~) is called the (homogeneous) component correspond-

ing to 7. The skeleton (das Skelett) of the valued module (M,v)
is the ordered system

S(M) := [v(M), {B(M,7) : v €v(M)}].

We write B(v) for B(M,~) if the context is clear.
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(4) For every v € T', the coefficient map (Koeffizient Abbildung)

wM(3,-)s MY — B(3)
r = x+ M,
is the canonical projection.

We write 7(, —) instead of 7 (v, —) if the context is clear.

Lemma 1.7. The skeleton is an isomorphism invariant, ¢.e.

if  (My,v) =2 (Mg, v),
then  S(Mp) = S(My).

Proof. Let h: My — M be an isomorphism which preserves the valuation.
Then

h: Ul(Ml) — ’UQ(MQ)
defined by

h(vi(x)) := va(h(z))

is a well-defined map and an isomorphism of totally ordered sets.
For each v € v1(M;), the map

hy: Bi(y) — Ba(h(v))
defined by

w'i(y,2) = 7 (h(y), W)

is well-defined and an isomorphism of modules. O

2. HAHN VALUED MODULES

A system [I', {B(y) : v € I'}] of torsion-free modules can be realized as
the skeleton of a valued module through the following canonical construction:

Consider [ cr B(y) the product module. For s € [], . B(7) define

support(s) = {y € I" : s(vy) # 0}.
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1. HAHN VALUED MODULES

The Hahn sum is the Z-submodule of J[, . B(7) consisting of all ele-
ments with finite support. We denote it by

|_|B(’y) = SEHB . |supp(s)| < oo
yel’ vyel
We endow | | - B(7y) with the valuation

Urmin : u B(y) — T'U{oo}
yel
Umin (8) = min support(s).

(convention: min () = oo).

The Hahn product is the Z-submodule of [[ . B(7) consisting of all
elements with well-ordered support in I'. We denote it by

Hyer B(y) == (s € H B(7) : supp(s) is a well-ordered subset of T’

We endow H,cr B(y) with the valuation vy, as well.

2. WELL-ORDERED SETS

We recall that a totally ordered set I' is well-ordered if every non-empty
subset of I' has a least element, or equivalently if every strictly descending
sequence of elements from I' is finite.
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Example 2.1.
(1) Z=7Z,assume I' ={1,...,n}, B(y) =Z. Then

|| B() =Hy=i...B()
v=1,...,n
(2) Z =Q, assume I' = N (with natural order).
order type N = the first infinite ordinal number w.

] Q ifyisodd
Let B(y) := { R if v is even
Then

H,en B(y HB

vEN
More generally this holds whenever I' is a well-ordered set, i.e.
whenever I' is an ordinal.
(3) I' = —N with natural order.

| | B(v) =H,e nB(y)
veE—-N
More generally this holds whenever I' is an anti well-ordered set,
i.e. well-ordered under the order relation

Nn< ey <.
(4) T'=Q. Then

| | B() € Hyee B < [ BOY
7€Q 7€Q
Note that every countable ordinal is the order type of a well-
ordered subset of Q.

Theorem 2.2. (Cantor)
Every countable dense linear order without endpoints is isomorphic to Q.

Definition 2.3.
(1) A linear order @ is dense if

Vg1 < g2 € Q dgs € @ such that ¢; < g3 < go.

(7i) A linear order has no endpoints if it has no least element and no
last element.

Example 2.4.

i is dense because for q; < ¢o define g3 := 21922,
2
R is dense.

(7i) Q and R have no endpoints.
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Example 2.5.

() Uhegeo B(v) & Hyegeo B(7)

g —q q.-)_iq(qyéO) 0 — 0. Note that Q< := {g € Q: ¢ < 0}
has no endpoints.

|| Byn=|]|Bw= || B(.

7€Q<0 ’YEQ 7€Q>0

More generally let us now take I' = (g1, ¢2), the open intervall in
Q determined by ¢1 < g2. Note that (g1, ¢2) = Q.

(6) ' = R. Then

| | B() € Hyer B(v) € [[ B
vyER vER

What are the well-ordered subsets of R?

(i) all well-ordered subsets of Q!

(#7) all countable ordinals are the order type of some well-ordered
subset of R.

Now: Are there more?

Discussion: What is the cardinality of R?
IR| = ‘{0, 1}N( = [{0,1}]N = 2% = ¢ .= the continuum
Therefore

¢ = B > |N| = No.

More precisely: are there uncountable well-ordered subsets of R?
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1. HAHN SANDWICH PROPOSITION

Lemma 1.1.
(1) Uyer B(y) € Hyer B(%).

(i)

I

s(L] BM)

vel

[T,{B(y) : v €T}]

I

S(HWGF B(V))'
We shall show that if Z = @Q is a field and (V,v) is a valued @Q-vector
space with skeleton S(V) = [I',{B(v) : v € '], then

| | BV, tmin | = (Viv) < (Hyer B(Y), vmin)-
yel’

2. IMMEDIATE EXTENSIONS

Definition 2.1. Let (Vj,v;) be valued Q-vector spaces (i = 1,2).

(1) Let Vi C Vi be a Q-subspace with v1(V1) C wva(V2). We say that
(Va,v2) is an extension of (Vi,v1), and we write

(Vi,v1) C (Va,v9),

if vy = VL
1
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(2) If (V1,v1) C (Va,v2) and v € v1(V7), the map

Bi(v) — Ba(v)
2+ Vi)y = 2+ (Va)y
is a natural identification of Bj(y) as a @Q-subspace of Ba(y). The
extension (Vi,v1) C (Vo,v2) is immediate if T' := vy (V1) = va(V2)
and Vv € v1(V7)
Bi(7) = Ba(v)-
Equivalently, (Vi,v1) C (Va,v2) is immediate if S(V1) = S(Va).

Lemma 2.2. (Characterization of immediate extensions)
The extension (Vi,v1) C (Va,v2) is immediate if and only if

VeeVy, x#0, Jy € Vi such that ve(z —y) > va(x).
Proof. We show that in a valued @Q-vector space (V,v), for every z,y € V
vz —y) >v(z) = (l) 7 =v@) =vly) an
(i)) (v, 2) =7m(y,9).
(<) Suppose (i) and (it). So z,y € VY and x —y € V.
Then v(z —y) > v = v(z).

(=) Suppose v(x —y) > v(x). We show (i) and (ii).

Assume for a contradiction that v(z) # v(y). Then v(z — y) =
min{v(x),v(y)}. So if v(z) > v(y), then v(y) = v(z —y) > v(x) and
if v(y) > v(z), then v(z) = v(z — y) > v(x). Both is obviously a

contradiction. Thus, v(z) = v(y). (i7) is analogue.
0

Example 2.3. (Llfyel"B(fY)v Umin) - (HVEF B(’Y), Umin)

is an immediate extension.

Proof. Given « € Hyer B(7),  # 0, set
~o := min support(x) and z(y0) == bo € B(70)-

Let y € | ],er B(7) such that

_JOo ity #F
y(y) = .
bo if vy =1p.

Namely y = box~,, where

XWO:F—)Q
() = 1 ify=m
00 iy # 0.

Then vyin(x — y) > 0 = Umin(z) (because (z — y)(70) = () — y(y0) =
bo — by = 0).
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0

3. VALUATION INDEPENDENCE

Definition 3.1. B={z; :i € I} CV \ {0} is Q-valuation independent
if for ¢; € Q with ¢; = 0 for all but finitely many ¢ € I, we have

v <Z qia:Z) = ie?égﬁo{”(wi)}'

iel
Remark 3.2.

(1) Q-linear independence % @Q-valuation independence.
Consider (| ], Q, vmin) and the elements z1 = (1, 1), z2 = (1,0).

(2) B C V\{0} is Q-valuation independent = B is Q-linear indepen-
dent.
Else 3 ¢; # 0 with Y ¢;z; = 0 and min{v(z;)} = v(>_ qizi) = o0,
a contradiction.

Proposition 3.3. (Characterization of valuation independence)

Let B C V \ {0}. Then B is Q-valuation independent if and only if
Vn €N and Vby,...,b, € B pairwise distinct with v(by) = --- =v(b,) =7,
the coefficients

(7, b1), -, (7, bp) € B(v)
are Q-linear independent in the Q-vector space B(7).

Proof.

(=) Let by,...,b, € B with v(b;) = --- = v(b,) = v and suppose for a
contradiction that

w(,b1),...,m(7v,bn) € B(7)

are not (Q-linear independent. So there are ¢1,...,q, € @ non-zero
such that m(y,> gibi) = 0, so v(>_ ¢b;) > ~. This contradicts the
valuation independence.

(<) We show that
v (Z qibz-) = min{v(b;)} = .
Since 7(v,b1),...,m(v,by) are Q-linear independent in B(7),

7 (7. Y aibi) #0.

ie. v(dqibi) <.
On the other hand v(}_ ¢;b;) = 7, so v(>_ qib;) = v = min{v(b;)}.

0
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4. MAXIMAL VALUATION INDEPENDENCE

By Zorn’s lemma, maximal valuation independent sets exist:

Corollary 4.1. (Characterization of mazimal valuation independent sets)
B CV \ {0} is mazimal valuation independent if and only if Vv € v(V)

By :={m(v,b) : b e B,v(b) =~}

is a Q-vector space basis of B(7y).

Corollary 4.2. Let B C V \ {0} be valuation independent in (V,v). Then
B is mazimal valuation independent if and only if the extension

(B) = Vo,v,) € (Viv)

15 an immediate extension.

Proof.
(=)

Assume B C V is maximal valuation independent. We show 1, C V
is immediate.

If not 3 € V, x # 0, such that
VyeVo: vz —y) <o(z).

We will show that in this case BU{x} is valuation independent (which
will contradict our maximality assumption). Consider v(yo + qz),
g€ Q, q#0, yo € V. Set y := —yp/q. We claim that

v(yo + qx) = v(z —y) = min{v(z), v(y)} = min{o(z), v(yo)}-
This follows immediately from
Fact: v(z —y) < v(z) <= v(z —y) =min{v(z),v(y)}.
Proof of the fact. The implication (<) is trivial. To see (=), assume
that v(x — y) > min{v(z),v(y)}.
If min{v(x),v(y)} = v(z), then we have the contradiction
o(@) > oz — ) > min{o(z),v(y)} = 0(z).

I min{o(z), v(y)} = v(y) < v(x), then v(y) = v(z —y) > v(y), again
a contradiction.

Now assume that (Vp,v)y;,) C (V,v) is immediate. We show that B
is maximal valuation independent.
If not, BU {z} is valuation independent for some x € V\{0} with
x ¢ B. So Yy € Vo we get v(z —y) < v(z) by the fact above. This
contradicts that (Vo,vyy,) C (V,v) is immediate.
U



REAL ALGEBRAIC GEOMETRY LECTURE NOTES
(04: 20/04/15 - CORRECTED ON 02/05/2019)

SALMA KUHLMANN

CONTENTS
1. Preliminaries 1
2. Ordinals
3. Arithmetic of ordinals 4

Additional lecture on Ordinals

1. PRELIMINARIES

Theorem 1.1. (transfinite induction)
If (A, <) is a well-ordered set and P(x) a property such that

Va € A(Vb < a P(b) = P(a)),
then P(a) holds for all a € A.
Proof. Consider the set
B:={be A: P(b) is false}.

If B+# 0,let b = minB. Then Ve < b P(c) is true but P(b) is false, a
contradiction. O

Definition 1.2. Let A be a well-ordered set. An initial segment of A is a
set of the form A, :={be A:b < a}.

Proposition 1.3. No proper initial segment of a well-ordered set (A, <) is
=~ A

Proof. Assume f : A — A, is an isomorphism of ordered sets. Prove by
induction
Vee A: f(x) > x.
Since A, C A we find some b € A\ A,, i.e. b > a. Therefore
f(b) =b>a,
contradicting f(b) € A,. O

Definition 1.4. A set A is transitive, if YVa € A Vb € a : b € A (or
equivalently Va € A:a C A).
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Lemma 1.5. Let A be a transitive set. Then € is transitive on A if and
only if a is transitive for all a € A.

Lemma 1.6. A union of transitive sets is transitive.

2. ORDINALS

Definition 2.1. A set « is an ordinal if
(1) « is transitive,
(13) (a, €) is a well-ordered set.

Notation 2.2. Ord = {ordinals}

Remark 2.3. € is an order on a = € is transitive, t.e. Ya € a : a is
transitive.

Proposition 2.4. € is a strict order on Ord.

Proof. If a € § € ~, then a € «y by transitivity of 7. Therefore € is transitive

on Ord. Now let a € 3. We claim ¢ a. Otherwise a € € « and therefore

o, B €a,a€ B, € a, acontradiction. O
We write a < [ instead of . € .

Example 2.5. Each n € N={0,1,...} is an ordinal

0=0,
1= {0},
2 =1{0,1},

3=1{0,1,2},

n={0,1,...,n—1}.
Moreover, N =: w is an ordinal.

Proposition 2.6. Va € Ord: o = {f € Ord : 5 < a}.
Proof. Let B € a. Then f3 is transitive. Thus 8 C cvand (8, €) = (a, €)5. O

Lemma 2.7. Let o, f € Ord such that o C 5. Then min(f\«) exists and is
=aq, soa € pf.

Proof. Since B\« # 0, v := min(B\«) exists. To show: v = a.

First let § € ~, i.e. 6 <. Then § ¢ S\a. Since 6 € v € 3, we have § € .
Hence 4 € a.

Now let 6 € a. If § > =y, then o > 7, i.e. v € «, a contradiction. Therefore
0 <~v,ie d€. OJ
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Lemma 2.8. a < < a C 6.

Proof.
= Clear if @ = 8. Otherwise a < 3, i.e. a € § and therefore o C § by
transitivity.
caCfl=acf=a<p.
O
Proposition 2.9. < (which is €) is a total order on Ord.
Proof. Assume a € 5. Then oo € 5. Hence 8 € o, i.e. 5 < a. O

Proposition 2.10. If a # (5, then o 2 5.
Proof. Without loss of generality a < 3, so « is an initial segment of §. U

Proposition 2.11. (Ord, <) is well-ordered.

Proof. Assume a9 > a3 > ag > ... then (ap,<) is not well-ordered, a
contradiction. O

Proposition 2.12.

(i) If a € Ord, then aU {a} € Ord.
(a+1:=aU{a} is called the successor of a.)

(ii) If A is a set of ordinals, then |J A € Ord.
(sup A :=|J A is the supremum of A.)

Remark 2.13.
(i) n+1={0,...,n} ={0,...,n—1} U {n}.

(73) sup A is not always a max, e.g. A ={2n:n € w}. Then sup A = w,
but A has no max.

(7i7) If o € Ord, then supa = a.

Definition 2.14. An ordinal, which is not a succesor, is called a limit
ordinal.

Proposition 2.15. If a € Ord and P(x) is a property such that
(1) P(0) is true,

(2) VB e a(P(B) = P(f+1)),

(3) if B € a is a limit ordinal, then ¥y < 8 P(vy) = P(5),

Then P(B) holds for all B € a.
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Theorem 2.16. If (A, <) is a well-ordered set, Il € Ord, 7w : A — « an
isomorphism.

Definition 2.17. This unique ordinal « is called the order type of A,
written a = ot(A).

Lemma 2.18. If da € Ord such that A — «, then the theorem holds.

