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Convention: When a new definition is given, the German name appears
between brackets.
1. ORDERINGS

Definition 1.1. (partielle Anordnung) Let T' be a non-empty set and let <
be a relation on I' such that:

(i) y<v Vyel,
(W) m<y2, 2< = =72 YVy,el,

(iti) <72, 2<13 =N <13 Yy, v, el

Then < is a partial order on I" and (T, <) is said to be a partially ordered
set.

Example 1.2. Let X be a non-empty set. For every A, B C X, the relation
A< B < ACDB,

is a partial order on the power set P(X) ={A: A C X}.

Definition 1.3. (totale Anordung) A partial order < on a set I' is said to
be total if

Vy,2€l’ v <y ory <.

Notation 1.4. If (T, <) is a partially ordered set and 71,72 € T', then we
write:

11 <72 € 7 <y and 1 # Vo,
272 S Y2 <M,
Y1 >72 € 2 <71 and 1 # V2.
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Examples 1.5. Let ' = R x R = {(a,b) : a,b € R}.

(1) For every (a1,b1), (az,b2) € R x R we can define
(a1,b1) < (az2,b2) <= a1 <az and by < bo.

Then (R x R, <) is a partially ordered set.
(2) For every (ai,b1), (az,b2) € R x R we can define
(al,bl) < (ag,bg) < [a1 < CLQ] or [a1 = a2 and bl < bg]
Then (R x R,<;) is a totally ordered set. (Remark: the "1" stands

for "lexicographic").

2. ORDERED FIELDS
Definition 2.1. (angeordneter Korper) Let K be a field. Let < be a total
order on K such that:

(i) z<y = z+z2<y+z Va,y,z € K,

(i) 0<z, 0Ky = 0<zy Va,y e K.
Then the pair (K, <) is said to be an ordered field.

Examples 2.2. The field of the rational numbers (Q, <) and the field of the
real numbers (R, <) are ordered fields, where < denotes the usual order.

Definition 2.3. (formal reell Korper) A field K is said to be (formal) real
if there is an order < on K such that (K, <) is an ordered field.

Proposition 2.4. Let (K,<) be an ordered field. The following hold:

ea<b & 0<b—a Va,be K

o 0<a? Vae K

e a<b0<c = ac<be Va,b,c € K
e0<a<b=0<1/b<1/a Va,be K

e 0<n VneN

Remark 2.5. If K is a real field then char(K) = 0 and K contains a copy
of Q.
Notation 2.6. Let (K, <) be an ordered field and let a € K.

1 if a >0,
sign(a) :=¢ 0 ifa=0,
—1 if a < 0.
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la| := sign(a)a.
Fact 2.7. Let (K, <) be an ordered field and let a,b € K. Then

(1) sign(ab) = sign(a) sign(b),
(@) [ab| = [al|b],

(iii) |a+b|<|a|+]|b].

3. ARCHIMEDEAN FIELDS
Definition 3.1. (archimedischer Korper) Let (K, <) be a field. We say that
K is Archimedean if

Vae K dn €N such that a < n.

Definition 3.2. Let (I <) be an ordered set and let A CT'. Then

e A is cofinal (kofinal) in T if
Vyel 3§ € A such that v <.

e A is coinitial (koinitial) in T if
Vyel 3§ € A such that § <~.

e A is coterminal (koterminal) in I" if A is cofinal and coinitial in I'.

Example 3.3. Let (K <) be an Archimedean field. Then N is cofinal in K,
—N is coinitial in K and Z = —N U N is coterminal in K.

Remark 3.4.

- If (K,<) is an Archimedean field and Q C K is a subfield, then
(Q, <) is an Archimedean field.

- (R, <) is an Archimedean field and therefore also (Q, <) is.
Remark 3.5. Let (K,<) be an ordered field. Then K is Archimedean if
and only if Va,b € K* 4n € N such that

la| < n|b| and |b| < nlal.

Example 3.6. Let R[x] be the ring of the polynomials with coefficients in
R. We denote by ff(R[x]) the field of the rational functions of R[x], i.e.

FF(RI) = R(x) := {ggg - £(x), 9(x) € R[x] and g(x) # o} .

Seite 3
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Let f(x) = apx"+an,_1x" "1+ -+ar1x+ap € R[x] and let k¥ € N the smallest
index such that aj # 0 (and therefore actually f(x) = apx™ + - -+ + apx").
We define

f(x)>0 < a,>0

and then for every f(x),g(x) € R[x] with g(x) # 0 we define

ggg >0 & f(x)g(x) > 0.

This is a total order on K = f f(R[x]) which makes (K, <) an ordered field.
We claim that (K, <) contains

(7) an infinite positive element, i.e.

JdA € K suchthat A>n VneN,
(74) an infinitesimal positive element, i.e.

Ja € K suchthat 0 <a<1/n VneNlN.

For instance the element x € K is infinitesimal and the element 1/x € K is
infinite. Therefore (K, <) is not Archimedean.
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1. THE FIELD R(X)
Let us consider again the field R(x) of the rational functions on R[x]:

Example 1.1. Let f(x) = apx"” + ap—1x" 1+ -+ + a;x +ag € R[x] and let
k € N the smallest index such that a; # 0 (and therefore actually f(x) =
anX"™ + -+ apx”®). We define

fx)>0 & ap, >0

and then for every f(x),g(x) € R[x] with g(x) # 0 we define
(x)

This is a total order on

= @ X X X| an X
R = { £ 5 100,90 € Rl and g0 20

which makes (R(x), <) an ordered field.
Remark 1.2. By the definition above

fx)=x—-r<0 VreR, r>0.
Therefore the element x € R(x) is such that
O<x<r VreR, r>0.
We can see that there is no other ordering on R(x) which satisfies the above

property:
1
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Proposition 1.3. Let < be the ordering on R(x) defined in 1.1. Then < is
the unique ordering on R(x) such that

O<z<r VreR, r>0.

Proof. Assume that < is an ordering on R(x) such that

O<x<r VreR, r>0.

Then (see Proposition 2.4 of last lecture)

0<x<r Ym>=21, meN, Vr>0, reR.

Let f(x) = anX™ + ap_1x" 1 + -+ + a;x* € R[x] with k € N the smallest
index such that ay # 0. We want to prove that sign(f) = sign(ay).

Let g(x) = anx"* 4+ 4+ apy1x + ap. Then f(x) = xFg(x).

If £ =0, then f(x) = g(x). Otherwise f(x) # g(x), and since sign(f) =
sign(x*) sign(g) and sign(x¥) = 1, it follows that sign(f) = sign(g). We want
sign(g) = sign(ag).

If g(x) = ag we are done. Otherwise let h(x) = a,x"F~1 4 ... + ap ox +
ag+1. Then g(x) = ap+xh(x) and h(x) # 0. Since |x™| < 1 for every m € N,

we get
|h(x)| < |an| + - + |ags1]| == ¢ >0, ceR.
Then
xh(x)| < elx| < ax],
otherwise |x| > lexl *contradiction.

c ?

Therefore sign(g) = sign(ay + xh) = sign(ag), as required (Note that one
needs to verify that |a| > |b| = sign(a + b) = sign(a)).
U

We now want to classify all orderings on R(x) which make it into an
ordered field. For this we need the notion of Dedekind cuts.

2. DEDEKIND CUTS

Notation 2.1. Let (I', <) be a totally ordered set and let L,U C I'. If we
write
L<U
we mean that
x<y VzxelL Vyel.

(Similarly for L < U)

Definition 2.2. (Dedekindschnitt) Let (I',<) be a totally ordered set. A
Dedekind cut of (I', <) is a pair (L,U) such that L,U C T, LUU =T and
L<U.
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Remark 2.3. Since L < U it follows that LNU = &. Therefore the subsets
L,U form a partition of T' (The letter "L" stands for "lower cut" and the
letter "U" for "upper cut").

Example 2.4. Let (I',<) be a totally ordered set. For every v € I" we can
consider the following two Dedekind cuts:

Y- = (] - 0077[’ [’Y’OOD

Y+ = (] —00,7], Jv,00[)

Moreover if we take L,U € {@,I'}, then we have two more cuts:

—o0:=(2,I'), Ho0:=(I,9)
Example 2.5. Consider the Dedekind cut (L, U) of (Q, <) given by

L={rcQ:z<Vv2} and U={zecQ:z>V2}.
Then there is no v € Q such that (L,U) =~ or (L,U) = 4.

Definition 2.6. (trivialen und freie Schnitte) Let (L,U) be a Dedekind cut
of a totally ordered set (I',<). If (L,U) = oo or there is some v € I' such
that (L,U) = 4 or (L,U) = v_ (as defined in 2.4), then (L,U) is said to
be a trivial (or realized) Dedekind cut. Otherwise it is said to be a free
Dedekind cut (or gap).

Remark 2.7. A Dedekind cut (L,U) of a totally ordered set (I', <) is free
if L #@,U # @, L has no last element and U has no least element.

Definition 2.8. (Dedekindvollstanding) A totally ordered set (I, <) is said
to be Dedekind complete if for every pair (L,U) of subsets of I" with
L +#2,U # @ and L < U, there exists v € I' such that

L<~y<U

Exercise 2.9. Show that a totally ordered set (I', <) is Dedekind complete
if and only if (T', <) has no free Dedekind cuts.

Examples 2.10.
- The ordered set of the reals (R, <) is Dedekind complete, i.e. the set
of Dedekind cuts of (R, <) is {a+ : a € R} U {—o00, +00}.

- We have already seen in 2.5 that (Q, <) is not Dedekind complete.
We can generalize 2.5: for every a € R — Q we have the gap given
by (] —00,a]NQ, Ja,c0[ N Q).

3. THE ORDERINGS ON R(X)

Theorem 3.1. There is a canonical bijection between the set of the orderings

on R(x) and the set of the Dedekind cuts of R.