Proof. Let & = min{f € Ord : A — [}.
(1) 7(0) = min A.
(2) If w(B) has been defined, either § + 1 = « (and we are done) or
B+1<aand Ay C A Set (8 + 1) = min(A\Agg)).
(3) If 8 is a limit ordinal and if 7() has already been defined for all
v < B, we distinguish two cases:
If 8 = a we are done.
If B <a,set B={n(y):v < B} and set 7(8) = min(A\B).
O

3. ARITHMETIC OF ORDINALS

Definition 3.1. We define the ordinal sum a + § by induction on 3 :
(i) a+0=q,

(i) a+ (B+1) = (a+ ) +1,
(7i7) if B is a limit ordinal, then oo + 8 = sup(a + 7).
¥<B

Proposition 3.2.
(1) a+(B+7) =(a+p8)+~

(i) If B <7, then a+ B < o + 7.
Proof. We prove (i) by induction on 7.
-a+(f+0)=a+p=(a+p)+0
at+(B+0r+1)=a+((B+7)+1)
=(a+(B+7)+1
=((a+p8)+7)+1
=(@+p8)+ 0 +1)

a+ (B+7) =a+sup(B +9)
o<y

=sup(a+ (8 +9))
o<y

= Egp((a +B) +9)

=(a+p6)+7.
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Remark 3.3. + is not commutative, e.g. 1 +w # w + 1.

Definition 3.4. We define the ordinal product « - 8 by induction on 3 :
(1) a-0=0,

(i) a-(B+1) = (a-f)+a,

(7i7) if B is a limit ordinal, then a - 8 = sup(« - 7).
<8

Definition 3.5. We define the ordinal exponentiation o by induction
on f:
(i) a¥ =1,

(i) ot =af - q,

(iii) if B is a limit ordinal, then o = sup a?.
y<B

Proposition 3.6. Let F' be the set of functions 8 — « with finite support.
Define

f<g:=f(v) <g(v),
where v = max{6 : f(6) # g(8)}. Then ot((F, <)) = aP.

Proposition 3.7.
(i) a(f+7) =aB + ay,
(ii) Bt =af - a7,
(iii) (@) = al7.
Remark 3.8.
(i) (wW+1)-2#w-2+1-2,

(i1) (w-2)? # w? - 22
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1. VALUATION BASIS

Definition 1.1. B C V\{0} is a Q-valuation basis of (V,v) if

(1) B is a Q-linear basis for V,
(2) B is Q-valuation independent.

Remark 1.2. Bis a Q-valuation basis = B is maximal valuation indepen-
dent.
(This is because valuation independence = linear independence).

Warning 1.3.

(1) a maximal valuation independent set needs not to be a valuation
basis.
Example: HyQ is a Q-vector space, with vy, valuation. Consider

B=1{(1,0,...),(0,1,...),...} C HyQ\{0}.
Then Vy € N : B, = {1}, which is a Q-basis of B(y). Hence, B is
maximal valuation independent. However, note that B is not a Q-
linear basis of Hy Q.

(71) a valued vector space needs not to admit a valuation basis.

Example 1.4. (L], B(7), vmin) admits a valuation basis.
Proof. Let B, be a Q-basis of B(vy) for all v € I and consider

B:= U {bxy; b€ By},

~vel
where Vy eI’
Xy: ' — @
1 ify=+
no_
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Corollary 1.5. Let (V,v) be a valued Q-vector space with skeleton S(V') =
[T,{B(y):v€T}]. Then ( v) admits a valuation basis if and only if

|_| B(%), Umin)-
yerl’
Proof.
(<) UA.

(=) Let B := {b; : i € I} be a valuation basis for (V,v). Then B is
maximal valuation independent. For every b; € B with v(b;) = ~
define

h(bi) = (v, bi)xy € | | B(v)
yerl’

and then extend h to all of V' by linearity, i.e. for x € V such that
T = ZbieB qv; bi define

= Z av; 1 (bi)

b;eB
Verify that h is valuation preserving, i.e. verify that
Umin(h(z)) = v(z) (=id(v(x))) VzeV

First consider the case x = b;. Then it holds by construction
v(b;) = vmin(h(b;)).

For arbitrary = we have h(z) = gp,h(b;), and therefore

v(z) = min{v(b;) : b; € B}
= mln{vmm(h(b )) 1 b; € B}
= Umin(h(2)).
O

Corollary 1.6. Let (V,v) be a valued Q-vector space with skeleton S(V') =
[[,{B(y):v€T}. Then

|_| B 7 Umm — (V7U)7

~yel'
i.e. there exists a valued subspace (Viy,vg) of (V,v) such that (Vp,vo) C (V,v)
15 1mmediate and

(Vo, o) = (|_| B(7; Umin))-

Proof. By Zorn’s lemma, let B C V' \ {0} be maximal valuation independent.
Set

Vo :=(B)q-

Then B is a valuation basis of Vj and the extension Vy C V is immediate by
maximality. By definition S(Vp) = [[',{B(v) : v € I'}]. So (Vo,vjy;,) admits
a valuation basis and has skeleton S(Vp) = [I,{B(y) : v € I'}|. By the
previous corollary (Vo, vjy,) = (L B(7), Vmin) - O
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1. INTRODUCTION
Our aim for this and next lecture is to complete the proof of Hahn’s em-

bedding Theorem:

Let (V,v) be a @-valued vector space with S(V)) = [T, B(y) |.
Let {x; : i € I} C V be maximal valuation independent and

h: Vo= ({zi:ieT}), v) = (|| B(Y), vmin).
verl’

Then h extends to a valuation preserving embedding (i.e. an isomorphism
onto a valued subspace)

h: (V7U) — (HWEF B(’V)a Umin)'
The picture is the following:

h
(V, v) —— (Hyer B(7), vmin)
immediate immediate

(Vo, v) —=> (Uyer BOY), tmin)

2. PSEUDO-CONVERGENCE AND MAXIMALITY

Definition 2.1. A valued Q-vector space (V,v) is said to be maximally
valued if it admits no proper immediate extension.
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Definition 2.2. Let S = {a, : p € A} C V for some limit ordinal .
Then S is said to be pseudo-convergent (or pseudo-Cauchy) if for every
p < o <1 we have

v(ag —a,) < v(ar — aq).

Example 2.3.

(a) Let V = (Hn, R, vmin), where Ng ={0,1,2,...}. An element s € V
can be viewed as a function s: Ny — R. Consider

ao = (1,0,0,0,0...)
a1 = (1,1,0,0,0...)
as = (1,1,1,0,0...)

The sequence {a, : n € Ng} C V is pseudo-Cauchy.

(b) Take (V,v) as above and s € V' with
support(s) = Ny,

ie. s;:=s(i) # 0 Vi € Ny. Define the sequence

b(): (80,0,0,0,0...)
bl = (80,31,0,0,0...)
b2= (80,31,82,0,0...)

For every | < m < n € Ny, we have

[+1= Umin(bm - bl) < Umin(bn — bm) =m+ 1.

Therefore {b, : n € No} C V is pseudo-Cauchy.

Lemma 2.4. If S = {a,} e is pseudo-convergent then

(i) either v(a,) < v(as) for all p < o € A,

(i1) or Ipo € X such that v(a,) =v(as) Yp,0 = po.

Proof. Assume (i) does not hold, i.e. v(a,) > v(a,) for some p < o € .
Then we claim that

v(ar) =v(ay) V1> o0.

Otherwise, v(a; — ar) = min{v(a,),v(as)} < v(ay).
But v(as — a,) > v(as), contradicting pseudo-convergence for p < o <
T. O
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Notation 2.5. In case (ii) define
Ult S :=v(apy,) = v(ay) Vo = po.

Lemma 2.6. If {a,},ex is pseudo-convergent, then for all p < 0 € X we
have

v(ag —ay) = v(apr1 — ap).
Proof. We may assume 0 > p+1 (so p<p+1<o). From

v(aps1 —ap) < v(ag —apy1)
and the identity
Qg — Qp = (ag — ap+1) + (ap+1 - ap)»

we deduce that

v(as — ap) = min{v(as — apt1),v(apr1 — ap)}

= v(apt1 — ap).

Notation 2.7.

(ap+1 - ap)

(ag — ay) Yo >p.

Remark 2.8. Since p < p+1 < p+ 2, we have v, < v,41 forall p € A.

3. PSEUDO-LIMITS

Definition 3.1. Let S = {a,},c) be a pseudo-convergent set. We say that
x € V is a pseudo-limit of S if

v(z —ap) =, for all p € \.
Remark 3.2.
(i) If v(a,) < v(as) for p < o, then x = 0 is a pseudo-limit.

(7) If 0 is not a pseudo-limit and x is a pseudo-limit, then v(z) = Ult S.

Example 3.3.
(a) In Example 2.3(a), the constant function 1:

a=(1,1,...)

is a pseudo-limit of the sequence {ay, }nen,-
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(b) In Example 2.3(b), s is a pseudo-limit of {by, }nen,-

Definition 3.4. (V,v) is pseudo-complete if every pseudo-convergent se-
quence in V has a pseudo-limit in V.

We will analyse the set of pseudo-limits of a given pseudo-Cauchy sequence

(this set can be empty, a singleton, or infinite).

Definition 3.5. Let S = {a,},e\ be a pseudo-convergent set. The breadth
(Breite) B of S is defined to be the following subset of V:

B=B(S):={yeV:v(y) >, Vpe A}l

Lemma 3.6. Let S = {a,}per be pseudo-convergent with breadth B and let
x €V be a pseudo-limit of S. Then an element of V is a pseudo-limit of S
if and only if it is of the form x 4+ y with y € B.

Proof.
(=) Let z be another pseudo-limit of S. It follows from

r—z=(x—ap) —(z—ap)

that

v(z — z) 2> min{v(z —a,),v(z —a,)} =, Vpe

Since 7, is strictly increasing, it follows v(z —z) > «, for all p € A.
So x — z € B is as required.

(<) If y € B then v(y) > v, = v(z — a,) for all p € X\. Then

v((z+y) —ap) =v((z—ap) +y) =min{v(z —ay),v(y)t =7, VpeA
0

4. COFINALITY

Definition 4.1. Let I" be a totally ordered set. A subset A C I' is cofinal
in I"if
Vy el da € A with v < a.

Example 4.2. If I' = [0,1] C R, then A = {1} is cofinal in T".

Lemma 4.3. Let ) # T be a totally ordered set. Then there is a well-ordered
cofinal subset A C T'. Moreover if I' has no last element, then A has also no
last element, i.e. the order type of A is a limit ordinal.
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Remark 4.4. Note that if {a,},c) is pseudo-Cauchy in (V,v), z € V is a
pseudo-limit and {v,},ex is cofinal in I' = v(V'), then it follows by Lemma
3.6 that the limit is unique. This is because if {7,},ex is cofinal in I', then

B(S) = {0}.

Warning: {7,},ex is cofinal in I" % S has no limit.
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1. PSEUDO-COMPLETENESS

Let (V,v) be a valued Q-vector space. We recall that

- (V,v) is maximally valued if (V,v) admits no proper immediate
extension.

- (V,v) is pseudo-complete if every pseudo-convergent sequence in
V has a pseudo-limit in V.

Theorem 1.1. (V,v) is mazimally valued if and only if (V,v) is pseudo-
complete.

Today we will prove the implication:
(V,v) pseudo-complete = (V,v) maximally valued.

It follows from the following proposition:

Proposition 1.2. Let (V,v) be an immediate extension of (Vy,v). Then
any element in V which is not in Vjy is a pseudo-limit of a pseudo-Cauchy
sequence of elements of Vo, without a pseudo-limit in Vj.

Note that once the proposition is established we have pseudo complete =
maximally valued. If not, assume that (V,v) is not maximally valued. Then
there is a proper immediate extension (V/,v") of (V,v). Let y € V/\V. By the
proposition y is a pseudo-limit of a pseudo-Cauchy sequence in V' without
pseudo-limit in (V,v), a contradiction.

Proof. (of the proposition)
Let z € V'\ V. Consider the set
X={v(z—a):ae WV} CT.

Since z ¢ Vp, oo ¢ X. We show that X can not have a maximal ele-
ment. Otherwise, let ag € Vj be such that v(z — ap) is maximal in X. By



2 SALMA KUHLMANN

the characterization of immediate extensions (Lecture 3, Lemma 2.2), there
exists some a; € Vj such that v((z — ap) — a1) > v(z — ap). So ap + a1 € Vo
and v(z — (ap + a1)) > v(z — ap), a contradiction. Thus, X has no greatest
element.

Select from X a well-ordered cofinal subset {c,},ex. Note that {a,},ex
has no last element, as A is a limit ordinal.

For every p € A choose an element a, € Vy with

v(z —a,) = a,.
The identity
to —a,= (2 —a,) — (= — a,)
and the inequality
v(z —a,) <v(z—ag) (Vp<oel)
imply
(%) v(ag —ap) =v(z —ap).

Thus, {a,}pex is pseudo-convergent with z as a pseudo-limit.
Finally suppose that {a,},ex has a further limit z; € Vj.
By a result from the last lecture we have

v(z — 21) > v(as — ay).
Combining this with (%) we get

v(z —21) >v(z—a,) =, VpeA

and this is a contradiction, since {a,} ¢y is cofinal in X. O

Theorem 1.3. Suppose that

(i) Vi and V] are Q-valued vector spaces and V] is an immediate exten-
sion of V; fori=1,2.

(ii) h: Vi — Vi is an isomorphism of valued vector spaces.
(i1i) V4 is pseudo-complete.

Then there exists an embedding h' : V] — VI such that b/ extends h.
Moreover h' is an isomorphism of valued vector spaces if and only if V| is
pseudo-complete.

Proof. The picture is the following:
Vi - vy

immediate immediate

Vi —s W



REAL ALGEBRAIC GEOMETRY LECTURE NOTES(07: 30/04/15 - CORRECTED ON 13/05/20193

Consider the collection of triples (M1, Ma, g), where
Vi C My C VY,
Va C My C V3,

and ¢ a valuation preserving isomorphism of M; onto Ms extending h.

This collection is non-empty, because (V7, Vi, h) belongs to it. Moreover,
one can show that every chain has an upper bound (UA). Therefore the con-
ditions of Zorn’s lemma are satisfied, i.e. there exists a maximal such triple
(M, Ms, g). We claim that M; = V{. Assume for a contradiction there exists
some y; € V{\ M;.

(Note: If 1, C V1 C V4 are extensions of valued vector spaces and Va|Vj
is immediate, then V2|V; and V;|Vj are immediate)

Since V] is an immediate extension of M, there exists a pseudo-convergent
sequence S = {a,}pexr of M; without a pseudo-limit in M, but with a
pseudo-limit y; € V{. Consider g(S) = {g(a,)}pex-

(Facts/UA:

(7) the image of a pseudo-convergent sequence under a valuation pre-
serving isomorphism is pseudo-convergent.

(77) the image of a pseudo-limit of a pseudo-convergent sequence under
a valuation preserving isomorphism is a pseudo-limit of the image of
the pseudo-convergent sequence.

(7i7) the image of a pseudo-complete vector space under a valuation pre-
serving isomorphism is pseudo-complete.)

Since g is a valuation preserving isomorphism, ¢(S) is a pseudo-convergent
sequence of Ms without a pseudo-limit in My but with a pseudo-limit yo €
VJ, because V is pseudo-complete.

Let M] = (M;,y;)o for i = 1,2, and denote by ¢’ the unique Q-vector
space isomorphism of the linear space M/ onto the linear space M, extending
g such that ¢'(y1) = yo.