Proof. Let < be an ordering on R(x). Consider the sets L ={v € R: v < x}
and U = {w € R : x < w}. Then C5 := (L, U) is a Dedekind cut of R. (Note
that if < is the order defined in 1.1 then C5 = 04). So we can define a map
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{<:< is an ordering on R(x)} N {(L,U) : (L,U) is a Dedekind cut of R}

<
< = Cx

We now want to find a map
{(L,U) : (L,U) is a Dedekind cut of R} — {<:< is an ordering on R(x)}

which is the inverse of f. Every Dedekind cut of (R, <) is of the form —oo,
a—, ay, +o0o, with a € R. With a change of variable, respectively, y := —1/x,
yi=a—X,y:=X—a,y:=1/x, we obtain an ordering on R(y) such that

O<y<r VreR, r>0.

We have seen in 1.3 that there is only one ordering with such a property, so
we have a well-defined map from the set of the Dedekind cuts of (R, <) into
the set of orderings of R(x). It is precisely the inverse of f.

O

4. ORDER PRESERVING EMBEDDINGS

Definition 4.1. (ordungstreue Einbettung) Let (K, <) and (F, <) be ordered
fields. An injective homomorphism of fields

p: K — F
is said to be an order preserving embedding if

a<b = g(a) <o) Va,be K.

Theorem 4.2 (Holder). Let (K, <) be an Archimedean ordered field. Then
there is an order preserving embedding

p: K — R
Proof. Let a € K. Consider the sets
I, =] —o00,alxk N Q and Fy, :=[a,00[x N Q.

Then I, < F, and I, U F, = Q. So we can define

¢o(a) := supl, =inf F, € R.
Since K is Archimedean, ¢ is well-defined. Note that

Ia+Ib:{x+y:$€Ia>y€Ib} C Iots
and
Fa+FbgFa+b7

then ¢(a) + ¢(b) < ¢(a +b) and ¢(a) + ¢(b) > ¢(a + b). This proves that
¢ is additive. Similarly one gets p(ab) = ¢(a)p(b).
(]
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1. PREORDERINGS AND POSITIVE CONES

Definition 1.1. (Priordnung) Let K be a field and let 7' C K such that
(i) T+T CT,
(15) TT C T,
(i7i) a® € T for every a € K.

(Where T+T:= {tl + 19 :t1,10 € T} and TT := {tltg 11,1l € T})
Then T is said to be a preordering (or cone) of K.

Definition 1.2. (echte Priordnung) A preordering T' of a field K is said to
be proper if —1 ¢ T.

Definition 1.3. (Positivkegel) A proper preordering T of a field K is said

to be a positive cone (ordering) if —-T'UT = K, where =T := {—t: t € T'}.

Proposition 1.4. Let (K, <) be an ordered field. Then the set
P={xeK:x >0}

1s a positive cone of K. Conwversely, if P is a positive cone of a field K, then

Vz,y € K
<y & y—x <P

defines an ordering on K such that (K, <) is an ordered field.
Therefore for every field K there is a bijection between the set of the or-
derings on K and the set of the positive cones of K.

Notation 1.5. Let K be a field. We denote by > K? the set
{a3 4 +d>:neN g cK,i=1,...,n}.
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Exercise 1.6. Let K be a field. Then

(1) 3 K? is a preordering of K.

(2) 3" K? is the smallest preordering of K, i.e. if T is a preordering of
K, then Y. K2 CT.

(3) If K is real then —1 ¢ 3" K? (i.e. Y K? is a proper preordering).
(4) If K is algebraically closed then it is not real.

(5) Let (K, P) be an ordered real field, F' a field and

p:F — K

an homomorphism of fields. Then Q := ¢~ !(P) is an ordering of F'
(Q is said to be the pullback of P).

(6) If P, Q are positive cones of K with P C @, then P = Q.

(7) In particular, if Y K2 is a positive cone (or ordering: see 1.4) of K,
then it is the unique ordering of K.

Remark 1.7. Let K be a field with char(K) # 2. If T' C K is a preordering
which is not proper (i.e. —1 € T'), then T' = K.

Proof. For every x € K,

x= <x;1>2+(—1) (x;)Q eT.

U
Remark 1.8. Let 7 = {T; : ¢ € I} be a family of preorderings of a field K.
Then
(4)

7T

el
is a preordering of K.

(i1) if Vi,j € I 3k € I such that T; UT; C Ty, then
Um
el

is a preordering of K.

Seite 10
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2. A CRUCIAL LEMMA

Lemma 2.1. Let K be a field and T a proper preordering of K. If a € K
and a ¢ T, then
T—al = {tl —atg : 11,12 € T}

s a proper preordering of K.
Proof. Since K2 C T, also K2 C T — aT. Clearly (T — aT) + (T — aT) C
T — aT'. Moreover Vtq,to,t3,t4 €T,

(tl — atz)(tg — at4) =tits + a2t2t4 — a(t1t4 + t2t3) € T —aT,
therefore (T'— aT)(T — aT) C (T — oT) and T — aT is a preordering of K.

If (T — aT) is not proper, then —1 = t; — aty for some t1,ty € T with
to # 0, since T is proper. Therefore

1
a:?(l+t1)t2 e T,
2

contradiction. O

3. SEVERAL CONSEQUENCES

Corollary 3.1. Every mazimal proper preordering of a field K is an ordering
(positive cone: see 1.4) of K.

Corollary 3.2. FEvery proper preordering of a field K is contained in an
ordering of K.

Proof. Let T be a proper preordering. Let

T={T :T'DT, T is a proper preordering of K }.

T is non-empty and for every ascending chain of T

T, €T, C..CT, C...

by 1.8(#4) \JT;, is a proper preordering containing 7" and Zorn’s Lemma
applies.
Let P be a maximal element of 7. Then P is a maximal proper preordering
of K containing 7', and by 3.1 P is an ordering.
O

Corollary 3.3. Let T be a proper preordering of a field K. Then

T= m {P:T C P, P positive cone of K}.

Proof.  (CQ) It is obvious.

(D) Let a € K such that a is contained in every positive cone containing

T. If a ¢ T, then by Lemma 2.1 T — aT is a proper preordering of

K. By Corollary 3.2, T'— aT is contained in a positive cone P of K.
Then —a € P and a ¢ P.

O
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Corollary 3.4. (Characterization of real fields) Let K be a field. The fol-
lowing are equivalent:

(1) K is real (i.e. K has an ordering).
(2) K has a proper preordering.
(3) 3> K2 is a proper preordering (i.e. —1 ¢ > K?).

(4) VneN, Vay,...,ap € K

n
Za?:@ = a1=--+ =a, =0.
i=1

Proof. (1) = (2) = (3) obvious. We show now (3) < (4).
(=) Let Y1, a? = 0 and suppose a; # 0 for some 1 < i < n. Say a,, # 0.

i=1"1
Then

n

al 2 Ap—1 2
<> +---+<") +1=0.
ap, p,

Therefore —1 € Y K?, contradiction.

and

(<) Suppose —1 € 3" K2, so
—1 = b4+,

for some s € N and by,...,bs € K. Then

L+bi+--+b2=0

and 1 = 0, contradiction.

To complete the proof note that if —1 ¢ > K? then > K? is a proper
preordering, and by Corollary 3.2 K has an ordering. This proves (3) = (1).
U

Corollary 3.5. (Artin) Let K be a real field. Then
ZK2 = ﬂ{P : P is an ordering of K}.
In other words, if K is a real field and a € K, then

a>2p0 for every ordering P < a € ZKQ.

Seite 12
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1. ORDERING EXTENSIONS

Definition 1.1. Let L/K be a field extension and P an ordering on K.
An ordering @ of L is said to be an extension (Fortsetzung) of Pif P C @
(equivalently Q N K = P).

Definition 1.2. Let L/K be a field extension and P an ordering on K. We
define

n
T(P) := {szy? :neN,p, e Py, € L}.
i=1

Remark 1.3. Let L/K be a field extension and P an ordering on K.
Then Ty (P) is the smallest preordering of L containing P.

Corollary 1.4. Let L/K be a field extension and P an ordering on K.
Then P has an extension to an ordering Q of L if and only if Tr(P) is a
proper preordering (i.e. if and only if —1 ¢ Tr(P)).

2. QUADRATIC EXTENSIONS

Theorem 2.1. Let K be a field, a € K and define L := K(\/a). Then an
ordering P of K extends to an ordering Q) of L if and only if a € P.

Proof.
(=) Assume Q is an extension of P, then a = (va)? € QN K = P.

(<) Let a € P (without loss of generality we can assume L # K and
Va ¢ K). We show that T7,(P) is a proper preordering (and then

the thesis follows by Corollary 1.4).
If not, there is n € N and there are x1,...,Zn,¥1,...,%n € K,

Pi,-..,Pn € P such that
1
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n
1= Zpi(ﬂﬁi +yiv/a)?
i1

n
= sz(xf + ay? + 2xyiv/a).
i=1

On the other hand —1 € K, and since every = € K(y/a) can be
written in a unique way as x = ky + kay/a with k1, ko € K, it follows
that

n
-1= sz(x? +ay?) € P,
i=1

contradiction.

3. ODD DEGREE FIELD EXTENSIONS

Theorem 3.1. Let L/K be a field extension such that [L : K] is finite and
odd. Then every ordering of K extends to an ordering of L.

Proof. Otherwise, let n € N the minimal odd degree of a field extension for
which the theorem fails.

Let L/K be a finite field extension such that [L : K] = n and let P be an
ordering of K not extending to an ordering of L.

Since char(K) = 0 Primitive Element Theorem applies and there is some
a € L'\ K such that

where f is the minimal polynomial of a over K. Therefore deg(f) = n,
f(a) =0 and for every g(x) € K|x] such that deg(g) < n, we have g(a) # 0.
By Corollary 1.4, —1 € T1(P), so

S
1+ piyi =0,
i=1
whereVi=1,...,8 p, € P, p; #0, y; € L, y; # 0. Define
yi = gi(a),
where Vi=1,...,s 0# gi(x) € K[x] and deg(g) < n. Since
S
1+ Zpigi(a)Q =0,
i=1
it follows that

1+ pigi(x)? = f(0h(x),  h(x) € K[x].
=1
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Define d := max{deg(g;) : i = 1,...,s}. Then d < n and the polynomial
f(X)h(x) has degree 2d. The coefficient of x>? is of the form

r
1=1

with p; € P and b; € K, b; # 0, so

T
Zpibg >p 0.
1=1

Note that deg(h) = 2d —n < n (because d < n) and 2d — n is odd.
Let hi(x) be an irreducible factor of h(x) of odd degree and suppose 3 is
a root of hi(x). Then

deg(h1) = [K(8) : K] < [L: K] = n.

Since hi(8) = 0, also

FBRB) =1+ pigi(B)* = 0.
=1

Therefore Y5, pigi(8)? = -1 € Tk (p)(P) and by Corollary 1.4 P does not
extend to an ordering of K (/). This is in contradiction with the minimality
of n. (]

4. REAL CLOSED FIELDS

Definition 4.1. (reell abgeschlofier Korper) A field K is said to be real
closed if

(1) K is real,

(2) K has no proper real algebraic extension.

Proposition 4.2. (Artin-Schreier, 1926) Let K be a field. The following
are equivalent:

(1) K is real closed.
(ii) K has an ordering P which does not extend to any proper algebraic
extension.
(iii) K is real, has no proper algebraic extension of odd degree, and

K = K? U —(K?).
Proof. (i) = (ii). Trivial.

(ii) = (¢ii). Let P be an ordering which does not extend to any proper
algebraic extension. By Theorem 3.1, it follows that K has no proper alge-
braic extension of odd degree.

Let b € P. Then b = a? for some a € K, otherwise by Theorem 2.1 P
extends to an ordering of K (\/5), which is a proper algebraic extension of
K.
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Since K = PU(—P) and P = {a? : a € K}, we get (iii).

(i1i) = (i). Note char(K) = 0 and /=1 ¢ K since K is real.

Then K (y/—1) is the only proper quadratic extension of K: if b € K but
Vb ¢ K (i.e. bis not a square), then b = —a? for some a # 0,a € K, and
K(Vb) = K(v=1Va?) = K(v/-1).

Claim. Every proper algebraic extension of K contains a proper qua-
dratic subextension.

Note that if Claim is established we are done: indeed it follows that no
proper extension can be real since —1 is a square in it.

Let L/K a proper algebraic extension. Without loss of generality assume
that [L : K] is finite and so even. By Primitive Element Theorem we can
further assume that L’ is a Galois extension.

Let G = Gal(L/K), |G| = [L : K] = 2°m, a > 1, m odd. Let S be
a 2-Sylow subgroup of G (i.e. |S| = 2%) and let F := Fix(S). By Galois
correspondence we get:

[E:K]=[G:S]=m odd.

Therefore by assumption (iii) we must have [F: K] =[G : S]=1,s0 G =S5
is a 2-group (|G| = 2%) and it has a subgroup G; of index 2. By Galois
correspondence, defining F} := Fix(G1) we get a quadratic subextension of
L/K. 0



Reelle Algebraische Geometrie | - Wintersemester 2018/2019

REAL ALGEBRAIC GEOMETRY LECTURE NOTES
(05: 03/11/09 - BEARBEITET 12/11/2018))

SALMA KUHLMANN

CONTENTS

1. Real closed fields
2. The algebraic closure of a real closed field
3. Factorization in R[x]

1. REAL CLOSED FIELDS

We first recall Artin-Schreier characterization of real closed fields:

Proposition 1.1. (Artin-Schreier, 1926) Let K be a field. The following

are equivalent:
(1) K is real closed.

(ii) K has an ordering P which does not extend to any proper algebraic

extension.
(iii) K 1is real, has no proper algebraic extension of odd degree, and

K = K? U —(K?).
Corollary 1.2. If K is a real closed field then
K?={d®:a € K}

1s the unique ordering of K.

Proof. Since K is a real closed field, by (i) it has an ordering P which does

not extend to any proper algebraic extension.

Let b € P. Then b = a? for some a € K, otherwise P extends to an

ordering of K (v/b), which is a proper algebraic extension of K.
Therefore P = K?2.

cartesian product K x K.

Corollary 1.4. Let (K,<) be an ordered field. Then K is real closed if and

only if
(a) every positive element in K has a square root in K, and
(b) every polynomial of odd degree has a root in K.

Examples 1.5. R is real closed and Q is not.

1

\)

O

Remark 1.3. We denote by Y K? the unique ordering of a real closed field
K, even though we know that >° K2 = K2, to avoid any confusion with the

Seite 17
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2. THE ALGEBRAIC CLOSURE OF A REAL CLOSED FIELD

Lemma 2.1. (Hilfslemma) If K is a field such that K? is an ordering of K,
then every element of K(1/—1) is a square.

Proof. Let # = a++/—1b € K(v/—=1) := L, a,b € K, b # 0. We want to
find y € L such that z = y%.

K? is an ordering = a? +b% € K2 Let c € K, ¢ > 0 such that

a® + b = 2.

Since a®> < a? +b?> =c% |a| <c,s0c+a>0,c—a>0(—c<a<ec).
Therefore %(cia) € K2 Letd,e € K, d,e > 0 such that

(c+a) = d?*

N I O

(c—a) =€

So

;

c+a

V2
Now set y := d+ ev/—1. Then

d=

S

y? = (d+ ev/—1)?
=d?+ (e\/—il)2 + 2de/—1
= 1(c—i— a) — 1(c— a) + 2%\/(0— a)(c+a)v—1

2 2

1 1
= §a+§a+\/c2—a2\/—1

:a—i-\/b»?\/—il
=a+bV/-1
=z.
O

Theorem 2.2. (Fundamental Theorem of Algebra) If K is a real closed field
then K(v/—1) is algebraically closed.

Proof. Let L O K(+/—1) be an algebraic extension of K(v/—1). We show
L = K(v/—1). Without loss of generality, assume it is a finite Galois exten-

sion.
Set G := Gal(L/K). Then [L: K| = |G| =2%m, a > 1, m odd.
Let S < G be a 2-Sylow subgroup (|S| =2%), and F := Fix(S). We have

[F:K|=[G:S]=m odd.

Since K is real closed, it follows that m =1, so G = S and |G| = 2*. Now

[L:K(K-1]K(K-1):K]=|[L:K]=2"
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Therefore [L : K(y/—1)] = 271, We claim that a = 1.
If not, set G1 := Gal(L/K(v/—1)), let S be a subgroup of G of index 2,
and F1 = FlX(Sl> So

[Fl : K(\/jl)] - [Gl : Sl] - 2,

and F} is a quadratic extension of K(y/—1). But every element of K (v/—1)
is a square by Lemma 2.1, contradiction. O

Notation. We denote by K the algebraic closure of a field K, i.e. the
smallest algebraically closed field containing K. -
We have just proved that if K is real closed then K = K(v/—1).

3. FACTORIZATION IN R[X]

Corollary 3.1. (Irreducible elements in R[x] and prime factorizaction in

R[x]). Let R be a real closed field, f(x) € R[x]. Then

(1) if f(x) is monic and irreducible then
fx)=x—a or f(x)=(x—a)+b* b#0;
(2)

n

) = d][(x—a)

=1 7
Proof. Let f(x) € R[x] be monic and irreducible. Then deg(f) < 2.
Suppose not, and let a € R a root of f(x). Then

[R(a) : R] = deg(f) > 2.

(x—dj)*+b7, bj #0.

—

1

On the other hand, by 2.2
[R(a) : R < [R: R] =2,

contradiction.
If deg(f) =1, then f(x) = x — a, for some a € R.

If deg(f) = 2, then f(x) = x% — 2ax + ¢ = (x — a)? + (¢ — a?), for some
a,c € R.
We claim that ¢ — a? > 0. If not,

c—a’<0 = —(c—a2)20 = a?—-¢c>0,

the discriminant 4(a? — ¢) > 0, f(x) has a root in R and factors, contra-
diction.
Therefore (¢ — a?) € R? and there is b € R such that (c — a?) = b% # 0.
O
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Corollary 3.2. (Zwischenwertsatz : Intermediate value Theorem) Let R be

a real closed field, f(x) € R[x]. Assume a < b € R with f(a) < 0 < f(b).
Then 3c € R, a < ¢ < b such that f(c) =0

Proof. By previous Corollary,

f) =d]J(x—a) [J(x—d)j)*+03
i=1 j=1
=d[[ 1)),
=1

where [;(x) :=x —a;, Vi=1,...,n and q(x) == [}, (x - dj)? + 3.

We claim that there is some k € {1,...,n} such that l;(a)l;(b) < 0. Since

sign(f) = sign(d H51gn sign(q) and sign(q) =1,
if we had that

sign(l;(a)) = sign(l;(b)) Vie {l,...,n},
we would have

sign(f(a)) = sign(f(b)),
in contradiction with f(a)f(b) < 0.

For such a k,
lk(a) <0 <Ii(b),
i.e.
a—ap<0<b—ag

and ¢ := ay, € ]a, b is a root of f(x). O

Corollary 3.3. (Rolle) Let R be a real closed field, f(x) € R[x], Assume

that a,b € R, a < b and f(a) = f(b) =0. Then Ic € R, a < ¢ < b such that
fe)=0
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Let R be a real closed field (for all this lecture).

1. COUNTING ROOTS IN AN INTERVAL

Definition 1.1. Let f(x) € R[x], a € R,

f(x) = (x=a)"h(x)

with m € N, m > 1 and h(a) # 0 (i.e. (x —a) is not a factor of h(x)).
We say that m is the multiplicity (Vielfachheit) of f at a.

Corollary 1.2. (Generalized Intermediate Value Theorem: Verstarkung Zwis-
chenwertsatz). Let f(x) € R[x|; a,b € R, a < b, f(a)f(b) < 0 (ie.
fla) <0 < f(b) or f(b) <0 < f(a)). Then the number of roots of f(x)
counting multiplicities in the interval la,b] C R is odd (in particular, f has
a root in ]a,b[).

Proof. By Corollary 3.1 of 5th lecture (3/11/09), we can write

with g(x) = dq(x), where d € R is the leading coefficient of f(x) and ¢(x) is
the product of the irreducible quadratic factors of f(x).