We show that ¢’ is valuation preserving: let

y=z+qu ze€M (¢eQ\{0})

be an arbitrary element of M{\ M. The sequence

S(y) ={z + qap}p@\

is pseudo-convergent in M; with pseudo-limit y € M] and 0 is not a
pseudo-limit (otherwise —x/q € M; would be a pseudo-limit of .S).

It follows that (since y = x4 qy; is a pseudo-limit for the sequence x +qa,
which does not have 0 as a pseudo-limit)

v(y) = Ult S(y)

and similarly
v(g'(y)) = ULt S(g' (),
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where
S(d'(v)) = {9'(x) + a9’ (ap) } per

is a pseudo-convergent sequence of My with pseudo-limit ¢'(y) € M.
Now g|’ A, = 9 is valuation preserving from M to M. So we have

Ult(S(y)) = ULt(S(d'(v))),
hence

as required.

Now if A is onto, then V] is pseudo-complete. Conversely, if V' is pseudo-
complete, then A/(VY) is also pseudo-complete and hence maximally valued.
So the immediate extension Vj|h/(V]) cannot be proper, i.e. h'(V{) = Vj.
Thus, A’ is onto as claimed. O



REAL ALGEBRAIC GEOMETRY LECTURE NOTES
(08: 04/05/15 - CORRECTED ON 13/05/2019)

SALMA KUHLMANN

CONTENTS

1. Pseudo-completeness 1

1. PSEUDO-COMPLETENESS

In the last lecture we showed that pseudo complete implies maximally
valued. Today, we prove the converse implication.

Proposition 1.1. The Hahn product (Hyer B(7), Vmin) is pseudo-complete.

Proof. Let {a,},ex be pseudo-Cauchy. Recall that v, = v(a, — a,41) is a
strictly increasing sequence. Define € Hyer B(7) by

a if v <y, for some p.
x(y) =4 " ) e P
0 otherwise.

This is well-defined because if p1 < po € A, v < 7,, and v < 7,,, then

v(ap, — ap,) = Vpy
and therefore

Qpy (v) = Qpy (")
(note that vmin(a — b) is the first spot where a and b differ).

Now we show that support(z) is well-ordered.
Let A C support(z), A # (0 and 79 € A. Then 3 p such that v < 7, and
z(v0) = ap(y0) with yg € support(a,). Consider

Ag:={y€ Ay <}

Note that since () = a,(7y) for v < g it follows that Ay C support(a,)
which is well-ordered, so min Ay exists in Ag and it is the least element of A.
We conclude by showing that z is a pseudo-limit. By definition of x follows

v(z —ap) =y, =v(app1 —a,) YpEA

If v(x — a,) > v(a, — apy1), then

(T —apt1) = v(@ —ap +ap — apy1) = v(a, — apt1) = Yp,
but on the other hand we have

V(T = pt1) Z Ypt1 > Vps

a contradiction. O
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Corollary 1.2. Let (V,v) be a valued vector space with S(V') = [I',{B(~),v €
I'}]. Then there exists a valuation preserving embedding

(Vv 'U) — (H~/€F 3(7)7 Umin)
Proof. The picture is the following:
Vi =V <"~ Hyer B(y) = V4
immediate immediate

uver B('Y) =V

Let B be a maximal valuation independent set in V' and set Vi = (B)q.
Then V; has a valuation basis and therefore h exists and V|V; is immediate.
O

Vi

Hilfslemma 1.3. Let (V1,v1) be mazimally valued, (Va,v2) a valued vector
space and h : Vi — Va a valuation preserving isomorphism. Then (Va,v9) is
mazimally valued.

Proof. Let S(Vi) = [I',{B(y) : v € T'}]. Assume that V5 is not maximally
valued, so 3VJ a proper immediate extension. By our main theorem there
exists an embedding A’ of immediate extensions V; into Hycp B(y). This is
impossible, since k' cannot be injective. O

Corollary 1.4. Let (V,v) be a mazimally valued vector space. Then it is
pseudo complete. In fact

(V,v) ~ (HWEF B(7), Vmin),
where S(V) = [[',{B(y) : v € I'}].
Proof. By the first corollary, the picture is the following

HB(v)
immediate

V Va.

Since V' is maximally valued, it follows from the Hifslemma that V5 is
maximally valued. Therefore the extension H B(7)|V2 is not proper, i.e.
Vo = H B(7y). Thus h is surjective, i.e. h is an isomorphism of valued vector
spaces V' — Hyer B(7y). O

h

~
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1. ORDERED ABELIAN GROUPS

Definition 1.1. (G, +,0, <) is a (totally) ordered abelian group if (G, +,0)
is an abelian group and < a total order on G, such that for all a,b,c € G

a<b = a+c<b+c ().

Definition 1.2. A subgroup C of an ordered abelian group G is convex if
Ver,eo € Cand Ve G

ag<r<cg = xel.
Note that because of (x) this is equivalent to requiring Ve € C andVz € G

0<zr<c=zxzecC.
Example 1.3. C = {0} and C = G are convex subgroups.

Lemma 1.4. Let G be an ordered abelian group and C a convex subgroup of
G. Then

(1) G/C is an ordered abelian group by defining g1+C < goa+C if g1 < go.

(ii) There is a bijective correspondence between convex subgroups C C
C' C G and convex subgroups of G/C.

(#i1) In particular, if D and C are convez subgroups of G such that D C C
and there are no further subgroups between D and C, then C/D has
no non-trivial convex subgroups.

(tv) If an ordered abelian group has only the trivial convex subgroups, then
it is an Archimedean group.
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Definition 1.5. Let G be an ordered abelian group, « € G, = # 0.
We define:

Cp = ﬂ {C : C is a convex subgroup of G and z € C'}.
D, = U {D: D is a convex subgroup of G and = ¢ D}.

A convex subgroup C' of G is said to be principal if there is some z € G
such that C' = C,,.

Lemma 1.6.
(1) Cy and D, are convex subgroups of G.

(i5) Dy C Cs.

(#i1) Dy is the largest proper convex subgroup of Cy, i.e. if C' is a convex
subgroup such that

D, CCCC,
then C = D, or C = C,,.

(iv) It follows that the ordered abelian group C./D, has no non-trivial
proper convex subgroup.

2. ARCHIMEDEAN GROUPS

Definition 2.1. Let (G, +,0, <) be an ordered abelian group. We say that
G is Archimedean if for all non-zero x,y € G:

dneN: nlz|> |yl and nly| > |z,

where for every g € G, |g| := max{g, —g}.

Proposition 2.2. (Holder) Every Archimedean group is isomorphic to a
subgroup of (R, +,0, <).

Proposition 2.3. G is Archimedean if and only if G has no non-trivial
proper conver subgroup.

Therefore if G is an ordered group and x € G with x # 0, the quotient
C,/D, is Archimedean (by 2.3) and can be embedded in (R,+,0,<) (by
2.2).

Definition 2.4. Let G be an ordered group, x € G, x # 0. We say that
B, :=C,/D,

is the Archimedean component associated to x.
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3. ARCHIMEDEAN EQUIVALENCE

Definition 3.1. An abelian group G is divisible if for every z € G and for
every n € N there is some y € G such that z = ny.

Remark 3.2. Any ordered divisible abelian group G is an ordered Q-vector
space and G can be viewed as a valued Q-vector space in a natural way.

Definition 3.3. (Archimedean equivalence) Let G be an ordered abelian
group. For every 0 # z,y € G we define

r ~Ty & IneN nlz| >yl and nly| > |zl
r <<T y & VneN nlz| <yl
Proposition 3.4.

(1) ~* is an equivalence relation.

(2) ~T is compatible with <<7:

r<<ty and z~T2z = z<<ty,
r<<ty and y~tz = z<<tz

Because of the last proposition we can define a linear order <p on I' :=
G/ ~7, the set of equivalence classes {[z] : x € G}, as follows:

Vz,y € G\{0}: [y] <r[r] & =x<<Ty (and o >T)

(convention: [0] = c0)

Proposition 3.5.
(1) T is a totally ordered set under <r.

(2) The map

v: G — T'U{oo}
0 — o0
1s a valuation on G as a Z-module, called the natural valuation:
For every x,y € G:
-v(z) =00 iff =0,
-v(nz) =v(zr) YneZ n#0,
(@ +y) > minfo(@), o)}
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(3) ifr € G, x #0, v(x) =7, then

GV :={acG:v(a) 2~} =C,.
Gy :={acG:v(a) >~} =D,.
So

B, =C./D, =G"/Gy = B(v)

1s the Archimedean component associated to . By Holder’s Theo-
rem, the homogeneous components B(~y) are all (isomorphic to) sub-
groups of (R,+,0, <).

Example 3.6. Let [[', {B(7) : v € I'}] be an ordered family of Archimedean
groups. Consider | | . B(7) endowed with the lexicographic order <jex: for
0#£gc€ |_|7€F B() let v := minsupport g. Then declare g > 0 :< g() > 0.

Then (| | B(7), <iex) is an ordered abelian group. Moreover, the natural
valuation is the vy, valuation. Similarly for the Hahn product.

Theorem 3.7. (Hahn’s embedding theorem for divisible ordered abelian groups)
Let G be a divisible ordered abelian group with skeleton S(G) = [[',{B(y) :
v € I'}]. Then

(l_l B(7)7 <1ex> — (G, <) — (H B(q/), <lex)-
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Chapter II: Valuations on ordered fields (particularly real closed fields)

1. VALUED FIELDS

Definition 1.1. Let K be a field, G an ordered abelian group and oo an
element greater than every element of G. A surjective map

w: K — GU{oo}
is a valuation if and only if Va,b € K:
(i) w(a) = 00 & a=0,
(id) w(ab) = w(a) + w(b).

(#i7) w(a —b) > min{w(a),w(b)}.

Immediate consequences:

o w(a™!) = —w(a)if a #0,

o w(a) #w(b) = w(a+b) =min{w(a), w(b)}.

Definition 1.2.

(1) Ry :={a € K : w(a) > 0} is a subring of K, called the valuation
ring of w.

(13) Iy :={a € K : w(a) >0} C R, is called the valuation ideal of w.
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(iii) Uy :=={a € Ry :a™! € Ry} = {a € Ry : w(a) = 0} is a multiplica-
tive subgroup of R,, and is called the group of units of R,.

Remark 1.3.

e Note that R, = U, U I,,. By this observation one can immediately
show that R, is a local ring with unique maximal ideal I,.

e Note that for any x € K* either x € Ry, or =t e R, (or both in
case © € Uy).

Definition 1.4.
(i) The residue field is denoted by K, := Ry /Ly.

(7i) The residue map R,, — K, a — @ := aw is the canonical projec-
tion.
(797) The group of l-units of R, is denoted by
1+ 1, ={a€ Ry :w(a—1) >0}

and is a multiplicative subgroup of U,.

2. THE NATURAL VALUATION OF AN ORDERED FIELD
Let (K,+,-,0,1,<) be an ordered field.
Remark 2.1. (K, +,0,<) is an ordered divisible abelian group.

So on (K,+,0,1) we have already defined the natural valuation, namely
via the “Archimedean equivalence relation”:

0#a +— v(a):=la]
0 — 00
We have set G := (K, +,0,1)/ ~* and totally ordered G by
[a] < [b] = b<<T a.

We shall show now that we can endow the totally ordered value set (G, <)
with a group operation + such that (G,+,<) is a totally ordered abelian
group. For every a,b € K\ {0} define

[a] + [b] := [ab],
or in valuation notation

v(a) + v(b) := v(ab).

Lemma 2.2.

(1) (G,+,<) is an ordered abelian group.

(1) The map v: (K,+,-,0,1,<) = GU {0} is a (field) valuation.
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From now on let K be an ordered field and v : K — G U {oco} its natural
valuation, with value group v(K*) = G.

Consider
R, :={a € K :v(a) > 0},

I,:={a € K :v(a) > 0}.

What are R, and I, (from the point of view of chapter 1)?

={a:a~T1lora<<™1}
={a:v(a) = v(1)}.

I,: ={a:[a] > [1]}
={a:a<<t1}

={a:v(a) >v(1)}.

Proposition 2.3. (Properties of the natural valuation)

(1) The valuation ring R, is a convex subring of K. It consists of all the
elements of K that are bounded in absolute value by some natural
number n € N. Therefore R, is often called the ring of bounded ele-
ments, or the ring of finite elements.

This valuation ring of the natural valuation is indeed the convex hull
of Q in K. It is the smallest conver subring of (K, <).

(2) The valuation ideal I, is a convex ideal. It consists of all elements of
K that are strictly bounded in absolute value by % for every n € N.
Therefore I, is called the ideal of infinitely small elements, or ideal
of infinitesimal elements.

(3) The residue field K, is Archimedean, i.e. a subfield of R.
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1. THE FIELD OF GENERALIZED POWER SERIES

Let k£ € R be an Archimedean field and G an ordered abelian group.
Recall that we have defined a (totally) ordered abelian group, namely the
Hahn product

K :=Hg(k,+,0,<),

i.e. take the Hahn product over the family S := [G,{k : g € G}] with the
lexicographic ordering, i.e.

K:={s: G — k : support s is well-ordered in G},

where support s := {g € G : s(g) # 0}.
Endow this set with pointwise addition of functions, i.e. Vs,r € K

(s +r)(g) :==s(g) +r(g) €k,
and the lexicographic order:

s > 0:< s(minsupport(s)) > 0in & Vs € K\{0}.

We have verified that (K, 4, <jex) is an ordered abelian group. Our first
goal of today is to make K into a (totally) ordered field. We need to define
multiplication.

Notation 1.1. For s € K write

s=Y slot!="> sl

geG g € support s

Definition 1.2. For r, s € K define
(rs)(g) =Y _r(g— h)s(h),

heG
sr= Z (Z r(g — h)s(h)) t9.
ge€G \heaG
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We now adress the following problem: Let § := {s;: 7 € I} C K. Can we
"make sense" of ) . ; s; as an element of K?

Definition 1.3.

(7) The family § is said to be summable, if
(1) support § := [J;c; support s; is well-ordered in G,
(2) Vg € support §, the set Sy := {i € I : g € support s;} is finite.

(73) Assume that § is summable. Write

Zsi = z z si(g) | 9.

el g € support§ \i€Sy

We now prove that this multiplication is well-defined. For h € G define

pp = thr = Zr(g)t9+h
geG

= > gt

g € support r
ie. pp(g) =7(9 — h) Vg € G. Note that pj, € K because
support pp, = supportr @ {h} = {g + h : g € supportr},
which is again well-ordered (UA).
We now consider
§ = {s(h)pn : h € support s}.
Lemma 1.4. § is summable.

Note that once the lemma is established we define

sr= > s(hpn=Y > s(h)pn(g) | #7,

h € support s g € support§ \ heSy

and comparing, we see that this is the product.

Proof. (1) Show that support§ = Uycqupport s SUPPOrt(prns(h)) is well-
ordered. Indeed

U swport(prs®) = | J  (supportr @ {h})

h € support s h € support s
= support s @ support r.

UA: If A, B are well-ordered, then A ® B is well-ordered.