Note that g(x) has constant sign on R (i.e. g(r) >0Vr € Ror g(r) <
0 Vr € R). Without loss of generality, we can suppose d = 1 (and so g(x) is
positive everywhere).

Set Vi=1,...,n

{Li(x) = (x—¢)™

li(x) :==x —¢.

If /;(x) changes sign in ]a, b[ we must have [;(a) < 0 < [;(b). Note that L;(x)
changes sign in ]a, b[ if and only if /;(x) does and m; is odd.
In particular if L;(x) changes sign we must have L;(a) < 0 < L;(b) as well.
1
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Let us count the number of distinct ¢ € {1,...,n} for which L;(a) < 0 <
Li(b). We claim that this number must be odd. If not, we get an even
number of i such that L;(a)L;(b) < 0, so their product would be positive, in
contradiction with the fact that f(a)f(b) < 0.

Set

Hie{l,...,n}: Li(a) <0< Li(b)}| =M > 1 odd.
Say these are L1, ..., Lys. So the total number of roots of f in ]a, b counting
multiplicity is
Zizmﬂ—m—l—mM-
Since m; is odd Vi = 1,..., M and M is odd, it follows that ) is odd as

well.
O

2. BOUNDING THE ROOTS

Corollary 2.1. Let f(x) € R[x], f(x) = dx™ + dpp_1x™ 1+ +dy,d # 0.
Set

Then

(1) a€ R, fla)=0 = |a| < D;
(i.e. f has no root in | — oo, —D] U [D + o] )

(ii) y € [D, +oo[ = sign(f(y)) = sign(d);

(iii) y € | — 00, —D[ = sign(f(y)) = (—1)™ sign(d).
Proof. Wlog assume 3i such that d; # 0.
(i) For every i =0,...,m — 1 set b; := % and compute for |y| > D:
F) =dy™ (U4 bnay™ 4+ boy™™).
Now
by -+ oy < (b -+ o)DTH < L

(ii) If y > D then f(y) = d[](y — a;)"™q(y) where deg(q) is even and
y —a; > 0.

(797) If y < —D then (y —a;)™ < 0 if and only if m; is odd. Moreover m
is odd if and only if > m; is odd.
O

Corollary 2.2. (Rolle’s Satz) Let f(x) € R[x], a < b € R such that f(a) =
f(b). Then there is c € R, a < ¢ < b such that f'(c) = 0.
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Proof. We can suppose f(a) = f(b) = 0 (otherwise if f(a) = f(b) = k # 0,
we can consider the polynomial (f — k)(x)).
We can also assume that f(x) has no root in Ja, b[. So

fx) = (x—a)™(x=b)"g(x),

where ¢g(x) has no root in [a, b], and by Corollary 1.2 (IVT) g(x) has constant
sign in [a, b]. Compute

where

91(x) := m(x = b)g(x) + n(x — a)g(x) + (x — a)(x — b)g (x).
Therefore

Since g1(a)g1(b) < 0, by the Intermediate Value Theorem (1.2) ¢1(x) has
a root in Ja, b and so does f'(x). O

Corollary 2.3. (Mittelwertsatz: Mean Value Theorem) Let f(x) € RIx],
a <be R. Then there isc € R, a < ¢ < b such that

since F'(a) = F(b). O

Corollary 2.4. (Monotonicity Theorem). Let f(x) € R[x], a < b € R. If
1! is positive (respectively negative) on la,b|, then f is strictly increasing
(respectively strictly decreasing) on |a, b].

Proof. If a < ay < by < b, by the Mean Value Theorem there is some ¢ € R,
a1 < ¢ < by such that

f(b1) = fla1)

b1 — a1

file) =



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 24

4 SALMA KUHLMANN

3. CHANGES OF SIGN

Definition 3.1.
(1) Let (c1,...,¢p) a finite sequence in R. An index i € {1,...,n} is a
change of sign (Vorzeichenwechsel) if c;c;11 < 0.

(73) Let (c1,...,cn) a finite sequence in R. After we have removed all
zero’s by the sequence, we define
Var(ci,...,cn) = [{i € {1,...,n} : i is a change of sign}|
= ’{Z < {1, . ,n} 1CiCi1 < O}‘
Theorem 3.2. (Lemma von Descartes) Let f(x) = ap,x" + -+ + ap € R[x],
an # 0. Then
{a € R:a>0and f(a) =0} < Var(ap,...,a1,ap).

Proof. By induction on n = deg(f). The case n = 1 is obvious, so suppose
n > 1. Wlog assume that ag # 0.

Let » > 0 be the smallest positive index such that a, # 0. By induction
applied to

f'(x) = napx™ L+ 4 ra,x"L
we know that there are Var(nay,...,ra,) = Var(ay,...,a,) many positive
roots of f/. Set ¢ := the smallest such positive root of f’ (by convention
¢ 1= 400 if none exists)
Apply Rolle’s Theorem: f has at most 1+ Var(ay,...,a,) positive roots.

Case 1. If the number of positive roots of f is strictly less than 1 +
Var(an, ..., a,), then the number of positive roots of f is < Var(ay,...,a,) <
Var(ay,...,ar,a9) and we are done.

Case 2. Assume f has exactly 1 4+ Var(ay,...,a,) positive roots. We
claim that in this case

1+ Var(ay,...,a,) = Var(ay, .. .,ar,ap).

We observe that f has a root a in |0, ¢[.
For 0 < x < ¢ we have that sign(f’'(z)) = sign(a,) # 0, so f is strictly
monotone in the interval [0, ¢] (Monotonicity Theorem). So

ar >0 = ap=f(0) < f(a) =0 = ap <0,
ar <0 = ap= f(0)> f(a) =0 = ap > 0.

In both cases aga, < 0 and the claim is established. O

Corollary 3.3. Let f(x) € R[x] a polynomial with m monomials. Then f
has at most 2m — 1 roots in R.

Proof. Consider f(x) and f(—x). By previous Theorem they have both at
most m — 1 strictly positive roots in R. So f(x) has at most 2m — 2 non-zero
roots and therefore at most 2m — 1 roots in R. U
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Let R be a real closed field.

1. STURM’S THEOREM

Definition 1.1.

(1) Let f € R[x] be a non-constant polynomial, deg(f) > 1. The Sturm
sequence of f is defined recursively as the sequence (fo,..., fr) of
polynomials in R[x] such that:

fo=1, fi=f and
fo=fiqn — fo
J1=feq2 — f3

fic1 = figi — fira

fr—? = fr—lQr—l - fr

fr—l = fr%’a
where f;,q; € R[x], fi # 0 and deg(f;) < deg(fi—1) 7, fi, g; uniquely
determined.

(73) Let = € R. Set

Vf(x) = Var(fo(z),..., [r(2)).

We recall that after we have removed all zero’s by the sequence
(c1,...,¢n), we defined Var(cy,...,c,) as the number of changes of
sign in (c1,...,¢p), ie.

Var(ci,...,cn) = [{i € {1,...,n} : ¢icit1 < 0}
Theorem 1.2. (Sturm 1829). Let a,b € R, a <b, f(a)f(b) #0. Then

Hera<e<b, f(c)=0} = Vi(a) = Vi(b).

Seite 25
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Proof. For the proof we study the function Vy(z), € R, locally constant
except around finitely many roots for fy,..., f;.

(1) Suppose ged(fo, f1) = 1.

(2) Hilfslemma (UA) 3§ such that

-1 ifzx<e
|x —c] <d = sign(fo(z)fi(z)) =sign(zx —c)=¢ 0 ifz=c
1 ifzx>ec

(3) Vie{l,...,r—1}: ged(fi—1, fi) =1 and

fic1 = qifi — fir1, with fip1 # 0.
So if fi(¢) =0 then
fi—1(e) fixa(c) <O0.
(4) Let fi(c) =0fori € {0,...,r—1}. Then f;11(c) # 0 (sosign(fi+1(c)) = %1).
We shall now compare for f;(c) =0, i€ {0,...,r —1}
sign(fi(z))  sign(fit1(2))

for |z — ¢| < 0 and count.

We first examine the case ¢ = 0.

Observe that sign(fi(z)) # 0 Vz such that |x — ¢| < 0 because of

Hilfslemma. So in particular sign(fi(z)) is constant for |z —¢| < §
and it is equal to sign(fi(c):

T —c r=c T —cy
Jfo(z) —sign(fi(c)) 0 sign(f1(c))
f1(z) sign(f1(c)) | sign(fi(c)) | sign(fi(c))
contribution to Vy(x) 1 0 0

Now consider ¢ € {1,...,r — 1} and use (3), i.e.

fi(d) =0 = fi_1(d)fiz1(d) <0

x—d_ x=d x—dy
fia(x) —sign(fi+1(d)) | —sign(fi+1(d)) | —sign(fi1(d))
fz(x) 0
fir1(z) sign(fiy1(d)) | sign(fir1(d)) | sign(fir1(d))
contribution to Vy(x) 1 1 1

Therefore for a < b, V¢(a)—V(b) is the number of roots of f in ]a, b|.
Let us consider now the general case. Set

gz:fl/f’r iZO,...,T.
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The sequence of polynomials (go, . .., g.) satisfies the previous con-
ditions (1) — (4). We can conclude by noticing that:

(1) Var(go(x),...,gr(x)) = Var(fo(x),..., fr(z)) (because fi(z) =
fr(@)gi(z)),

(#1) f = fo and go = f/f- have the same zeros (f, = ged(f, f'),
so g = f/fr has only simple roots, whereas f has roots with
multiplicities.)

O

For i =0,...,r set d; := deg(f;) and ; := the leading coefficient of f;.
Set

Vi(—00) :=Var((—1)%pq, (=1)% 1, ..., (-1)"¢,)
Vi(400) :=Var(eo, ¢1, ..., ¢r).
Then we have:

Corollary 1.3. The number of distinct roots of f is Vy(—o0) — Vi(400).
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1. REAL CLOSURE

Definition 1.1. Let (K, P) be an ordered field. R is a real closure of (K, P)
if
(1) R is real closed,
(2) RO K, R| K is algebraic,
(3) P=>_R’ N K (i.e. the order on K is the restriction of the unique
order R to K).

Theorem 1.2. Every ordered field (K, P) has a real closure.

Proof. Apply Zorn’s Lemma to

L:={(L,Q): L|K algebraic, QN K = P}.
O

Proposition 1.3. (Corollary to Sturm’s Theorem) Let K be a field. Let Ry,
Ry be two real closed fields such that

KCR; and K CR»s
with

P=Kn)Y R=Kn) R

(i.e. Ry and Ry induce the same ordering P on K ).
Let f(x) € K[x]; then the number of roots of f(x) in Ry is equal to the
number of roots of f(x) in Rs.

Seite 28
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2. ORDER PRESERVING EXTENSIONS

Proposition 2.1. Let (K, P) be an ordered field. Let R be a real closed field
containing (K, P). Let K C L C R be such that [L : K| < co. Let S be a
real closed field with

p: (K,P) — (S, 252)

an order preserving embedding. Then ¢ extends to an order preserving em-

bedding

Y (L, Y RPNL) < (S,) 5%

Proof. We recall that if (K, P) and (L, Q) are ordered fields, a field homo-
morphism ¢: K — L is called order preserving with respect to P and @

if (P) C Q (equivalently P = = 1(Q)).

By the Theorem of the Primitive Element L = K («).

Consider f = MinPol(a| K). Since a € R, ¢(f) has at least one root
in S by Proposition 1.3

Li=K() <& oE)B),

so there is at least one extension of ¢ from K to L.

Let 91,...,%, all such extensions of ¢ to L = K(«), and for a con-
tradiction assume that none of them is order preserving with respect to
Q=L N Y R2 Then 3by,...,b. € L, b; >0 (in R) and 9;(b;) < 0 (in 9)
Vi=1,...,r.

Consider L' := L(\/b1,...,/b;) C R. Since [L : K] < 00, also [L/, K] < oo.

So let 7 be an extension of ¢ from K to L’. In particular 7|, 1s one of the
¥i’s. Say 7, = ¢1.

Now compute for by € L,
Yi(b) =7(b1) = 7((Vb1)?) = (r(VB))* € Y 52,

in contradiction with the fact that 1 (b1) < 0.
O

Theorem 2.2. Let (K, P) be an ordered field and (R, Y R?) be a real closure
of (K, P). Let (S, >_5?) be a real closed field and assume that

v: (K,P) < (S, ZSQ)

18 an order preserving embedding. Then ¢ has a uniquely determined exten-
sion

¢ (R, Y R — (8, ) 5.
Proof. Consider
L:={(L,¥): KCLCR;¥: L8, ¢, =¢}

et (L,v) be a maximal element. Then by Proposition 2.1 we must have
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Therefore we have an order preserving embedding ¢ of R extending ¢

P: R — S.

We want to prove that v is unique. We show that ¢(a) € S is uniquely
determined for every a € R.

Let f = MinPol(o| K) and let a; < - -+ < v all the real roots of f in R.
Let f; < --- < B, be all the real roots of ¢(f) in S. Since ¢: R < S is order
preserving, we must have ¢ («a;) = §; for every ¢ = 1,...,r. In particular
a = q; for some 1 < j < rand ¢(a) =55 € S. O

Corollary 2.3. Let (K, P) be an ordered field, R1, Ry two real closures of
(K, P). Then there ezists a unique

p: Rl — Ry

K-isomorphism (i.e. with o), = id).

Corollary 2.4. Let R be a real closure of (K, P). Then the only K -automorphism
of R 1is the identity.

Corollary 2.5. Let R be a real closed field, K C R a subfield. Set P :=
K Ny R? the induced order. Then

K™ = {a € R: « is algebraic over K}

is relatively algebraic closed in R and is a real closure of (K, P).

Proof. Tt is enough to show that K" is real closed.
K79 is real because Q := K"9 N 3" R? is an induced ordering.
Let a € Q,a="0% b€ R. Sop(x) =x*—a € K"%[x] has a root in R.
One can see that b is algebraic over K (so b € K"%9).

Similarly one shows that every odd polynomial with coefficients in K9
has a root in K79, (]

Corollary 2.6. Let (K, P) be an ordered field, S a real closed field and
¢: (K, P) < S an order preserving embedding. Let L|K an algebraic ex-
tension. Then there is a bijective correspondence

{extensions ¥: L — S of p} — {extensions Q of P to L}

N OIS
Proof.

(=) Let v: L = S an extension of . Then indeed Q := ¥~ 1(>_ 5?) is
an ordering on L. Furthermore ¥ (3> S?)NK = ¢ 1(3.5?%) =
So the extension v induces the extension Q.
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(<) Conversely assume that () is an extension of P from K to L (QNK =
P). Note that if R is a real closure of (L, Q) then R is a real closure
of (K, P) as well.

Now apply Theorem 2.2 to extend ¢ to o: R — S. Set ¢ := 0|,
which is order preserving with respect to Q). So the map is well-
defined and surjective. To see that it is also injective, assume

Yr:L— S, i L— S, gy =y =g

which induce the same order

Q=v'Q_s)=v3'0_5%
on L. Let R be the real closure of (L, Q). Apply Theorem 2.2 to 1,
and 9 to get uniquely determined extensions
c1: R—S, o09: R— S,

of 1 and o respectively.
But now oL, = 02, = ¢ By the uniqueness part of Theorem

2.2 we get 01 = 02 and a fortiori 1 = 9.
O

Corollary 2.7. Let (K, P) be an ordered field, R a real closure, [L : K| < co.
Let L = K(«), f = MinPol(a| K). Then there is a bijection

{roots of f in R} — {extensions Q of P to L}.
Proof. If 8 is a root we consider the K-embedding
po: L =R
such that p,(a) = B. Set Q := ¢~ (3 R?) ordering on L extending P. [

Example 2.8. K = Q(v/2) has 2 orderings P, # P», with V2 € P, v/2 ¢
P,. The Minimum Polynomial of v/2 over Q is p(x) = x? — 2.
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1. BASIC VERSION OF TARSKI-SEIDENBERG

= W W W N~

Basic version: Let (R, <) be a real closed field. We are interested in a
system of equations and inequalities (Gleichungen und Ungleichungen) for

X = (X1,...,X,) of the form

fi(X) <10
S(X) := :

fe(X) <1 0

where Vi=1,....k < € {>,>,=#} and fi(X) € Q[X] or f;(X) € R[X].
We say that S(X) is a system of polynomial equalities and inequalities with

coefficients in Q (or with coefficients in R) in n variables.

Theorem 1.1. (Tarski-Seidenberg Theorem: Basic Version) Let S(T; X) be
a system with coefficients in Q in m~+n variables, with T = (11, ...,Ty,) and
X =(Xy,...,X,). Then there exist S1(T),...,S;(T) systems in m variables

and coefficients in Q such that:

for every real closed field R and every t = (t1,...,t,) € R™ the sys-
tem S(t; X) of polynomial equalities and inequalities in n variables and co-
efficients in R obtained by substituting T; with t; in S(T,X) for every i =
1,...,m, has a solution x = (x1,...,x,) € R" if and only if t = (t1,...,tm) €

R™ is a solution in R for one of the systems S1(T),...,S;(T).

Example 1.2. Let m=3 and n=1,s0 T = (T1,75,73) and X = X, and

S(T, X) = {T1X2 L TX +T3=0
1

Seite 32
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Let R be a real closed field and (¢1,t2,t3) € R®. Then S(¢; X) has a solution
in R if and only if

(t1£0 A t3—4dtit3=0) V. (t1=0 A t2#0) V (L1 =ta=1t3=0)

| | \
S1(Th, Ty, T3) So(Th, T, T3) S3(Th, T, T3)

Concise version:
l
VI [(BX:S(T:X) & (\/S(D) ]
i=1
Remark 1.3. The proof is by induction on n.
The case n = 1 is the heart of the proof and we will show it later.

For now, let us just convince ourselves that the induction step is straight-
forward.

Assume n > 1, so

S(IvX1)7Xn) = S(IaXla"anfl;Xn)-

By case n = 1 we have finitely many systems S (L, X1,..., Xpn-1),-..,51(L, X1,..., Xn-1)
such that

for any real closed field R and any (t1,...,tm,21,...,Tn_1) € R™T ! we
have
l
Ean : S(tl,...,tm,xl,.. .,$n,1;Xn) — \/ Sl'(tl,... ,tm,:nl,...,a:n,l).
i=1

By induction hypothesis on n — 1:

for every fixed i, 1 < i <, 3 systems S;;(T), j = 1,...,1; such that: for
each real closed field R and each t € R™ the system

Si(t: X1,..., Xn-1)

has a solution (z1,...,2,_1) € R"~! if and only if ¢ is a solution for one of
the systems S;;(T); j =1,...,1;.
Therefore for any real closed field R and any t € R™

S(t; Xq,...,X,) has a solution z € R" if and only if

t is a solution to one of the systems {S;;(T); i =1,...,1, j=1,...,0;}

2. TARSKI TRANSFER PRINCIPLE I

Theorem 2.1. Let S(T,X) be a system with coefficients in Q in m + n
variables. Let (K,<) be an ordered field. Let Ry, Ry be two real closed
extensions of (K,<). Then for every t € K™, the system S(t,X) has a
solution x € R} if and only if it has a solution x € RY.
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Proof. Let t € K™ C R" N RY*. Then there are systems S;(T) (i =1,...,1)
with coefficients in Q and variables 17, ..., T, such that

l
Jdx € Ry : S(t,z) «+— t satisfies \/Si(z) +— Jx € Ry: S(t,z).
i=1

3. TARSKI TRANSFER PRINCIPLE II

Theorem 3.1. Let (K, <) be an ordered field, Ry, Ry two real closed exten-
sions of (K,<). Then a system of polynomial equations and inequalities of
the form

fi(X) <10
S(X) = :

Jr(X) < 0
where Vi=1,....k <, € {>,>=#} and fi(X) € K[X1,...,X,],

has a solution x € R} <= it has a solution x € RY.