(2) Show that S, = {h € supports : g € support(pps(h))} is finite for
g € support §. We have

Sy : = {h € support s : g € supportr @ {h}}
= {h € supports: g = g + h,g € supportr}
= {h € support s : g — h € supportr}.
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Assume Sy is infinite. Since S, is well-ordered, take an infinite strictly
increasing sequence in it, say a sequence of h's in it. But then g — h/s is an
infinite strictly decreasing sequence in support r, contradicting that support r
is well-ordered. O

Note we have shown that support(rs) C support r @& support s.
Notation 1.5. K = k((G)).

Our next goal is to show that k((G)) with the convolution multiplication
is a field. We give two proofs:

(1) Follows from “Neumann’s lemma” (now)
(2) From S. Priek-Crampe: k((G)) is pseudo-complete (later)

Lemma 1.6. (Neumann’s lemma)
Let ¢ € k((G)) such that supporte C G>0 (written ¢ € k((G?))) and
{en}nen C k*. Then the family § = {cpe” : n € N} is summable, i.e.

S ene™ € k((G)).

neN

Corollary 1.7. k((Q)) is a field.

Proof. Let s € k((G)),s # 0. Set go := minsupport s and ¢ = s(gg) # 0.
Write
s=cot?(1 —¢),

where ()
5\9) ,g— 0
=— —2L9790 € k((G™
c=— X SR e k(@)
9>9o
g € support s
SO

sli= calt_go (Z z—:i> .
=0
Verify that
(Z€l> (1—-¢)=1,
=0
1.e.

(1—e)t= ;g
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1. PROOF OF NEUMANN’S LEMMA

The aim of today’s lecture is to prove Neumann’s lemma. By what was
shown last time, we then obtain that k((G)) is indeed a field.

Proposition 1.1. Set S, := supporte” and S := |, cry Sn- Then S is a
well-ordered set.

Remark 1.2. Note that supporte™ C supporte @ ... P supporte (n-times).
Thus, Sy, is well-ordered for any n € N.

Proof. (of the proposition)
We argue by contradiction. Let (u; : ¢ € N) C S be an infinite strictly
decreasing sequence. We write

ui:ail—l—...—i—aini,

where a;; € S1 C GPYVj =1,...,u;. Let vg denote the natural valuation
on G.

UB: sign(g1) = sign(g2) = va(g1 + g2) = min{va(g1), va(g2)}-

Note that vg(u;) = min{vg(as,) (@i, ). Thus, va(Su) = va(S1).

= va
wlog

Now recall that

0< g1 <g2=va(91) = v6(92)-
Since v(S1) is anti well-ordered and since (vg(u;) @i € N) C vg(S1) is an
increasing sequence, it must stabilize after finitely many terms. We assume
without loss of generality that it is constant and denote this constant by
U € vg(G\{0}), without loss of generality U is as large as possible. So for

every i € N consider vg(u;) = U = vg(a;, ). Let a* be the smallest element
in S7 for which vg(a*) = U.

We have that vg(u1) = U = vg(a*), so 0 < uy < ra* for some r € N. Fix
r. Then u; < ra* Vi € N. Since Sy is well-ordered, it does not contain any
infinite decreasing sequence, so we may without loss of generality assume
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that n; > 1 Vi € N. We write u; = a;, + v;, where v; € Sp,,_1 and v; # 0 Vi.
Claim: There is a subsequence (v;, ) of (v;);, which is strictly decreasing.

Let us construct this subsequence. Note that the set {u; —v; : i € N} is
well-ordered. Proceed as follows:
Let w;, — v;;, = min{u; — v;}, let u;, — v;, be the smallest element of the
set {u; —wv; 14 > i1} etc., so (u;, — v; )k IS an increasing sequence, i.e.
Wipr1 — Vigga 2 U, — Vi, SO

Vigt1 — Vig < Wipyq — Wig-

Therefore, (v;, ) is strictly decreasing in S, and this proves the claim.

Now note that 0 < v; < wu; Vi. Therefore, vg(v;) > vg(u;) = U, i.e.
vG(vi,,) = U VEk (recall that U was as large as possible).
But now ao* < a;, and u; < ra*. Hence,

v; = (u; —ayy) < (r—1)a™ Vi,

in particular for all iy, so v;, < (r—1)a* Vk and (v;, )y is strictly decreasing
with vg(vi,) = U Vk.

Repeat the argument with the sequence {v;,} € S € G7° to eventually
get a sequence < (r —l)a* < 0, the desired contradiction.
O

Proposition 1.3. Vge S: |{neN:ge S,}| < oc.

Proof. Assume Ja € S such that [{n € N : a € S,}| = oo. Since S is
well-ordered, we may choose a to be the smallest such element of S. Write

a:azl —i—...—i—a{nv € Sn; (%)
J
where n; is strictly increasing in N and agk € S1. So {a{l :j €N CS)
is well-ordered. Thus, this set has an infinite increasing sequence, assume
without loss of generality that (a] |j € N) is increasing.

Denote by a;- = a{Q + ...+ a{ni € Sp;-1, 50 a;- < a Vi € N. Since
(*) is constant and (a;,|i € N) is increasing, we obtain that {a’ : j € N} is
decreasing and contained in S. Therefore it stabilizes, i.e. becomes ultimately
constant. Denote this constant by a} := a’ Vj >> N. So a’ € Sp;_1, and
therefore

‘{nEN:a/GSn}’:oij>>N,
and @’ < a because @’ = a; < a Vj >> N, contradicting the minimality of a.
O

The two propositions finish the proof of Neumann’s lemma.
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1. THE FIELD OF GENERALIZED POWER SERIES

In order to prove that k((G)) is a field, we have seen that it suffices to
find a multiplicative inverse for f € k((G)) of the form f = 1+ s, where
v(s) > 0, i.e. supports C G~°. We already constructed (1 + s)~! via the
expansion which gives a summable series by Neumann’s lemma.

Today we give an alternative proof by S. Priefi-Crampe, which capitalizes
on the fact that k((G)) is pseudo-complete.

Proof. Let v := vpin be the canonical valuation on the Hahn product k((G));

that is v(f) = minsupport f for f #0, f € k((G)). It is enough, as noted,

to find an inverse for f = 1+ s, s # 0 with v(s) > 0. Note that v(f) =0

and f(0) = 1. Denote K := k((G)) and consider the set
Yi={v(l-fy):yeKand 1— fy+#0}.

Note that 3 # (.

Case 1: X has a largest element . Let § € K be such that v(1— f7) = a.
Set z:=1— fg and g := g + z(«a)t*. Compute

v(l = f9) =v(l = fy— fz(a)t?)
> minfo(1 - £§), v(f2(a)t)} = a.
On the other hand

(1= f9)(a) = (1= f§)(a) = (f2(a)t*)(a)
=z(a) — z()
=0.

Thus v(1 — f§) > «, a contradiction to the maximal choice of «, unless
1— f§=0,s0 1= fg and therefore § = f~1.
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(Recall: In chapter 1 we have shown that K is pseudo-complete, or equiv-
alently, maximally valued).

Case 2: X has no largest element. Thus, there is a strictly increasing
sequence {7,},<; of ¥ where o is a limit ordinal and {7,},<, is cofinal in
>
For every p < o choose y, € K such that v(1— fy,) = 7,. Now for y < v <o
we have 7, < m,. We claim that {y,},< is pseudo-Cauchy. Indeed

U(yu_yu) :U(l _fyu+fyu_ 1)
= min{r,, 7, } = m,.

So the sequence is indeed pseudo-Cauchy. Now since K is pseudo-complete
let y* be a pseudo-limit of {y,} <o, i.e. v(y*—y,) = 7, for all p < 0. Assume
that 1 — fy* # 0. Then 7 :=v(1 — fy*) € ¥. By cofinality of {m,},<, there
is a p large enough such that 7 < 7,. On the other hand

T=v(l = fy") = vl = fy, + fy, — fy)
> min{v(1 = fy,),v(fy, — fy*)}
= Tp,

a contradiction.

Remark 1.1.
(1) We have used the fact that for 0 # s,r € K, we have

Vmin (S7) = Umin(8) + Umin (7).

This follows immediately from the definition of multiplication of se-
ries in the convolution product.

(7i) Note that here the pseudo-limit y* turns out to be unique. We can
conclude that the breadth of {m,},<, is {0}.

In conclusion, for k C R an Archimedean field and G any non-trivial or-
dered abelian group, the field K = k((G)) endowed with <jex is a totally
ordered non-Archimedean field. Its natural valuation is vy, its value group
is G and its residue field k. Note that in general k((G)) needs not to be a
real closed field.

In the next lectures we will give necessary and sufficient conditions on k

and G such that K = £((G)) is a real closed field.

2. HARDY FIELDS

Definition 2.1. Consider the set of all real valued functions defined on
positive real half lines:

F={f|f:]a,00) > Ror f: (a,00) > R, a e RU{—00}}.
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Define an equivalence relation on F by

f~g & INeNst. f(x)=g(xr) Ve > N.

Let [f] denote the equivalence class of f, also called the “germ of f at co”.
We identify f € F with its germ [f].

We denote by G := F/ ~ the set of all germs. Note that G is a commuta-
tive ring with 1 by defining
1+ 19l = [f +4]
[f]-[g] == 1[f g

Note that G is not a field. For example [sin z] is not invertible.

Definition 2.2. A subring H of G is a Hardy field if it is a field with
respect to the operations above and if it is closed under differentiation of
germs, i.e. Vf € H : f' € H exists and is well-defined ultimately (i.e. for all
x> N e€N).

Remark 2.3. (defining a total order on a Hardy field).

Let H be a Hardy field and f € H, f # 0. Since 1/f € H, f(z) # 0
ultimately. Moreover since f' € H, f is ultimately differentiable and thus
ultimately continuous. Therefore, by the Intermediate Value Theorem, the
sign of f is ultimately constant and non-zero (i.e. f is strictly positive on
some interval (N, 00) or f is strictly negative on some interval (IV, 00)).
Thus we can define

f>0if ult sign f =1,
respectively

f<0if ult sign f=—1.

Verify that (H, <) is a totally ordered field.
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1. HARDY FIELDS

Today we want to define the canonical valuation on a Hardy field H. For
this purpose we observe:

Remark 1.1. (Monotonicity of germs)
Let H be a Hardy field and f € H, f’ # 0. Since f' € H is ultimately
strictly positive or negative, it follows that f is ultimately strictly increasing
or decreasing. Therefore

lim f(z) € RU{—o00,00}

T——+00

exists.

Example 1.2.
(1) R and Q are Archimedean Hardy fields (constant germs)

(73) Consider the set of germs of real rational functions with coefficients
in R (multivariate). By abuse of denation denote it by R(X). Verify
that this is a Hardy field.

Note that with respect to the order defined on a Hardy field, this is
a non-Archimedean field, because the function X is ultimately > N
for all N € N.

2. THE NATURAL VALUATION OF A HARDY FIELD

Definition 2.1. (The canonical valuation on a Hardy field H).
Let H be a Hardy field. Define for 0 # f,g € H
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This is an equivalence relation, called asymptotic equivalence relation.
Denote the equivalence class of 0 # f by v(f). Define

v(0) == o0 and v(f) +v(g) := v(fg),

Moreover, define an order on the set {v(f): f € H} by setting

oo =v(0) > v(f) for f #0.

and

v(f) >v(g) & lim

Verify that (v(H),+, <) is a totally ordered abelian group.

Lemma 2.2. The map

v:H — v(H) U {oo}
0 f = o(f)

0 — oo

15 a valuation and it is equivalent to the natural valuation.

Remark 2.3.
R, =A{f: liﬁ\m f(z) € R}.

I, ={f: lim f(x)=0}.

U, ={f: lim f(z) € R*}.

3. CONSTRUCTION OF NON-ARCHIMEDEAN REAL CLOSED FIELDS

Our next goal is to prove the following:

Theorem 3.1. (Main Theorem of chapter 2)
Let k C R be a subfield, G a totally ordered abelian group and K := k((Q)).
Then K is a real closed field if and only if

(i) G is divisible,
(13) k is a real closed field.

Remark 3.2. Once the Main Theorem is proved we can proceed as follows
(starting from R) to construct non-Archimedean real closed fields:
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(1) Let () # T be a totally ordered set.

(2) Choose divisible subgroups of (R,+,0, <), say {B, : v € I'} (note
that R is a Q-vector space).

(3) Take | |, cr By C G C Hyer B,. Note that G is a divisible ordered
abelian group.

(4) Take k C R a subfield and consider £ = {a € R : « alg. over k}.
Then k' C R is a real closed field (because R is real closed).

(5) Set K = k((G)).

In the next chapters, we will show "Kaplansky’s embedding theorem:
any real closed field is a subfield of such a K.

4. TOWARDS THE PROOF OF THE MAIN THEOREM
Let £ C R and G be an ordered abelian group.

Proposition 4.1. Set K = k((G)) and v = vmin. If K is real closed, then G
1s divisible and k is a real closed field.

Proof. We first prove that G is divisible. So let ¢ € G and n € N. We have
to show that £ € G. Assume without loss of generality g > 0. Consider
K > s =19 > 0 in the lex order on K.

(Note that a real closed field R is “root closed for positive elements™ For
some s > 0 consider " — s. Then 0" —s < 0 and (s +1)" —s > 0. The
Intermediate Value Theorem gives a root in the interval |0, s + 1).

Since K is real closed take y = {/s € K. Then v(s) = ¢ and thus
v(y) =2 ed.

To show that k is a real closed field let n € N be odd and consider some
polynomial
"+ e 4 4 oo € K[X] C K[X].
Since K is real closed, we find some = € K such that x is a root of this
polynomial, i.e.

2" 4 ep1z" e = 0.

Note that the residue field of K is k£ and the residue map is a homomor-
phism. We want to compute ¢ for ¢ € k. Note that s = ¢ = ¢t® € k so
Umin(¢) = 0 and ¢ = ¢. So the residue map is just the identity on k. It
remains to show that v(z) > 0. Assume v(x) < 0. Then

v(z™ + ...+ o) =v(0) = o0,

a contradiction.
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1. THE MAIN THEOREM
In the previous lecture we introduced the "Main Theorem" of this chapter.

Theorem 1.1. Let k C R be a subfield, G a totally ordered abelian group
and K := k((G)). Then K is a real closed field if and only if

(1) G is divisible,
(13) k is a real closed field.

Last time we already proved the implication "=". For the converse we
need some notions and preliminary results.

2. THE DIVISIBLE HULL

Proposition 2.1.

(1) Let (G,+) be a torsion free abelian group. Then there exists a unique
(up to isomorphism of groups) minimal divisible group (é, +) that
contains (G, +).

(G, +) is called the divisible hull of G.

(i3) If H < G, then H < G.

(vit) If G is a totally ordered abelian group (particularly torsion free),
then the order on G extends uniquely to an order on G. Therefore
the ordered divisible hull (G, <) of (G, <) is unique up to an order
preserving 1somorphism.

Proof. (i) Consider the set {(x,n) : x € G,n € N} under the equivalence
relation

(z,n) ~ (y,m) & mz = ny,
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i.e. set

G:={(z,n):z2€GneN}/~.
Define an addition on G by (x,n)+(y,m) := (mx + ny, mn).
Verify that (UA) )
— + is well-defined and (G, +) is a torsion free abelian group.
— the map g — (g,1) defines an embedding of G in G.
~ (G, +) is divisible.
— if G* D G is a group extension and G* is divisible and torsion
free, then

QG :={qzr:qe€Q,z € G}

is a minimal divisible subgroup of G* containing G. Moreover,
the map (a,n) — %a is an isomorphism of groups G — QG.