Proof. Let t1,...,t, be the coefficients of the polynomials fi,..., fx, listed
in some fixed order. Replacing the coefficients ¢1, ..., t,, by variables T, ..., T},
yields a system o (T, X) in m + n variables with coefficients in Q (in fact in

7) for which
oty,. .. tm, X) = S(X).

Now we can apply Tarski Transfer 1. O

4. TARSKI TRANSFER PRINCIPLE III

Theorem 4.1. Suppose that R C Ry are real closed fields. Then a system
of polynomial equations and inequalities with coefficients in R

J1(X) <10
S(X):=1q
fi(X) <% 0
where Vi=1,....k <; € {>,>,=,#} and f;(X) € R[X1,..., Xy)

has a solution x € R} <= it has a solution x € R".

Proof. Apply Tarski Transfer II with K = Ry = R. (]
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5. TARSKI TRANSFER PRINCIPLE IV

Theorem 5.1. Let R be a real closed field and (F,<) an ordered field ex-
tenston of R. Then a system of polynomial equations and inequalities of the

form
f1(X) <10
S(X) = :

fe(X) <x 0

where Vi=1,... )k <; €{>,>=,#} and f;(X) € R[Xy,...,X,]

has a solution x € F* <= it has a solution x € R".

Proof. Let R; be the real closure of the ordered field (F, <) and apply Tarski
Transfer III. O

6. LANG’S HOMOMORPHISM THEOREM

Corollary 6.1. Suppose R and Ry are real closed fields, R C R;. Then a
system of polynomial equations of the form

fir(X)=0
S(X) =4 filz) € R[X1,...,X,]
fr(X) =0
has a solution x € R} if and only if it has a solution x € R".
Proof. Apply Tarski Transfer ITI. O
The previous Corollary is equivalent to the following;:

Theorem 6.2. (Homomorphism Theorem I). Let R and Ry be real closed
fields, R C Ry. For any ideal I C R[X], if there exists an R-algebra homo-
morphism

v: RIX]/I — Ry
then there exists an R-algebra homomorphism
v: R[X]/I — R.

Proof. By Hilbert’s Basis Theorem, I is finitely generated, say I = (f1,..., fk),
with f1,..., fr € R[X]. Consider the system

f1(X)=0
S(X) := :

fe(X) =0

Claim. There is a bijection

{z € RY solution to S(X)} «— {¢: R[X]/I — R; R-algebra homomorphism}
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Proof of the claim:
Let x € R} be a solution to S(X); then the evaluation homomorphism
¢: RIX]/I — R
f+1 = f(z)
is well-defined and is an R-algebra homomorphism.

Conversely: assume that

v: RIX]|/I — Ry
is an R-algebra homomorphism. Then for e = (e1,...,e,) and f = > a X =
Dty e, X1t X5 € RIX],

p(f+1) = ap(X1+D" - o(Xn+ D) = f(o(X1+1),...,0(Xn+1)).

In other words set (z1,...,x,) € R} to be defined by z; := ¢(X; +
I),....zy == (X, + I), then (z1,...,2,) is a solution to S(X) and the
R-algebra homomorphism ¢ is indeed given by point evaluation at x =
(1‘1, .. .,xn) € R?

Now apply Corollary 6.1. O
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1. HOMOMORPHISM THEOREMS

Theorem 1.1. (Homomorphism Theorem I) Let R C Ry be real closed fields
and I C R[z] an ideal. Then
Rlz]

3 R-alg. hom. p: — — R; = 3 R-alg. hom. ¢:

I — R.

Rlz|
I

Corollary 1.2. (Homomorphism Theorem II) Suppose R and Ry are real
closed fields, R C Ry. Let A be a finetely generated R-algebra. If there is an
R-algebra homomorphism

©: A — Ry
then there 1s an R-algebra homomorphism

P: A — R.

Proof. We want to use Homomorphism Theorem I. For this we just prove
the following:

Claim 1.3. A is a finitely generated R-algebra if and only if there is a
surjective R-algebra homomorphism ¥: R[x1,...,x,] — A (for some n €
N).

Proof.

(=) Let A be a finitely generated R-algebra, say with generatorsry,...,7,.
Define ¥: R[x1,...,xn] — A by setting J(x;) := r; for every ¢ =
1,...,n, and ¥(a) := a for every a € R.

(<) Given a surjective homomorphism ¥: R[xy,...,x,] — A set r; :=
¥(x;) € A for every i = 1,...,n. Then {ry,...,r,} generate A over

R.
O

So we get A = R[x]/I with I = ker?.
(]
1
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We can see that Homomorphism Theorem II implies T-T-III:

Let R C R be real closed fields. S(X) with coefficients in R has a solu-
tion z € R} if and only if it has a solution z € R".

We first need the following:
Proposition 1.4. Let

fi(x) <10
S(x)=1

fr(x) <0

be a system with coefficients in R, where <; € {>,>,=,#}. Then S(x) can
be written as a system of the form

for some g1,...,9s,9 € R[x].
Proof.

e Replace each equality in the original system by a pair of inequalities:

_ fi=0
iz {—fi20

e Replace each strict inequality

fi=0
fi #0

e Finally collect all inequalities f; £ 0,¢=1,...,t as

Ji>0 b}’{

t
g:=][f#o0
i=1

Now we show that Homomorphism Theorem IT implies T-T-III:

Proof. Let R C R; and let S(x) be a system with coefficients in R:

J1(x) <10
S(x)=4

fr(x) <x 0

Rewrite it as

Seite 38
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fix) >0

S(x):= :
= fr(x) =0

g(x) #0

with fi(x),g(x) € R[x1,...,xn].
Suppose z € R} is a solution of S(x). Consider

R[X1,..., X0, V1,..., Y3, Z]
(Y2 —f1,.... Y2 = frigZ — 1)’

A=
which is a finitely generated R-algebra. Consider the R-algebra homo-
morphism ¢ such that
@: A — R1
Xi = T;
Y=/ fi(z)
Z— 1/g(z).
By Homomorphism Theorem II there is an R-algebra homomorphism

: A — R. Then 9(X1),...,¥(X,) is the required solution in R™.
U

2. HILBERT’S 17" PROBLEM

Definition 2.1. Let R be a real closed field. We say that a polynomial
f(x) € R[x] is positive semi-definite if f(z1,...,2,) 20V (21,...,2,) €
R™. We write f > 0.

We know that
fe) R = f>o0

Now take R = R. Conversely, for any f € R[z] is it true that

fz0mR" = fed R(x)?2 (Hilbert’s 17" problem).

Remark 2.2.

(1) Hilbert knew that the answer is NO to the more natural question
FERK], f>0mR" = fe> Rx??

(2) If n =1 then indeed f >0 on R = f = fZ+ f2.
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(3) More generally Hilbert showed that:

Set Py, := the set of homogeneous polynomials of degree d in
n-variables which are positive semi-definite

and set > d4.n := the subset of Py, consisting of sums of squares.
Then

Pin=> 4, = n<2or d=2 or (n=3andd=4).
Note: only d even is interesting because

Lemma 2.3. 0 # f € Y. R[x]? = deg(f) is even. More precisely, if

f=3F 12 with f; € Rlx] fi # 0, then deg(f) = 2max{deg(f;) :
i=1,...,k}.

Hilbert knew that Ps3 \ Y 3 # 0.
The first example was given by Motzkin 1967:
m(X,Y,Z) =X+ Y422 +Y22* - 3X2Y? 72
Theorem 2.4. (Artin, 1927) Let R be a real closed field and f € R[x], f >0

on R". Then f € > R(x)?.

Proof. Set F = R(x) and T = Y, F? = Y R(x)%. Note that since R(x) is
real, > F? is a proper preordering.
We want to show:

f¢T = Jze€R": f(z) <0.

Since f € F'\ T, by Zorn’s Lemma there is a preordering P O T of F
which is maximal for the property that f ¢ P. Then P is an ordering of F
(see proof of Crucial Lemma 2.1 of Lecture 3).

Let <p be the ordering such that (F, <p) is an ordered field extension of
the real closed field R (since R is a real closed field, it is uniquely ordered

and we know that (F,<p) is an ordered field extension). By construction
f ¢ Pso f<0. Consider the system

SG): { ) <0, f() € Rl
This system has a solution in F' = R(x), namely

X=(Xi,....,X,) Xi€Rx=F
thus by T-T-IV 3z € R" with f(z) <0. O
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1. NORMAL FORM OF SEMIALGEBRAIC SETS
Let R be a fixed real closed field and n > 1. We consider 3 operations on
subsets of R™:
(1) finite unions,
(2) finite intersections,
(3) complements.
Definition 1.1.

(7) The class of semialgebraic sets in R" is defined to be the smallest
class of subsets of R™ closed under operations (1), (2), (3), and which
contains all sets of the form

{z e R": f(z) <0},
where f € R[z] = R[x1,...,z,] and < € {>, >, =, #}.

(73) Equivalently a subset S C R™ is semialgebraic if and only if it is a
finite boolean combination of sets of the form

{z € R": f(z) >0},
where f(z) € R[z].
(737) Consider

fi(z) <10
(*) S()=4

fe(z) <x 0

with f;(z) € Rlz]; <; € {>,>,=,#}.
The set of solutions of S(z) is precisely the semialgebraic set
1
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k
S:=(zeR": filz) < 0}.
i=1

The solution set S of a system (x) is called a basic semialgebraic
subset of R".

(v) Let fi1,..., fx € R[z] = R[z1,...,2,). A set of the form

Z(f1,... . fx) ={z e R": fi(z) =--- = fu(z) =0}

is called an algebraic set.

(v) A subset of R" of the form
U= (e e R flz) > 0).
U(fiy. ooy fr) i ={z € R": fi(z) >0,..., fr(z) >0}
=U(f)n---NU(fr)

is called a basic open semialgebraic set.

(vi) A subset of R™ of the form
K(f):={z e R": f(z) > 0},
K(fi- fr) = K(f) 0N K(fi)

is called a basic closed semialgebraic set.