(ii) Straight forward by construction as in (i) (UA).
(i77) Declare (x,n) € G to be positive if and only if € G is positive.

Verify that the map G — G, a — (a, 1) is order preserving.
O

Remark 2.2. G is dwisible if and only if G = G.

Proposition 2.3. (Generalized ultrametric inequality)
(i) v(a) # v(b) = v(a+ b) = min{v(a),v(b)}.

(i) v(>_ a;) = min{v(a;)}.

(¢91) If there exists a unique index ig € {1,...,n} such that v(a;,) =
min{v(a;) : i =1,...,n}, then v(>_ a;) = min{v(a;)}.

Proposition 2.4. Let (L,v) be a valued field and K C L be a subfield such
that L|K is algebraic. Then v(L) is contained in the divisible hull of v(K).

Proof. Let o € v(L)\v(K) and let [ € L be such that o = v(l). Since L is
algebraic over K, [ satisfies

Z aili =0

i=0

for some a; € K with 0 # a,. Applying v on both sides yields

v (Z aili) = oo = v(0).
1=0

Thus, there must be two indices 4,57 € {0,...,n} with i < j such that
oo # v(a;l’) = v(a;l*). In other words

v(a;) + jo(l) = v(a;) + iv(l)
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N (G — Dyol) = v(as) — v(a;) € v(K)
and therefore

o) ~vlag) e

a = : :
J—1

3. ALGEBRAICALLY CLOSED FIELDS

In this section we prove the Main Theorem for algebraically closed fields.
We conclude by showing that this transfers to real closed fields by applying
the Theorem of Artin-Schreier (see RAG I).

Proposition 3.1. Let (L,v) be a valued field and K C L a subfield such
that L|K s algebraic. Then the residue field L is contained in an algebraic
closure of the residue field K.

Proof. Let 0 # Z € L and 0 # z € L be a preimage of Z in L. Now L is
algebraic over K, so z satisfies a polynomial equation
anz"+...4a0=0 (a; € K,a, #0).
Set v(a;) = min{v(a;) : i = 0,...,n} and b; := Z—; for i = 0,...,n. Then
bj =1 and v(b;) > 0 for i =0, ...,n. Therefore
0#b, X" +...+ by € K,[X]

and

bpz" 4+ ...+ by =0,

where K, denotes the valuation ring of K. Thus Z is a root of the non-zero
polynomial 0 # Y ' (b, X" € K[X], i.e. Z is algebraic over K. O

Theorem 3.2. (algebraically closed fields of generalized power series, Mac
Lane, 1939)

Set K := k((Q)) for some field k and some ordered abelian group G. Then K
1s algebraically closed if and only if

(1) G is divisible,

(ii) k is an algebraically closed field.

Proof. "=" is analogue to the proot for the real closed field case seen last
lecture (UA). Let us prove "<=". So we want to show that K is algebraically
closed.

Claim: Every algebraic extension L of K is immediate.

(Since K is maximally valued, as was shown in lectures 6 — 8, K will then
admit no proper algebraic extensions at all, i.e. is algebraically closed)
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Proof of the claim: Since L|K is algebraic we know by Proposition 2.4
that 3
v(L) Cv(K)=G=G.

On the other hand, since (L,v
v(L) D v(K) = G, so we get v(L) = v(K).
Similarly we show that L = K = k. By Proposition 3.1 L is contained in the
algebraic closure of k, but k = k. So L C k = k. On the other hand, since
(L,v) is a valued field extension of (K,v), we have L D K = k, so again

L = k. Hence the valued field extension (L,v)|(K, v) is immediate. O

) is a valued extension of (K,v), we have
(L

Remark 3.3. What is meant in the claim is the following: (K,v) is a valued
field and L|K a field extension, extending the valuation v on K to a valuation
v on L. After that we mean (L,v) is an immediate extension of (K, v).

4. FINISHING THE PROOF OF THE MAIN THEOREM

Proposition 4.1. Let k be a field, G an ordered abelian group and i = /—1.
Then k((G))(i) = k(i)((G)).

Proof. UA. O

Theorem 4.2. (real closed fields of power series)
k((G)) is a real closed field if and only if k is a real closed field and G is

divisible.

Proof. It remains to prove "<". Since k is real closed, k(i) is algebraically
closed (Artin-Schreier). So k(i)((G)) is algebraically closed by Mac Lane.
But then k((G))(7) is also algebraically closed. By Artin-Schreier k((G)) is
a real closed field. O

Example 4.3. Define Q' := the field of all real algebraic numbers. Then
K =Q"((Q)) is a real closed field. Note that K is not countable.

Question: Are there countable non-Archimedean real closed fields?
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1. REAL CLOSED FIELDS OF POWER SERIES

Notation 1.1. For K = k((G)) let k(G) denote the subfield of K generated
by kU {t9: g € G}.

Theorem 1.2. Let K be a real closed field, v its natural valuation, G =
v(K ™) its value group, K its residue field. Then K is order isomorphic to a
subfield i(K) such that

R(G) C i(K) C K(G)).
Remark 1.3. We denote by k(G)™ the relative algebraic closure of k(G)
in K. Note that if K is real closed, then k(G)™ is (isomorphic to) the real
closure of k(G) (i.e. K is "sandwiched" between two real closed fields of
power series).

Remark 1.4. Note about k(G) :

(1) Consider all series in K which have finite support and denote it by
k[G] := {s € K : support(s) is finite}.

UB: k[G] is a subring of K, so it is a domain, called the group ring
over k and the group G.

Excurs about k[G] : Let s € k[G], support(s) = {g1,...,9-},7 € N,
i.e. there are coefficients c1, ..., ¢, € ksuch that s = c1t91 +. . .+c,. t97,
so the group ring k[G] can be viewed as the ring of “polynomials” with
coeflicients in k and variables in {t9 : g € G}.

Example: If G = Z, say k = R or k = C, then k[G] is called the
ring of Laurent polynomials.

(i) k(G) = f(k[G]) = k(9 : g € G).



2 SALMA KUHLMANN

2. EMBEDDING OF THE VALUE GROUP

The aim of this section is to prove that the value group of a real closed
field K under its natural valuation can be embedded into the multiplicative
subgroup (K9, -1, <).

Proposition 2.1. Let K be an ordered field and G = v(K ™), where v denotes
the natural valuation.

(1) the map
v: (K7 1,<) = G, ar —v(a) =v(a™?)
s a surjective homomorphism of ordered groups with kernel
U ={a€K,:a>0uv(a)=0}.

So U0 is a convex subgroup of (K>°,-,1,<) and K>°/U;" = G.

(ii) if moreover K>0 is divisible (in particular this is the case if K is real
closed), then (K>°,-,1,<) = B -U;°, where B is a multiplicative
subgroup of (K>°,-,1) and is order-isomorphic to G.

Remark 2.2. Here we are considering (K>, - 1, <) as a Q-vector space as
follows:

(i) (K>9,-,1,<) is an ordered abelian group.

(ii) Define the scalar map Q x K~ — K>9 (¢, a) — af.
Note that U.¥ is also divisible. Use the Theorem from LA1 about
existence and uniqueness up to isomorphism of a complement to a
subspace in a vector space.

Proof. (of the proposition)
(1) Note that

v(ab) = —v(ab) = —v(a) —v(b) = v(a) + v(b).

To show surjectivity let ¢ € G and choose a > 0, a € K, such that
—v(a) = g (then v(a) = g).

Order-preserving: Let a > 1. Show v(a) > 0, i.e. —v(a) > 0 or
v(a) < v(1) (via Archimedean equivalence classes).

Compute kernel:

ackervevia) =08 —va)=0va)=0sacU°,

since a € K9,
O

Corollary 2.3. If K is a totally ordered field such that (K>°,-,1) is divis-
ible (in particular if K is real closed), then there exists an order preserving

embedding of v(K*) into (K~°,-,1,<).
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3. EMBEDDING OF THE RESIDUE FIELD

In this section we prove that the residue field of a real closed field K, with
respect to the natural valuation, embedds in K.

Proposition 3.1. Lel K be a real closed field. Then there exists a subfield
of K which is order-isomorphic to the residue field K of K with respect to
the natural valuation (i.e. the residue field embedds in K ).

Proof. We want to apply Zorn’s lemma to the collection © of all Archimedean
subfields of K, which is partially ordered under inclusion. Note that Q is
Archimedean, i.e. © is non-empty. Now let C C © be a totally ordered
subset. We need to find an upper bound in ©. Set § = |JC and verify that
this is indeed an upper bound.

Let k C K be a maximal Archimedean subfield. We will show k = K. Note
that k% C U,. Consider the residue map k — K, z — . This is an injective
homomorphism. We claim that it is also surjective.

First of all note that k is real closed. This is because the real closure of an
Archimedean field is Archimedean. Moreover the real closure of a subfield
of K, is a subfield of K. Indeed v(z) = 0 for any z in the relative algebraic

closure of k, because v(z) is in the divisible hull v(k) = {0} of v(k). So the
relative algebraic closure of k, if a proper extension, would contradict the
maximal choice of k. Note that by Proposition 4.1 lecture 14, also k is real
closed.

Now assume the residue map is not surjective, i.e. 3y € K\k. Let y €
U, denote a preimage of 3. We claim that k(y) C U, and that (k(y) is
Archimedean. Note that y is transcendental, so k(y) = ff(k[y]). Consider
any™ + ...+ ag € kly]. It

any" +...+tay=a,y" +...+ag =0,

then 7 would be algebraic over k.
So any z € k(y) has Z # 0, so k(y) C U, and is Archimedean (because
Vz € k(y) : v(z) =0, so z ~* 1), contradicting the maximality of k.

g
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1. KAPLANSKY’S EMBEDDING THEOREM

In the last lecture we showed that

(7) the value group of a real closed field K is isomorphic (as an ordered
group) to a subgroup of (K>°,., 1, <).

(71) if K is a real closed field, then every maximal Archimedean subfield
of K is isomorphic to K (with respect to the natural valuation), and
there exist such Archimedean subfields (lemma of Zorn). Therefore
the residue field K is isomorphic to some subfield of K.

(7i1) If k[G] is a group ring, then ff(k[G]) = k(G) = k(t9 : g € G) is the
smallest subfield of k((G)) generated by kU {t9 : g € G}.

Theorem 1.1. (Kaplansky’s “sandwiching” or embedding theorem for rcf)
Let K be a real closed field, G its value group and k its residue field. Then
there exists a subfield of K isomorphic to k(G)"™.

Moreover, every such isomorphism extends to an embedding of K into k((Q)),

K —"— Kk((G))

B —Z= K(G)*
i.e. K isisomorphic to a subfield p(K) such that k(G)™ C u(K) C k((Q)).

Proof. Let | C K be a subfield isomorphic to k and let B be a subgroup iso-
morphic to G. More precisely, B is a multiplicative subgroup of (K>, - 1, <)
isomorphic to the multiplicative subgroup {tY : ¢ € G} of monomials in
kE((@Q)). Consider the subfield of K generated by [ UB, i.e. the subfield [(B)
and we take its relative algebraic closure in K.

It is clear that 3 isomorphism pg : I(B)™ — k(G)™.
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Claim 1: the extension [(B)™ C K is immediate.

This is because the residue field of a real closure equals the real closure of
the residue field equals the residue field of K. Also the value group of the
real closure is the divisible hull of the value group = G. So the extension is
value group preserving and residue field preserving. Therefore the extension
is immediate.

Now consider the collection of all pairs (M, u) where M is a real closed
subfield of K containing I(B)™ and p: M < k((Q)) is an embedding of M
extending pg. We partially order this collection the obvious way, i.e.

(Mla,ul) < (MQ,MQ) = M1 g MQ”UQ‘MI = 1.

It is clear that every chain C in this collection has an upper bound in it,
namely |JC. So the hypothesis of Zorn’s lemma is verified. Therefore, we
find some maximal element (M, ).

K —— k((G))

(B)© 2 k(G)

immediate

Claim 2: M = K.
We argue by contradiction. If this is not the case, let y € K\ M. Note that
y is transcendental over M. Also since K O M is immediate, y is a pseudo-
limit of a pseudo-Cauchy sequence {yq}aes C M without a limit in M. Set
Za = 1(Ya), 80 {za}aes C k((G)) is a pseudo-Cauchy sequence and k((G))
is pseudo-complete, so choose z € k((G)) a pseudo-limit of {24 }acs.

Claim 3: z is transcendental over pu(M).
This is because z ¢ p(M). Otherwise u~1(2) € M would be a pseudo-limit
of {Yataes = {1 (2a) }aes in M, a contradiction.
Therefore M (y) = u(M)(z) as fields and M (y)* = u(M)(2)™, contradicting
the maximality of (M, u).
O
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Chapter III: Convex valuations on ordered fields:

2. CONVEX VALUATIONS

Let K be anon-Archimedean ordered field. Let v be its non-trivial natural
valuation with valuation ring K, and valuation ideal I,,.

Definition 2.1. Let w be a valuation on K. We say that w is compatible
with the order (or convex) if Va,b € K

0<a<b = wla)>wb).

Example 2.2. We have seen that the natural valuation is compatible with
the order. Moreover, K, is convex.

Proposition 2.3. (Characterization of compatible valuations).
The following are equivalent:

(1) w is compatible with the order of K.
(2) Ky is convex.

(3) I, is conves.

4) I, < 1.

(5) 1+ I, C K~V

(6) The residue map
Ky, — Kw, a— a+ I
induces an ordering on Kw given by
a+I1,>20 & a=0.

(7) The group
U ={ac K:wla)=0 A a>0}

of positive units is a convex subgroup of (K>°,-,1,<).

Proof. (1)=(2).0<a<be Ky, = w(a) Zwbd) >20=ac K,.

(2) = (3). Let a,b € K with 0 < a < b € I,. Since w(b) > 0, it follows
that w(b™!) = —w(b) < 0 and then b~1 ¢ K.

Therefore also ¢~} ¢ K, because 0 < b~! < a1 and K, is convex by
assumption. Hence w(a) > 0 and a € I,,.

(3) = (4). Otherwise 1 € I, but w(1) = 0, contradiction.

(4) = (5). Clear.
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1. THE RANK OF ORDERED FIELDS
(Applications later on: the rank of a Hardy-field).

Definition 1.1. Let K be a field and w and w’ be valuations on K. We
say that w' is finer than w or that w is coarser than v, if K, C K,, (or
equivalently I, C I,/).

Remark 1.2.

(1) An overring of a valuation ring is a valuation ring.

(#1) If w' is a convex valuation and w is coarser than w’, then w is a
convex valuation.

(731) We have proved that the natural valuation on an ordered field K
induces the smallest (for inclusion) convex valuation ring of K.

(iv) The collection of all convex valuations (respectively valuation rings)
of K is totally ordered by inclusion.

Definition 1.3. The rank of the totally ordered field K is the (order type
of the totally ordered) set

R :={K, : K, is a convex valuation and K, C K},

where v denotes the natural valuation. Note that

R :={Ky : w is strictly coarser than v}.

Example 1.4.

e The rank of an Archimedean ordered field is empty (since its natural
valuation is trivial), its order type 0.
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e The rank of the rational function field K = R(¢) with any order is a
singleton. Indeed the field R(#) is non-Archimedean under any order
(see RAG I). Moreover, any ordering of R(¢) has rank 1.

2. THE DESCENT
From the ordered field K down to the ordered group v(K*) =: G.

Let K, be a convex valuation ring of K. We associate to w the following
subset of G :

Remark 2.1. Note that w is a coarsening of v if the following holds:
v(a) < v(b) = w(a) < w(b).

Lemma 2.2. G, is a convex subgroup of G.

Proof.
e 0=v(1) and 1 € U,,.

Let g € Gy. Show —g € Gy,. Let a € U, such that g = v(a). Then
a~ ! eU, and

Gw 3 v(a™!) = —v(a) = —g.

Similarly assume g1,g2 € Gy. There exist ay,a2 € U, such that
v(a;) = g;. Then ayay € Uy, and

v(araz) = v(a1) +v(ag) = g1 + g2 € Gy

Let g € Gy and 0 < h < g for some h € G. Show h € G2°. Let
=v(b),b € Uy, and h = v(a) for some a € K>°. Then

v(a) < v(b) = w(a) <w() =0= wa) =0.

0

Lemma 2.3. The value group w(K™) is isomorphic (as an ordered group)
to v(K*)/Gy, so
w(K™*) 2 o(K™)/v(Uy).
Proof. Consider the map
¢:v(K*) = w(K*), v(a) — w(a).
Compute
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~

i.e. ¢ is asurjective homomorphism with kernel G, so w(K*) = v(K*)/G,,.
Moreover this isomorphism is order preserving: note that since G, is a
convex subgroup of v(K*), the group v(K*)/G,, is totally ordered.

O

Definition 2.4. Given w a coarsening of v, we call Gy, = v(U,,) the convex
subgroup of G associated to w.

Conversely, we get the following result:

Lemma 2.5. Given any convezr subgroup C of G we define a valuation w
on K as follows:

w: K* = o(K*)/C, w(a) =v(a)+ C (the canonical map)
Then w is a conves valuation on K and G, = C.
Proof.

e v(a) € Gy & w(a) =0« v(a) € C.

w(a+b) =v(a+b)+ C > min{v(a) + C,v(b) + C}
< v(a+b) = min{v(a),v(db)}
< w(a + b) > min{w(a), w(d)}.

e 0<a<b=v(a)=>v)=v(a)+C=>vbd) +C=wla)=>wb).

w(ab) = v(ab) + C = (v(a) +v(b)) + C
= (v(a) + ) + (v(b) + C)
= w(a) + w(b).

Definition 2.6. w is called the convex valuation associated to C.

Let us summarize:
Proposition 2.7. Suppose that w is coarser than v. Then for all a,b € K :
v(a) < v(b) = w(a) < w(b).
Let Gy, = v(Uy,) be the convex subgroup of v(K™) associated to w. Then
w(K™) Z0(K*)/Ghy.

Conversely every convex subgroup C of v(K*) is of the form G, where w
is the conver valuation associated to C.

Corollary 2.8. (Descent into the value group)
The correspondence Ky, — Gy is a one to one (inclusion) order preserving
correspondence between the rank of K and the rank of G = v(K*).

Example 2.9.
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(1) K =R((Z)) the field of Laurent series ordered lex. Then Rx = 1.
(i7) K =R((Q)) = rank is 1,
(7it) K =R((R)) = rank is 1.

(tv) K =R((Z x Z)) = rank is 2.
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1. FINAL SEGMENTS

As always, let K be an ordered field and let v denote the natural valuation
on K with value group G := v(K*).

Lemma 1.1. Let G be a totally ordered abelian group and denote by vg its
natural valualion.

(i) If Gy # {0} is some convexr subgroup of G, then I'y, := va(Gy\{0})
is a non-empty final segment of T := vq(G\{0})
(I denotes the value set of G)

(13) Conversely, if Ty, is a non-empty final segment of ', then
Gy :={9€G:vg(g) € Tw}U{0}
is a convex subgroup of G with Ty, = vg(Gy).

Proof.

(i) Clearly I'y, is non-empty since Gy, # {0}. Show I'y, is a final seg-
ment. Let v € 'y, and 4/ € T such that v < 7/. We want to show
that 4" € T'y,.

Now v € Ty, so let g € Gy, such that v = vg(g) and let ¢ € G
such that vg(g') = 4. Now v < 4/ means ¢’ << g, i.e. n|¢'| < |g|.
Therefore g’ € Gy, since Gy, is convex. Thus, 4" € T, as required.

(i) UA.

Definition 1.2. Let I # () be a totally ordered set. Define
I .= {F: F # 0 a final segment of T'}.

Remark 1.3. The set I'® is totally ordered by inclusion. Indeed, given
Fi # (), Fy # () final segments, either F} C Fy or Fy C Fy (verify!). So I'S is
a totally ordered set.
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Example 1.4.

e For I = R, what is the order type of I'?
A proper non-empty final segment of R is either of the form r* :=

[r,00) or 7 := (r,00) for r € R (Recall the Dedekind completeness
of the reals, see RAG I). Hence,

' = {r*:r e R}U{R}.

Clearly r— < r™. Let r1 # 7o, say r1 < ry. Then ry < 7“; <r; < rf,
i.e. I' is a double covering of R,

<zp>+1:Rxm2+L

R

e Suppose I' = Q and F := {g € Q: ¢ > v/2}. Let } # F be a proper
final segment of Q.
— g€ Q, then F =[q,00) =: ¢t and F = (¢,00) =: ¢~ in Q.
—reR\Q F=r'1NnQ=r"NQ.

We claim that these are all the proper non-empty final segments.
o 75 =7+ {1}.

Corollary 1.5. There is a 1 to 1 correspondence
Gy = vg(Gy\{0}) =Ty
between the rank of G and T/, where T' = vg(G\{0}).

Corollary 1.6. There is a bijective correspondence
Ky Gy =v(Uy) — Ty
between the rank of K and T8,

Lemma 1.7. The map
LD = T8yt

is an order reversing embedding. Its image consists of those final segments
which have a smallest element

Notation 1.8. Let us denote by I'* the set I' endowed with the reverse
order.

Corollary 1.9. The map ¢ : I < I'’, v s ~F is an order preserving
embedding.

Definition 1.10. A final segment which has a smallest element is called a
principal final segment.

Corollary 1.11. I'* is isomorphic to the chain of principal final segments
of T.
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1. PRINCIPAL FINAL SEGMENTS

Last lecture we studied the order type of the chain I'® of non-empty final
segments of the set I' =: vg(G\{0}).

Lemma 1.1. The order type of the chain T is uniquely determined by the
order type of ', 1.e. if I'1 and I’y are chains such that ¢ : I'y = 1's as ordered
sets, then I‘chs = FJ;S as ordered sets.

Proof. Define ¢ : T — 'S F s ¢(F). Verify (UA) that ¢ is injective, i.e.

F C Fy = ¢(F1) C o(F2) (%)

so the map ¢® is injective. Also if F' € T§ then ¢~ (F') € T'f, so
¢ (¢~ (F")) = F’, showing ¢ is surjective.

Finally ¢ is order preserving because of (x). g

Recall we noted last lecture that I'* is order isomorphic to the totally
ordered (inclusion) set of principal final segments, given by

I* — IPB g [y,00) = 4T

2. PRINCIPAL CONVEX SUBGROUPS

Definition 2.1. Let G be a totally ordered abelian group and G,, # {0}
a convex subgroup. G, is said to be a principal convex subgroup, if
dg € G such that Gy, is the smallest convex subgroup containing g.

Remark 2.2. In the notation introduced and used in chapter I, G, =
i.e. Gy, is the convex subgroup generated by g.

g»
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Lemma 2.3. Let G, # {0} be a convex subgroup of G. The following are
equivalent:

(1) Gy is principle convez generated by g,

(i1) Ty is a principal final segment, namely va(g)™.

Proof. First show (i) = (ii). Note that [¢g] N G50 is an initial segment in G,

and that [g] N G0 is a final segment in G,,. So ve(g) is the smallest element

of the final segment Ty, i.e. Ty = va(g)T.

Show now (ii) = (7). Assume that 3g € G>° such that I',, = vg(g)™ and
argue reversing implications that we must have [g] N G2 is a final segment,
i.e. Gy, is the smallest convex subgroup containing g and multiples. O

3. PRINCIPAL CONVEX RANK

Definition 3.1. Let G be a totally ordered abelian group. The principal
rank of G is the order type of the chain of principle convex subgroups # {0}
of G.

Corollary 3.2. (Characterization of the principal rank)

The map G, — minvg(Gy,) is an order reversing bijection between the prin-
cipal rank of G and I'. Therefore the principle rank of G is order isomorphic
to TPf5 j.e. to T*.

Remark 3.3.
e Going down for the rank:

rank of K — rank of G = v(K) — I'S, I = vg(G) = va(v(K)).
e Going up for the principal rank:
IP5 >~ I 5 principal rank of G — principal rank of K?

Definition 3.4.
(1) A convex subring K,, 2 K, is said to be a principal convex sub-

=

ring if 3a € K>\ K, such that K, is the smallest convex subring
containing a. We say K, is the convex subring generated by a.

(77) The principal rank of K is the (order type of the) set of all principal
convex valuation rings ordered by inclusion. Denote it by RPT C R.

Definition 3.5. Let a,b € K~ K. We define a relation
a ~b:< Jdn € N such that @™ > b and b™ > a.

UA: Show that ~ is an (Archimedean) equivalence relation. Moreover,
a~b<sva) ~T vb) & vg(v(a)) =vg(v(b)).

Therefore
K — v(K) = va(v(K™)).
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Theorem 3.6. (Characterization of the principal rank of an ordered field)
For Ky, € R, the following are equivalent:

(i) Ky € RP" (generated by a)

(13) Gy is a principal convez subgroup of G = v(K™) generated by v(a).

(1ii) Ty is a principal final segment generated by vg(v(a))™.

Corollary 3.7. RPF = 1.

Corollary 3.8. Given a chain A # (), there exists a non-Archimedean real
closed field K such that RY; is isomorphic to A.

Proof. Take k = R (for example). Set I' = A*, set G := @R the Hahn
sum. Then G has principal rank I'* = A* = A. Set

K =k((G)) =R((G)).
Then K has principal rank A. a
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Chapter IV: Real closed exponential fields

1. REAL CLOSED EXPONENTIAL FIELDS

Definition 1.1. Let K be a real closed field and
€Xp : (Ka +7 07 <) — (K>07 ) 17 <)

such that exp is an order preserving isomorphism of ordered groups, i.e.

(1) x <y = exp(z) < exp(y),
(ii) exp(z 4 y) = exp(z) exp(y).
Then (K, 4,0, 1, <,exp) is called a real closed exponential field.

Question: Is the theory Teyp, = Th(R, +,-,0, 1, <,exp) decidable?

e Osgood proved that Ty, does not admit quantifier-elimination.
o ~ 1991 A. Wilkie showed that Tty is o-minimal.

e In 1994 A. Wilkie and A. Macintyre showed that T,y is decidable
if Schanuel’s conjecture is true. In fact they showed that Teyp is
decidable, if and only if "a weak form of Schanuel’s conjecture" is
true.
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2. ADDITIVE LEXICOGRAPHIC DECOMPOSITION

Remark 2.1. Let A, B be ordered abelian groups. The lexicographic
product A U B is the ordered abelian group defined as follows:

As a group it is just the direct sum A® B. The total order is the lexicographic
order on A® B, ie. fora; € Aand b; € B

a1 + by < ag + by & either a1 < a9 or a1 = as and by < ba.

Recall 2.2. A complement U of a subspace W of V is just a subspace
such that V = U & W. Moreover, U is unique up to isomorphism.

Theorem 2.3. Let (K, +,-,0,1, <) be an ordered non-Archimedean field with
value group G and residue field K. Consider the ordered divisible abelian
group (K,+,0,<).
o There exists a complement A of K, in (K, +,0,<) and a complement
A" of I, in K, such that (K,+,0,<) =AUA"UI,.

e Both A and A’ are unique (upio isomorphism of ordered groups).
Moreover, A’ is isomorphic to (K, +,0, <).

o Furthermore the value set of A is G<° and the value set of I, is
G>O.7The Archimedean components of A and I, are all isomorphic
to (K,+,0,<).

The proof of this theorem will be in the assignment. Consider

v:(K,+,0,<) — G.
Note that v(I,) = G0, so v(A) = G=<V.

Hilfslemma 2.4.

(1) Let M be an ordered Q-vector space and C' a convex subspace of M
such that M = C’ @ C, where C’ is the vector space complement of
Cin M. Then M =C'UC.

(13) Let n : M — N be a surjective homomorphism of ordered vector
spaces. Then ker 7 is a convex subspace of M and M = N U ker 7.

(7i7) Let M, N be ordered vector spaces with convex subspaces C and D,
respectively. Assume that n: M — N is an isomorphism of ordered
vector spaces such that n(C) = D. Then

7:M/C+~ N/D,a+ C + n(a) + D

is a well-defined isomorphism of ordered vector spaces.

Remark 2.5. Counsider the divisible ordered abelian group (K, +,0, <) and
x =1 € K. Compute C; = (K,,+,0,<) and Dy = (I,,+,0,<). For the
Archimedean component we have

B = Cl/Dl = (?,—&—,0, <).
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We generalize this observation to the following:

Proposition 2.6. All the Archimedean components of the divisible ordered
abelian_group (K,+,0,<) are isomorphic to the divisible ordered abelian
group (K,+,0, <).

Proof. Let a € K,;a > 0. The map
n:Cy (K, +,0,<), 2+ a1

(Recall: G = {z : v(z) > v(a)}) is a surjective homomorphism of ordered
groups with kernel D, = {z : v(z) > v(a)} C C,. O

3. MULTIPLICATIVE LEXICOGRAPHIC DECOMPOSITION

Theorem 3.1. Let (K,+,-,0,1,<) be a totally ordered non-Archimedean
field with natural valuation v, G = v(K*) and residue field K. Assume that
K s root closed for positive elements, i.e. (K>0,- 1, <) is a divisible ordered
group.
e There exists a group complement B of UJC in (K>°-1,<) and a
group complement B’ of 1 + I, in (U;°,-,1,<) such that

(K7 1,<)=BUB U1 +1,,-,1,<).

e Every group complement B is isomorphic to G.
e Every group complement B’ is isomorphic to (F>O, o1, <).
The proof follows from the following two lemmas and the Hilfslemma.
Lemma 3.2. The map

(K>0, 4 1,<) = G, a— —v(a) = v(ail)

is a surjective homomorphism of ordered groups with kernel U;C. Thus, U;°
is a convex subgroup of (K=Y - 1,<) and

(K>O> K] 17 <)/Uv>0 =G.
Therefore (K>°,-,1,<) 2B U U with B = G.
Lemma 3.3. The map
U9, 1,<) = (K°,,1,<), a—~a,
s a surjective homomorphism of ordered groups with kernel 1 + I,,. Thus
U201, <) /(1 + I, 1,<) =2 (K0, 1,<).
Therefore U>? =~ B/ U1 + I, where B’ = (K °,-,1,<).
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1. DECOMPOSITION

Recall 1.1. We had the additive and multiplicative decomposition. Let K
be a totally ordered field, root closed for positive elements (in particular, if
K is real closed). Then

(K,+,0,<)=AUA U,

(K>, 1,<)=BuUB U1+ 1,

where A is a complement to the valuation ring and A’ a . complement
to the valuation ideal in the valuation ring S(A) = [G<0 {(K,+,0,<)}],
A= (K,+,0,<).

B is a (multiplicative) complement to U,”? in K~° and B’ is a complement
to 1+ I, in U,. We have B= G and B' = (K", -, 1, <).