Remark 1.2.
(a) An algebraic set is in particular a basic semialgebraic set.
() Z(f1,.-., fx) = Z(f), where f = 35 | f2.

Proposition 1.3.

(1) A subset of R™ is semialgebraic if and only if it is a finite union of
basic semialgebraic sets.

(2) A subset is semialgebraic if and only if it is a finite union of basic
semialgebraic sets of the form

Z(f) N U(fr,- -5 fr)

(normal form,).

Proof. (1) ((2) is similar).

(<) Clear.

(=) To show that the class of semialgebraic sets is included in the class of
finite unions of basic semialgebraic sets it suffices to show that this
last class is closed under finitary boolean operations: union, inter-
section, complement.
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The closure by union is by definition.

Intersection:

(UiCi) N (U;D5) = Uij (Cin Dj).
Complement: It is enough to show that the complement of

{zeR": f(z) <0} <e€{z>=#}

is a finite union of basic semialgebraic, since

(CND)*=C°UD’ and (CUD)"=C°ND"

Let us consider the possible cases for < € {>, >, =, #}:
{zeR": f(z) 201 ={z € R": —f(z) > 0}
{zeR": f(z) >0t ={zeR": f(z) =0}U{z € R": —f(z) > 0}
{zeR": f(z) =0} ={z e R": f(z) #0}.

2. GEOMETRIC VERSION OF TARSKI-SEIDENBERG

We shall return to a systematic study of the class of semialgebraic sets
and its property in the next lectures.

For now we want to derive an important property of this class from Tarski-
Seidenberg’s theorem:

Theorem 2.1. (Tarski-Seidenberg geometric version)
Consider the projection map

m: Rt = R™ x R —s R™
(t, z) = t

Then for any semialgebraic set A C R™™" w(A) is a semialgebraic set in

R™.

Proof. Since

W(UAz‘) :UW(Az'),

3 (2

it suffices to show the result for a basic semialgebraic subset A of R™™"; i.e.
show that 7(A) is semialgebraic in R™.

Let u := (u1,...,uq) be the coefficients of all polynomials f1(T, X), ..., fr(T,X) €
R[Ty, ..., T, X1, ..., Xy] of the system S(T, X) = S describing A.

So we can view S as a system of polynomial equations and inequalities
S(U, T, X) with coefficient in Q such that A is the set of solutions in R™*"
of the system S(u,T, X), i.e.
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A={(t,z) € R™"": (t,z) is solution of S(u,T,X)}.

By Tarski-Seidenberg’s theorem, we have systems of polynomial equalities
and inequalities with coefficients in Q, say

Si(w,T),...,8(u,T),

such that for any ¢t € R™ the system S(u, ¢, X) has asolution z = (z1,...,2,) €
R™ if and only if (u,t) is a solution for one of Sy (u,T),...,S;(u,T), i.e.

m(A) ={te€ R™ : 3z € R" with (t,z) € A}
={te R™:3z € R" s.t. (t,z) is a solution of S(u, T, X)}
= {t € R™ : the system S(u,t, X) has a solution z € R"}
={t € R™ :tis a solution for one of the S;(u,T),i=1,...,1}

= U {t € R™ : t is a solution of S;(u,T)}.
i=1,...,l

O

We shall show many important consequences such as the image of a semi-
algebraic function is semialgebraic and the closure and the interior of a semi-
algebraic set are semialgebraic.

Definition 2.2. Let A C R™ and B C R". We say that f: A — B, is a
semialgebraic map if A and B are semialgebraic and

I(f)={(@y) eR™™:z€ A, y € B,y = f(a)}
is semialgebraic.

3. FORMULAS IN THE LANGUAGE OF REAL CLOSED FIELDS

Definition 3.1. A first order formula in the language of real closed
fields is obtained as follows recursively:

(1) if f(z) € Q[z1,...,24), n > 1, then
f(2) >0, f(z) >0, f(z) =0, f(z)#0
are first order formulas (with free variables z = (x1,...,2,));
(2) if ® and ¥ are first order formulas, then

PAT, dVE, -

are also first order formulas (with free variables given by the union
of the free variables of ® and the free variables of ¥);
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(3) if @ is a first order formula then

dz® and VzP
are first order formulas (with the same free variables as ® minus {z}).

The formulas obtained using just (1) and (2) are called quantifier free.
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1. QUANTIFIER ELIMINATON FOR THE THEORY OF REAL CLOSED FIELDS

We recall from last lecture the definition of first order formulas in the
language of real closed field:

Definition 1.1. A first order formula in the language of real closed
fields is obtained as follows recursively:

(1) if f(z) € Q[z1,...,xn), n > 1, then
f(@) 20, f(z) >0, f(z) =0, f(z)#0

are first order formulas (with free variables z = (x1,...,2,));
(2) if @ and ¥ are first order formulas, then

PAY, dVE, O

are also first order formulas (with free variables given by the union
of the free variables of ® and the free variables of ¥);

(3) if @ is a first order formula then

dx® and Vad

are first order formulas (with same free variables as ® minus {z}).

The formulas obtained using just (1) and (2) are called quantifier free.

Definition 1.2. Let ®(x1,...,x,) and ¥(z1,...,x,) be first order formu-
las in the language of real closed fields with free variables contained in
{z1,...,2n}. We say that ®(z) and ¥(z) are equivalent if for every real
closed field R and every r € R",

®(r) holdsin R <= ¥(r) holds in R.
1
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If ® and ¥ are equivalent, we write & ~ V.

Remark 1.3. (Normal form of quantifier free formulas). Every quantifier
free formula is equivalent to a finite disjunction of finite conjuctions of for-
mulas obtained using construction (1).

Proof. Like showing that every semialgebraic subset of R™ is a finite union (=
finite disjunction) of basic semialgebraic sets (= finite conjuction of formulas
of type (1)). O

Theorem 1.4. (Tarski’s quantifier elimination theorem for real closed fields).
Every first order formula in the language of real closed fields is equivalent to
a quantifier free formula.

Proof. Since all formulas of type (1) are quantifier free, it suffices to show
that

:= the set of first order formulas which are equivalent to quantifier free formulas

is closed under constructions of (2) and (3).
Closure under 2. If ® ~ &' and ¥ ~ ¥’, then
PVY o~ VT

PAT ~ PAT
P o~ =@,

Closure under 3. It is enough to consider 3x ®, because

Ved < —3Jz (—P).

We claim that if @ is equivalent to a quantifier free formula then Ja ® is
equivalent to a quantifier free formula. Since

E|$(‘I)1V---\/(I)k) ~ (E|$CI)1)V"~V(E|x(I)k),

using the normal form of quantifier free formulas (Remark 1.3), we can
assume that @ is a finite conjunction of polynomial equations and inequali-
ties (i.e. a system S(T,x)).

Applying Tarski-Seidenberg’s Theorem:

!
3z S(T;z) < \/ Si(b),
i=1
there exist finitely many finite conjunctions of polynomial equalities and
inequalities ¥1,...,v; (corresponding to the systems Si(t),...,S;(t)) such
that

dz ® ~ 1 V---VI.
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2. DEFINABLE SETS

Definition 2.1. Let ®(T, X) a first order formula with free variables
Ty,..., Ty, X1,..., X, Let R be a real closed field and ¢ € R™. Then
®(t,X) is a first order formula with parameters in R, and t1,...,tp,
are called the parameters.

Definition 2.2. Let R be a real closed field, n > 1. A subset A C R" is said
to be definable (with parameters from R) in R if there is a first order for-
mula ®(¢, X)) with parameters t € R™ and free variables X = (X1,..., X)),
such that

A={reR":®(t,r) is true in R}.

Corollary 2.3. For any real closed field R the class of definable sets (with
parameters) in R coincides with the class of semialgebraic sets.
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THE TARSKI-SEIDENBERG PRINCIPLE

Recall. Let R be a real closed field, a € R. Define

1 if a>0,
sign(a) :=<¢ 0 if a=0,
-1 if a<0.

The Tarski-Seidenberg Principle is the following result.

Theorem 1. Let fi(T,X) = hjm,(L)X™ + ...+ hio(T) for i = 1,...,s
be a sequence of polynomials in n + 1 variables (" = (T1,...,T,), X) with
coefficients in Z. Let € be a function from {1, ..., s} to {—1,0,1}. Then there
exists a finite boolean combination B(T) := S1(T)V...V.S,(T) of polynomial
equations and inequalities in the variables T7,...,7T, with coefficients in Z
such that for every real closed field R and for every ¢ € R", the system

stgn(fi(t, X)) = €(1)

sign(fs(t, X)) = €(s)
has a solution = € R if and only if B(¢) holds true in R.

Notation I. Let f1(X),..., fs(X) be a sequence of polynomials in R[X].
Let 1 < ... < xy be the roots in R of all f; that are not identically zero.
Set xg:= —00 , Ty = 400

Remark 1. Let m := maz(degf;;i =1,...,s). Then N < sm.

Set Ik ::]xk,ka[ s k= O, c. ,N
Remark 2. sign(fi(z)) is constant on [, for each i € 1,...,s, for each
keo,... N.
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Set sign(fi(Ix)) := sign(fi(z)), x € Iy

Notation II. Let SIGNg(f1,. .., fs) be the matrix with s rows and 2N + 1

columns whose " row (for i = {1,...,s}) is

sign(fi(1o)), sign(fi(x1)), sign(fi(11)), - . ., sign(fi(zn)), sign(fi(In)).

i.e. SIGNRg(fi1,...,fs)isan sx(2N +1) matrix with coefficients in {—1,0,1}

and
signfi(lo) signfi(z1) ... signfi(zy) signfi(In)
SIONAr ) sz'gnjfg(fo) sign]jg(xl) sign]”:g(xN) sz’gn]fg(IN)
signfu(lo) signfu(z1) .. signfs(n) signfs(Iy)

Remark 3. Let fi,...,fs € R[X] and e: {1,...,s} — {—1,0,+1}. The
system

sign(f1(X)) = e(1)

sign(fo(X)) = €(s)

has a solution x € R if and only if one column of SIGNg(fi,...,fs) is
e(1)
precisely the matrix

(s)

Notation III. Let Mpyqg := the set of Px() matrices with coefficients in
{-1,0,+1}.
Set Wy, 1= the disjoint union of M, (o141, for I =0,...,sm.