2. COMPATIBLE EXPONENTIALS

Definition 2.1. Let K be a totally ordered field root closed for positive
elements.

(i) f:(K,+,0,<) = (K>° - 1,<) is called an exponential.

(77) An exponential f on K is called v-compatible (i.e. compatible with
the natural valuation) if
— f(K,) = U;° (the image of the valuation ring is the group of
positive units)

— f(I,) = 1+ I, (the image of the valuation ideal is the group of
1-units)
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Remark 2.2. We only study wv-compatible exponentials. In fact: a root
closed (positive elements) totally ordered field K admits an exponential if
and only if it admits a v-compatible exponential.

Indeed, if K admits an exponential e, then it admits a v-compatible ex-
ponential f, namely: Let a € K~ such that e(a) = 2 and set f(z) = e(ax).
One verifies that f(K,) = U;? and f(I,) =1+ I, (UA).

The question we want to answer: Given a totally ordered field (root closed
for positive elements), when does K admit a v-compatible exponential. We
will give necessary conditions on v(K™*) and K as follows:

Remark 2.3. If f is a v-compatible exponential, then
(i) f(Ky) =f(A'UL)=U"=B'Ul+1,

(ZZ) f(Iv) =1+ Iva

(131) FIAUA'UT,)=BUB U1+ 1,).
Therefore f "decomposes" into 3 isomorphisms of ordered groups, namely
e the left exponential f; := f [ A,

e the middle exponential fy; := f [ A/,

e the right exponential fr := f | I,.
Note that
AUA UL, = (K, +0,<) = (K%, 1,<)2BUB U1+ 1,

and conversely, given fr : A =B, fy : A =B and fr: I, 21+ I,, the
exponential

f(K,+,0,<) — (K>O, 21, <),a+d +evws fr(a)fau(a) fre)

on K is v-compatible.

So the question is: when does a totally ordered field K (root closed for
positive elements) admit a left exponential, a middle exponential and a right
exponential?

Proposition 2.4. Let K be a non-Archimedean real closed field, G = v(K™).
Assume that K admits a left exponential. Then

S(G) = [G<07 {(Kv +,0, <)}]7

i.e. the value set of G is isomorphic to G<C and all Archimedean components
of G are isomorphic to (K,+,0,<).

Proof. Note that A 2 B and B = G, so A 2 G. In particular
[G=0{(K, +,0,<)}] = S(A) = S(G).
O

Example 2.5. Consider the divisible ordered abelian group G = | | Q and
K =R((G)). Then K does not admit an exponential because
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- G is divisible, so G<9 £ N,

- the Archimedean components of G are QQ, whereas the residue field
is R.

Example 2.6. Consider G = UQ Qr¢. Note that the value set of G is Q and
that G<" is a dense linear order without end points. So by Cantor Q = G<°,

Consider K = Q™((| o Q*)). Then K is real closed and also the Archimedean

components of G are all isomorphic to Q™ (the additive group of the residue
field).

Unfortunately K still does not admit a left exponential because of the
following theorem (without proof)
Theorem 2.7. Let K = k((G)), G # {0}, a real closed field of power series.

Then K does not admit a left exponential function.

Thus, the necessary condition on the value group is not sufficient.
Question: Does K = Q™((|p Q™)) admit a right exponentiation?

Theorem 2.8. Every real closed field of formal power series admits a right
exponential function, namely

exp : R((G>O>) =51 + R((G>O)), € — Z&;

(recall Neumann’s lemma, see chapter II)

Proposition 2.9. Let K be a real closed field and assume that K admits a
middle exponential. Then K is an exponential Archimedean field.

Proof. Note that
(F7 +7 07 <) g A/ g B, g (?>07 17 .7 <)7
therefore fjs is an exponential on K. O
K does not admit a middle exponential (e is transcendental, Q™ is not an
Archimedean exponential field).

Example 2.10. Let E be a countable real closed exponentially closed sub-
field of R. Note that such an F exists, it can be constructed by induction
from Q by countable iteration of taking real closure, exponential closure and
closure under logarithm for positive elements.

Consider G = g E, K = E((G)). Then K admits a middle and right
exponential, but still no left exponential.

Open Question: Does every non-Archimedean real closed field admit a
right exponential function?
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Theorem 2.11. (Ron Brown)

Let (V,v) be a countable dimensional valued vector space. Then V admilts a
valuation basis.

In particular, if (V1,v1) and (Va,v2) are countable dimensional valued vector
spaces with same skeleton S(Vy) = S(Va), then they are isomorphic as valued
vector spaces, i.e. (Vi,v1) = (Va,v9).

Proof. Follows by induction from the following lemma O

Lemma 2.12. Let V be a valued vector space, W a finite dimensional sub-
space with valuation basis B and let a € V. Then B can be extended to a
valuation basis of < W, a > .

Proof. Consider {v(b) : b € B} finite. So there exists some ay € W such
that v(a —ag) ¢ v(W) or, if this is not possible, such that v(a — ag) € v(W)
is maximal. Without loss of generality, a ¢ W. If v(a — ap) ¢ v(W), then
BU{a — ap} is the required valuation basis of < W,a > .
Otherwise set v := v(a — ag) € v(W). By the characterization of valuation
basis (see chapter I) B, forms a basis of B(W,~). If 7(,a—ag) would live in
B(W,~), there would be a linear combination ay of elements of B with value
~ such that 7(y,a — ap — a1) = 0. But this means that v(a —ag — a1) > 7,
a contradiction. So 7(vy,a — ag) ¢ B(W,v), so BU {a — ap} is valuation
independent.

O

Corollary 2.13. (Answer to the open question in the countable case)
Let K be a countable non-Archimedean real closed field. Then K admits right
exponentiation.

Proof. It can be shown that for any ordered field S(I,) = S(1 + I,). In
particular, by Brown’s theorem, if K is countable, I,, and I, + 1 are both
countable and have the same skeleton, so they are isomorphic. 0
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The goal of this lecture is to describe the real closure of a Hardy field.
In particular, we want to prove the following theorem:

Theorem 0.1. (Main Theorem)
The real closure of a Hardy field is again a Hardy field.

1. PRELIMINARIES

Notation 1.1.

o If f is a differentiable function from some half-line (a,c0) to C, we
will denote by d(f) the derivative of f.

o If k is a field and P € k[X], let P’ denote the derivative of P and
Z(P) the set of roots of P.

o F:={f:(a,00) > C|aecR}
e G:={f:(a,00) > R|aecR} CF.

e For f,g € F define
f~g:s JaeRVr >a: f(x) =g(x).

Then ~ is an equivalence relation on F. Denote by f the equivalence
class of f.

e Denote F := F/~ and G := G/ ~. Then F and G are rings with
operations defined by:

f+g=Ff+gand fg=fg.
e We say that f is differentiable if there exists a € R such that f is
differentiable on (a, 00), and in that case we define the derivative of

fasdo(f):=0a(f)
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Definition 1.2.
(i) A Hardy field is a subring K of G which is a field and such that for

every f € K, f is differentiable and §(f) € K.

(4i) A complex Hardy field is a subring K of F which is a field and
such that for every f € K, f is differentiable and §(f) € K.

Definition 1.3. Let K be a Hardy field and P € K[X] of degree n, say
P=3%"_fnX™ If a €Rissuch that fi,...,f, are all defined and C!
on (a,00) and f,(x) # 0 for all z > a, we say that P is defined on (a, o).
Note that such an a always exists.

Notation 1.4. If P is defined on (a,00), then for any x > a we define
Py =31 fm(x)X™ € RIX].

Remark 1.5. Note that P, also has degree n and that (P,)" = (P’);, which
we will just denote by P.. Of course, the definition of P, depends on the
choice of representatives for fq,..., f,,. However, whenever a polynomial is
introduced, we will always assume we have fixed the representatives of its
coefficients, so that P, is well-defined.

Remark 1.6. Note that if g € F, then P(g) is the germ of the function
> fig', so P(g) = 0 if and only if there exists some a such that P,(g(z)) =0
for all x > a.

Recall 1.7. Let K be a field and P € K[X].

(i) P has only simple roots in its splitting field iff ged(P, P’) = 1 iff there
exist A, B € K[X] such that AP + BP' = 1.

(i7) If char(K) = 0 and P is irreducible, then ged(P, P’) = 1.

The keystone of the proof of the main theorem is a well-known theorem
from analysis, namely the implicit function theorem, which we recall
here.

Theorem 1.8. (IFT)

Let U CR™ V C R™ be open, u: U x V — R™ a C* function for some
ke N and (zo,y0) € U x V such that u(xo,yo) = 0 and det(%(wo,yo)) # 0.
Then there exists an open ball Uy containing xg, an open ball Vi containing
yo and a C* function ¢ : Uy — Vi such that for any (z,y) € Uy x Vj :

u(@,y) =0y = o(x).

We will actually need a particular form of the implicit function theorem,
namely:
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Theorem 1.9. (IFT’)
Let K be a Hardy field, P € K[X] defined on (a,00), xg > a and yo a
complex root of Py, which is not a root of P, . Then there exists an open

interval I containing xg, an open ball U containing yo and a C' function
¢ : I — U such that:

(x) Y(z,y) €IxU:P(y) =0 y=d()
Proof. Set
u:(a,0) x C— C, (z,y) = Pr(y).
Then v is C' on (a,00) x C. By assumption, we have u(zo, o) = 0 and
g—;(:co, Yo) = P, (yo) # 0, so we can apply the IFT to the function u at the
point (zg, o). O

2. PROOF OF THE MAIN THEOREM

Lemma 2.1. Let K be a Hardy field and P € K[X] defined on (a,
gcd(P, P') = 1, then there exists some b > a such that gcd(Py, PL) =
all x > b.

Proof. Since ged(P, P') = 1, there are A, B € K|[X| such that AP+ BP' = 1.
Now let b > a such that A, B are defined on (b,c0); for z > b we have
A, P, + ByP. =1, hence ged(P,, P,) = 1. O

) If
1 for

Lemma 2.2. Let K be a Hardy field, P € K[X| non-zero defined on (a, c0)
and f a continuous function from (a,o0) to C such that Py(f(z)) = 0 and
Pl(f(z)) #0 for all x > a. Then [ is differentiable on (a, o).

Proof. Let xg > a, yo := f(zo). By hypothesis, yo is a root of P,, but not of
Py, . Thus, we may apply IFT’, and obtain I, U and ¢ as in IFT’ such that
(*) holds.

Set J := I N f~YU). U is a neighborhood of yy and f is continuous, so
f~1(U) is a neighborhood of zg, so J is also a neighborhood of zg. Let
x € J; by assumption we have P,(f(x)) = 0 and (z, f(z)) € I x U, which
by () implies that f(x) = ¢(x).

Therefore f; = ¢, which, since ¢ is C', implies that f is differentiable
at xg. Since xg was chosen arbitrarily, we obtain that f is differentiable on
(a,0). O

Proposition 2.3. Let K be a Hardy field and f € F a continuous function

such that there exists P € K[X] non-zero such that P(f) = 0. Then the ring

K[f] is a complex Hardy field. If f happens to be in G, then K[f] is a Hardy
field.

Proof. Without loss of generality we can assume that P is irreducible. This

implies that K[f] is isomorphic to K[X]/(PK[X]), so it is a field. We now

have to show that every element of K[f] is differentiable and that K[f] is
stable under derivation. It is sufficient to show that f is differentiable and

that 6(f) € K[f].
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Since P(f) = 0, there exists some a € R such that P.(f(z)) = 0 for all
x > a. As P is irreducible and char(K) = 0, ged(P, P') = 1, so by Lemma
2.1 there exists some b > a such that ged(Py, P.) = 1 for all > b. Hence,
P, and P, have no root in common. Thus, P,(f(x)) =0 # P.L(f(x)) for any
x > b. Now apply Lemma 2.2 and obtain that f is differentiable on (b, c0).
Set P=> " _,GnX"™. Then

= §(q0) + Z GG +mg,, " 5(F))

= Q) +(HP'(f)

with Q € K[X], hence §(f) = Q<f) e K(f) = K[f). O

Lemma 2.4. Let K be a Hardy field, n € N and P € K[X] of degree n
defined on (a,0), such that P, has n distinct roots in C for all x > a.

For any pair (xo,y0) € (a,00) x C such that yg is a root of Py,, there exists
a O function ¢ : (a,00) — C such that yo = ¢(z0) and

Vo >a: Pp(p(x) =0 (1)

Proof. Let zg > a and Yo a complex root of P,,. Since P,, has simple roots,
Yo is not a root of P, , so we can apply IFT’ and we get an open interval I
containing g, an open ball U containing yo and a C! function ¢ : I — U
such that (%) is satisfied, which in particular implies that ¢(z¢) = yo and
P.(¢(z)) =0 for all x € I. Define £ to be the set

{(J,%) | I C J open interval, ¢p C'*-extension of ¢ to J satisfying (1) on J}.

Note that £ is non-empty since (I,¢) € €. We can partially order £ by
saying that (J,¢) < (J',x) if J C J’ and x extends 1.

Let (Jn,¥n)hen be a chain in €. Set J := |J,cp Jn and define ¢ on J by
Y(x) = Yp(z) if © € Jp; this is well-defined because vy, is an extension of ¥y
for any h,h’ € H such that Jy,s C J,. If x € J, then x € J, for some h € H,
and since (Jp, 1) € € we have Py (¢ (z)) = 0, hence P(¢(z)) = 0. Thus,
1 satisfies () on J, so (J,¢) € €. Moreover, we have (Jp,¥n) < (J,1) for
any h € H, so (J,%) is an upper bound of (Jp, ¥p)hen-

We just proved that any chain of £ has an upper bound. By Zorn’s lemma,
it follows that £ has a maximal element (., 1)

To conclude the proof, we have to show that J = (a,00). Set b := sup J.
Towards a contradiciton, assume that b # oo. By hypothesis, P, has n
distinct roots y1, ..., yn, none of which is a root of P]. We apply IFT’ at
each of the points (b,y1), ..., (b, yn), and we obtain open intervals Iy, ..., I,
containing b, open balls Uy, ..., U, containing yi,...,y, and C' functions
¢1: 0L = Uy, ¢n i Iy — Uy, such that for each m € {1,...,n}, for any
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(z,y) € Iy, X Upy, Pr(y) = 0 < y = ¢p(x). Since yi,...,y, are pairwise

distinct,we can choose the sets Uy,...,U, so small that they are pairwise
disjoint.

Let I' := () _y I,. For any x € I', we have ¢1(z) € Uy,...,¢n(x) € Up;
since Uy, ..., U, are pairwise disjoint, ¢1(x), ..., ¢n(x) are pairwise distinct.

By (*), each ¢,(x) is a root of Py; since P, has n roots, it follows that
Z(Py) = {on(2). .+ bu(2)} € Uy U

Let J' := I’ N J; note that J' is an interval. For any x € J', (1) implies
that () is a root of Py, hence () € U _; Up. Thus, ¥(J') C U, U,
Since 1) is continuous, ¥(J’) is connected. Since Uq,...,U, are pairwise
disjoint, this implies that there exists m € {1,...,n} such that ¢(J') C Up,.

Let x € J'; we have (z,9(x)) € I, x Uy, and Py(¢(x)) = 0. Since ¢,
satisfies (%) on I, X Uy, it follows that ¢ (z) = ¢, (x). This proves that

¢\J’ = ¢m|J"
- - if J
Define the function ¢ on J U I’ by ¢(z) := V() 1 re ;-
Om(z) ifzel

This definition makes sense because 1) and ¢, agree on I'. ! 1[1 is a strict
extension of 1. Since 1 and ¢,, are C', w is also C''. Since 1 satisfies (f) on
J and ¢, satisfies () on I’, it follows that ¢ satisfies (1) on J U I’, which
contradicts the maximality of (J,1). Thus, b = co (note that we could prove
the same way that inf J = a). O

Lemma 2.5. Let K be a Hardy field and P € K[X] of degree n such that
ged(P, P') = 1. Then there exists some a € R and n C* functions ¢1, ... ¢y, :
(a,00) = C such that Z(Py) = {¢1(x), ..., ¢n(x)} for each x > a.

Proof. By Lemma 2.1, there exists some ag € R such that ged(P, P,) = 1
for all x > ag, which means that P, has n distinct roots in C. Let a > ag,
and let y1,...,y, be the n distinct roots of P,. By the previous lemma, we
obtain n C! functions ¢1,..., ¢, : (ag,00) — C such that ¢,(a) = y, for
any m € {1,...,n}, and {¢1(x)...,¢n(z)} C Z(P,) for any x > a. To show
equality, we just have to show that ¢;(z) # ¢ (x) for any £ > a and any
m,l € {1,...,n}.

Now let m,l € {1...n} and E := [a,o0] N (¢ — ¢) 1({0}). Assume
E # &. By continuity of ¢,, and ¢;, E is a closed subset of R and has a
lower bound a, so it has a minimum b. Since ¢,,(a) # ¢i(a), b > a. Set
¢ = ¢m(b). cis aroot of Py, so we can apply IFT’ at the point (b, ¢) and
we get an open neighborhood I x U of (b, ¢) and a map ¢ : I — U satisfying
(*). Since U is a neighborhood of ¢, and since ¢ = ¢y, (b) = ¢y(b), ¢, (U)
and ¢,1(U) are neighborhoods of b, so

J =10 (a,00)N¢; (U)N ¢, (U)

is a neighborhood of b. Let « € J such that z < b; (z, ¢;(z)) and (z, pm(x))
both belong to I x U and we have Py(¢m(x)) = Py(¢i(x)) = 0; since ¢
satisfies () on I x U, this implies ¢;(x) = ¢(x) = ¢m(x), so x € E, which
contradicts the minimality of b. Thus, £ = &. O
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Proposition 2.6. Let k be a Hardy field,

K :={f €G| fcontinuous and IP € k[X] with P # 0 A P(f) = 0}
and

L:={f e F| fcontinuous and 3P € k[X] with P #0A P(f) =0}.

Then K is a Hardy field, L is a complex Hardy field, L is the algebraic closure
of k and K is the real closure of k.

Proof. Obviously, k C K C L. Now let f,g € K. By Proposition 2.3, k[f]
is a Hardy field. Since g is continuous and g is canceled by a polynomial in

E[f][X], we can once again use Proposition 2.3 and we obtain that k[f,g] is
a Hardy field, and since it is algebraic over k, it is contained in K. Since

k[f,q] is a Hardy field, we have

Ovlvf_

Q[

,0(f),0(g) € k[f, 9],

<

hence

07 17?_§7 gvé(f)vd(g) € K.

This proves that K is Hardy field. The same proof shows that L is a complex
Hardy field.

Now let us show that L is algebraically closed. Let P € k[x] irreducible
of degree n > 1. Since char(k) = 0, ged(P,P") = 1. By Lemma 2.5 there

exists some a € R and C! functions ¢1,...,¢, : (a,00) — C, such that for
any x > a, Z(Py) = {¢1(x),...,¢n(z)}. This means that ¢,,..., ¢, are n
distinct roots of P. Since ¢1, ..., ¢, are continuous functions from (a,) to

C and ¢y, ..., ¢, are canceled by P € k[X], we have ¢y,...¢, € L.

Thus, any polynomial with coefficients in k splits in L. Since L/k is an
algebraic extension, this proves that L is algebraically closed, and thus L
is the algebraic closure of k. Finally note that L = K(i). Since K(i) is
algebraically closed, K is real closed, and it is the real closure of k. O

Corollary 2.7. The real closure of a Hardy field is again a Hardy field.
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1. BAER-KRULL REPRESENTATION THEOREM

Recall that an ordering < and a valuation v on a field K are called compatible
if

0<z<y=v(y) <v(x).
In Proposition 2.3 of lecture 17 we fixed an ordered field (K, <) and charac-
terized the <-compatible valuations on K. Today, we fix a valued field (K, v)
and describe the v-compatible orderings on K.

Notation 1.1. Let (K,v) be a valued field. Let I' be the value group of
v. The quotient group I' = I'/2T" becomes in a canonical way an Fa-vector
space. We denote by 7 = v + 2I" the residue class of v € T.

Let {m; : i € I} C K* such that {v(m;) : i € I} is an Fo-basis of T'. Then
{m; : i € I} is called a quadratic system of representatives of K with
respect to v.

Theorem 1.2. (Baer-Krull Representation Theorem)

Let (K,v) be a valued field. Let X(K) and X(Kwv) denote the set of all
orderings of K and Kv, respectively. Fiz some quadratic system {m; :i € I}
of representatives of K with respect to v.

Then there is a bijective correspondence

{Pe X(K): K, is P-conver} +— {—1,1}] x X(Kv)

described as follows: given an ordering P on K such that K, is P-convez,
let np : I — {—1,1}, where np(i) =1 < m; € P. Then the map

P'_>(7]P7P)

is the above bijective correspondence.

Proof. Given a mapping n : I — {—1,1} and an ordering @ on Kv, we
will define an ordering P(n, @) on K, such that K, is P(n,Q)-convex and
P(n, Q) is mapped to (1, Q) by the map described in the claim.

Let a € K*. As {v(m;) : i € I} is a basis of T, there exist uniquely determined
indices i1, ..., such that

v(a) = v(m,) + ... +v(m,).
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Thus, for some b € K, one has

v(a) =v(my) + ... +v(m,) + 2v(b)

= U(T('Z'l e -Wirb2)~
Hence, we find some « € U, such that
a = uml s WinQ.

Note that since b is only determined up to a unit, u is only determined up to
a unit square. Let n: I — {—1,1} be a mapping and Q € X(Kwv) a positive
cone on Kv. We define P(n,Q) C K by 0 € P(n,Q) and for each a € K*
with @ = um;, - ... 7, b% as above,

a€ P(n,Q) (i) -n(i,)u e Q.
Note that P(n,Q) is well-defined, as u and hence w is determined up to a
unit square and %1, ..., 1, are completely determined. We have to show that
P(n, Q) is an ordering such that K, is P(n, Q)-convex, and that P(n, Q) = Q.
We first show that P(n, Q) is additively closed. Let a,a’ € P(n,Q) with

a,a’ # 0. Moreover, let u,u’ € Uy, b,b' € K and i1,...,%,7j1,...,Js € I such
that

a = Uumy - 7Ti7,1)2,
o = w2
If v(a) # v(d'), say v(a) < v(a'), then v(a + a’) = v(a). Hence, a + a’ = ca
for some ¢ € U,. Note that %/ € I,. Thus, from 1+ %/ = c follows ¢ = 1. We
obtain a + a’ = cum;, -+ m;, b%.
As a € P(n,Q) we have
Q 3 (i) - -n(ir)a = n(ir) - - n(iy) 1w
=n(i1) - - - n(ir)cu.
Hence, a +a’ € P(n,Q).
If v(a) = v(d), then {i1,...,ir} = {j1,-..,Js}. Furthermore, ¥’ = bu” for
some u” € U,. Hence,

a+d = (u+d W), - m

If n(m;,)---n(m,) =1, then @, v/ € Q and hence

W @R = ),k @R € Q)
ie.a+d € P(n,Q).
If n(my,) - - -n(m,) = —1, then —u, —u/ € Q. Hence

— AW = nmy) -l JuF @@ € Q

and therefore a + a’ € P(n, Q).
In order to prove that P(n, Q) is closed under multiplication, we extend 7
to an Fo-linear map from T to {—1,1}. We define n(v(m;)) = n(i), which
determines the map completely, since the elements v(r;) form a basis for T.
By composing

K*35T T4 {-1,1}
we obtain a group homomorphism K* — {—1,1}, which we also denote by
n. We have a € P(n, Q) if and only if n(a)u € Q for all a € K*. From this it
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follows at once that aa’ € P(n, Q) for a,a’ € P(n, Q).
As QU —Q = Kw, it is clear from the definition that

P(naQ)U_P(naQ):K

and as —1 ¢ @, it is clear that —1 ¢ P(n, Q).
Further note that 1+ I, C P(n, Q). Indeed, if x € I, then v(1+z) =0, i.e.
1+ z = ub®. Thus,

ub?=1+z=1€Q,
which implies that 1+ x € P(n, Q). Hence, by Proposition 2.3 of lecture 17,
K, is P(n,Q)-convex. This shows that P(n, Q) is a positive cone of K and
that K, is P(n, @)-convex.
We still have to prove that the mapping from the claim is bijective. Let
u € Uy N P(n,Q). Then it follows from the definition that w € Q. Hence,
Pn,Q) € Q. As P(n,Q) and @ are both positive cones, P(n,Q) = Q.
Moreover, m; € P(n,Q) < n(m;) = 1is clear from the definition. This proves
surjectivity of the map described in the claim.
Injectivity: Assume P is mapped to (n,@Q). It is clear from the definition
that P(n,Q) C P, and threfore P(n,Q) = P.

0

Remark 1.3. Under additional assumptions, either factor of the cartesian
product in the Baer-Krull Theorem may vanish.
(1) If T is 2-divisible, then T' = {0}, and therefore I = (). Thus, there is
a bijective correspondence

{P € X(K) : K, is P-convex} «— X (Kv)
(2) If Y (Kv)? is an ordering, then Kv is uniquely ordered (see RAG I).

Thus, there is a bijective correspondence
{Pc X(K): K, is P-convex} +— {—1,1} .

Remark 1.4. If (K, <) is an ordered field, then
Z(L) ={x € K : z,—x < a for some a € Z}

is called the <-convex hull of Z in K. It is a valuation ring on K which is
non-trivial (i.e. # K) if and only if < is non-Archimedean.

Corollary 1.5. A field K admits a non-Archimedean ordering if and only
if K carries a non-trivial valuation with real residue class field.

Proof. Let P be a non-Archimedean ordering on K. Then Z(P) corresponds
to a non-trivial valuation v on K, and K, = Z(P) is P-convex. Applying
the Baer-Krull Theorem to (K,v) yields that P corresponds to (np, P). In
particular, P is an ordering on Kv, i.e. Kv is real.

Conversely, let v be a non-trivial valuation on K (i.e. K, C K) with real
residue class field Kv. Let @ be an ordering on Kv and choose n = 1 (i.e.
n(i) = 1 for all 7). By the Baer-Krull Theorem, there exists an ordering P
of K for which K, is P-convex. Note that Z(P) C K, C K, since Z(P) is
the smallest P-convex subring of K. Thus, P is non-Archimedean. OJ
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1. CHAPTER I: VALUED VECTOR SPACES

Let us summarize:

Theorem 1.1. (Hahnsandwiching Theorem)
Let V' be a valued Q-vector space with skeleton S(V) = [I',{B(y) : v € T'}].
Then

JB() = V< HrB(y).
T

Two big steps:
(1) UprB(y) = V.

e we developed the notion of B C (V,v) to be a valuation basis.

e we showed the existence of a maximal valuation independent
subset By of (V,v) and proved that (< By >q,v >) C (V,v) is
an immediate extension.

e we noted that |Jp B(y) admits a valuation basis and that the
converse is true, i.e. whenever (V,v) admits a valuation basis,
then (V,v) = (Ur B(7), Umin) -

(S(V) = {B(y):y€Tl}])

e so in general we proceeded as follows:
— Given (V,v), choose some maximal valuation independent
subset By.
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— Set Vo =< By >g . Then V; admits a valuation basis,
namely By.

— UrB(v) = Vo, so Up B(y) = V.
(2) V.= Hr B(y).
e we first showed that maximally valued < pseudo complete.
e we showed that Hr B(7) is pseudo complete.

e we proved that if V/|V; is immediate and y € V{\Vi, then y
is a pseudo-limit of a pseudo-Cauchy sequence in V; with no
pseudo-limit in V.

2. CHAPTER II: VALUATIONS ON ORDERED FIELDS

Theorem 2.1. (Kaplansky’s Sandwich Theorem)
Let K be a real closed field with v(K*) = G and K = k. Then
E(G) — K <= k((G)).
This was again proved in 2 steps:
(1) We showed G < (K%, -/1,<) and k — K.

(2) We proved the theorem that if k is real closed and G is divisible,
then k((Q)) is real closed. For this we first proved the same theorem
with “real closed” replaced with “algebraically closed”. Then (Mac
Lane) if k is algebraically closed and G is divisible, then k((G)) is
algebraically closed.

e k((@)) is pseudo-complete.

e the value group of an algebraic extension is contained in the di-
visible hull of the value group.

e the residue field of an algebraic extension is contained in the
algebraic closure of the residue field of the original field.

With these results, one can prove that every algebraic extension must
be immediate.

3. CHAPTER III: CONVEX VALUATIONS ON ORDERED FIELDS

We studied the (under inclusion) linearly ordered set of convex valuations
in an ordered field, i.e. the rank R of K. We characterized it via the rank of
v(K*) and the rank of the value set of v(K*), respectively,

K % o(K*) 25 T.
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Theorem 3.1. (Characterization of valuations compatible with the order <

of K)

For a valuation w on an ordered field (K, <), the following are equivalent:

e w is compatible with <,

K., is conver,

I, is convex

o [, <1,

the residue map K — Kw induces canonically a total order on Kw
(P— P).

Moreover, in the addendum, we proved the Baer-Krull Representation
Theorem:
{Pe X(K): K, is P-convex} = X(K,) x {—1,1}/,

where X' (K) and X(Kv) denote the set of all orderings of K and Kw,
respectively, and [ := dimp, G/2G.

4. CHAPTER IV: ORDERED EXPONENTIALS FIELDS
Consider (K,+,0,<) = (K>9,-,1,<).
Theorem 4.1. (Main Theorem)

(i) (K,+,0,<) =AU (K,+,0,<) 1L,

(i) (K9, 1,<) =BU(K ", 1,<)Ul+ I,
Recall that exp; : A = B, expy, @ (K,+,0,<) = (K>9,.,1,<) and
expg : I, = 1+ I, the left, middle and right exponential functions.

Discussion of necessary valuation-theoretic conditions:
Theorem 4.2. If (K,+,0,1,<) admits a v-compatible exponential, then
(i) exp: (K,+,0,1,<) — (F>O, - 1,<), so K is an exponential field.

(i) S(v(K*)) =[G<Y: {(K,+,0,<)}].

Example 4.3.

e Constructing real closed fields which do not admit an exponential
function.
Countable case: a countable divisible ordered abelian group (non-
Archimedean) is an exponential group < = UQ A, where A is a
countable Archimedean divisible ordered abelian group.

e exp is defined on I, by Neumann’s lemma, exp(e) = i—: So K =
kE((GQ)) always admit expp, .
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Theorem 4.4. K never admits an expy, .

Question: Does every real closed field admit expg?
e True for countable fields.

e True for fields of power series.

o Otherwise?