Notation IV. Let ¢ : {1,...,s} — {—1,0,1}. Set

e(1)
W(e) = {M € Wy, : one column of Mis | : |} C W

€(s)
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Lemma 2. (Reformulation of remark 3 using notation IV) Let e : {1,...,s} —
{—1,0,+1}, R real closed field and f;(X),..., fs(X) € R[X] of degree < m.
Then the system

sign(f1(X)) = €(1)

sign(fs(X)) = €(s)
has a solution z € R if and only if SIGNg(fi1,..., fs) € W(e).

By Lemma 2 (setting W’ = W (e)), we see that the proof of Theorem 1
reduces to showing the following proposition:

Main Proposition 3. Let fi(T,X) = him,(T)X™ + ... + hio(T) for
1=1,...,s be a sequence of polynomials in n + 1 variables with coefficients
in Z, and let m := maz{m,|i = 1,...,s}. Let W' be a subset of W, ,,. Then
there exists a boolean combination B(T) = S1(T) V...V .S,(T) of polynomial
equations and inequalities in the variables T with coefficients in Z, such that,
for every real closed field R and every t € R", we have

SIGNR(fi(t, X),..., fs(t,X) € W' < B(t) holds true in R.

The proof of the main Proposition will follow by induction from the next
main lemma, where we will show that SIGNg(f1,..., fs) is completely de-
termined by the "SIGNg"of a (possibly) longer but simpler sequence of
polynomials, i.e. SIGNg(f1,..., fe—1,fi,01,--,9gs), where f, = the deriva-
tive of f, and g1, ..., gs are the remainders of the euclidean division of f, by

fi, ooy fsot, f;, respectively.

First we will state and prove the lemma and then prove the proposition.
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Main Lemma. For any real closed field R and every sequence of polynomials
fi,-.., fs € R[X] of degrees < m, with f; nonconstant and none of the
fi,- -+, fs—1 identically zero, we have

SIGNRg(fi,...,fs) € Wi, is completely determined by

SIGNg(fi,- - foo1, fas 1y - -+ Gs) € Wagm, where f, is the derivative of f,,
and ¢, ..., gs are the remainders of the euclidean division of fs by f1,..., fs_1, f;,
respectively.

Equivalently, the map ¢ : W, — Wy,

SIGNR(f1, -\ foets forG1s- s gs) — SIGNR(f1, ..., fs)
is well defined.
In other words, for any (fi,..., fs), (F1,...,Fs) € R[X],
SIGNR(fi,. s feet, fir g1, 9s) = SIGNg(Fy, ..., Fs_ 1, F.,G1,...,GY)
= SIGNR(fl, . ->fs) = SIGNR(Fl, . .,FS).

Proof. Assume w = SIGNg(f1,. .., feet, for g1, .., gs) is given.
Let 21 < ... < xy, with N < 2sm, be the roots in R of those polyno-

mials among fi,..., fs_1, f;, g1, - .., gs that are not identically zero. Extract
from these the subsequence z;, < ... < z;,, of the roots of the polynomials
Ji,- -, fs—1, fs- By convention, let z, := 29 = —00 ; T4,,,, = Ty41 = +00.

Note that the sequence z;, < ... < x;,, depends only on w.
For k =1,..., M one of the polynomials fi,..., fs_1, f; vanishes at x;, . This
allows to choose a map (determined by w)

0:{1,...7M}_>{17""8}
such that  fo(z;,) = gor (wi,)
(This goes via polynomial division fs = fou)qak)+90k), Where fou (i) = 0)-

Claim I. The existence of a root of f, in an interval |z;,,z;, ., [, for & =
0,..., M depends only on w.
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Proof of Claim I.
Case 1: fs has a root in | — 0o, z;, [ (if M # 0) if and only if
sign(fs( | — 00, 21 ))sz’gn(gg(l)(xil)) =1,
equivalently iff
sign(fs( | — 00, xq| )) = signfs(z;,).
(<) We want to show that if sign(f,( ] — oo, 21[)) = signfs(z;,),
then f; has a root in | — 0o,z |.
Suppose on contradiction that fs has no root in | — oo, z;, [, then
sign fs must be constant and nonzero on | — 0o, x;, |, so we get
0 # si/gnfs( | —o00,x1[ ) = signfs( | — 00, x4 ) = signfs(zy,) =
signfy( ] —o0,a1[)
= signfy(]|—o0,x1][) = signf.(]—oo, 1] ), a contradiction [because
on | —oo,—D]: signf(z) = (—1)"sign(d) for f =dax™ + ...+ dy
and signf (z) = (1) 'sign(md) for f = mdaz™ '+ ... |
see Corollary 2.1 of lecture 6 (05/11/09)].
(=) Assume that fs has a root (say) x € | — 00, x4 |.
Note that signfs(x;,) # 0 [otherwise fs(ziy) = f(x;,) = 0, so (by
Rolle’s theorem) f. has a root in ]z, z;, [ and the only possibility is
x1 € |z, x;, [ (by our listing), but then z; = x;,, a contradiction].
Note also that fs cannot have two roots (counting multiplicity) in

| — o0, x| [otherwise f+ will be forced to have a root in | — oo, x|,

a contradiction as before} )
So
—signfs( | — o0, 2| ) = signfs( |z, 2y ) = signfs(xy),
also (by same argument as before)
—signfs( ] — o0, z] ) = signf;( | — 00, xq| ),

therefore, we get

signf,( ] — oo, x1] ) = signfs(z:,). [ (case 1)
Case 2: Similarly one proves that: f, has a root in |z;,,, +oo[ (if M # 0) if
and only if

SZgn(f;( ]xNa +OO[ ))Sig’l”L(g@(M)(%M)) = -1,
(i.e. iff signf.( Jzn, +ool ) = —signfs(x,,) # 0)-
Case 3: f, has a root in |z;,, x5, [, for k=1,..., M — 1, if and only if
Sign(ga(k) (ﬂfz’k))Sign(ge(kﬂ)(xim)) = -1
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equivalently iff
Slgnfs(xlk) = _Signf8<xik+1)'
(Proof is clear because if fs has a root in |z;,, T, ., [, then this root is
of multipilicty 1 and therefore a sign change must occur.)

Case 4: fs has exactly one root in | — oo, +oo[ if M = 0. O (claim I)

Claim II. SIGNg(f1,..., fs) depends only on w.
Proof of Claim II.
Notation: Let y; < ... < yp, with L < sm, be the roots in R of the

polynomials fi,..., fs. As before, let yg := —00, yr11 := 400.
Set Ik Z:]yk, yk+1[7 k= 0, ooy L.
Define

p {0, L+1} — {0,... M+1U{(kk+1)|k=0,..., M}

. k %f Y = Tiy,
(kyk+1) if y €]ay,, 2, [
Note that by Claim I, L and p depends only on w. So, to prove claim II it is
enough to show that SIGNRg(f1,..., fs) depends only on p and w.

Also,

signfi(lo)  signfi(y) ... signfi(yL)  signfi(lL)
SIGNg(f1, ) f) = : : : :
r(fi fs) signfs_1(ly) signfs_1(y1) ... signfs_1(yr) signfs_1(I1)
Signfs(jo) Signfs(yl) CIE Signfs(yL) Signfs<IL)

is an sx (2L + 1) matrix with coefficients in {—1,0,+1}.

Casel: 7=1,...,s—1
For 1 € {0,..., L+ 1} we have

o if p(l) = k = sign(f;(w)) = sign(f;(z:,)),
o if p(l) = (k. k+ 1) = sign(f;()) = sign(f;( Jzi,, xip,,[)).

So, sign(fj(yl)) is known from w and p, for all j = 1,...;s — 1 and [ €
{0,...,L+1}.
We also have

e ifp(l)y=kor (kk+1) = sz'gn(fj( Y, Y [ )) = sign(fj( iy s Tig o | ))
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So, sign(f;( Jyi, yir1] ) is known from w and p, for all j =1,...,s — 1 and
le{0,...,L+1}.
Thus one can reconstruct the first s — 1 rows of SIGNg(fi, ..., fs) from w.

Case 2: j =s
For [ € {0,..., L+ 1} we have

e if p(l) = k = sign(fs(w)) = sign(gow (i),

o if p(l) = (k, k +1) = sign(fi(u)) = 0.
So, sign(fs(y)) is known from w and p, for alll € {0,..., L+1} and therefore
can also be reconstructed from w.

Now remains the most delicate case that concerns sz’gn( FsClye, Y| ))
For 1 € {0,...,L + 1} we have

o if 140, p(l) =k =

sign(fu( Ju i [) = {Sign(ge('“)(xi’“)) if it is 0,

sign(f.( |zi,, wi,,[)) otherwise.
[This is because (p(l) =k if y = x;,, so):

- if gowy(4,) = fs(xi,) # 0, then by continuity sign is constant, and
- if goey(23,) = fo(s,) = 0, then on g, 2, [ -

fo2 0= folzi) < fiy) for y < g4, so fily) >0,
f; S 0= _fs(xik) < _fs(y) for y < Tk+1, SO fs(y) <0

(using 6. Lecture, Cor. 2.4: In a real closed ordered field, if P is
a nonconstant polynomial s.t. P > 0 on [a,b], a < b, then P(a) <

P).
o ifl £0,p(l) = (k, k+1) = sz’gn(fs( ]yl,yl+1[)) = szgn(f;( |Tiys Tig o [ ))
[We argue as follows (noting that p(l) = (k,k + 1) if y, €]z, x4, [ ):

sign(fs( 11, Y | )) is constant so at any rate is equal to sign(fs( i, iy, | )),
now using the fact that fs(y;) = 0 and the same lemma (stated above)
we get, for any a € |y, x5, [ -

f; Z 0= fS(yl) < fS(a)> S0 fs(a) > 07
f; <0= _fs(yl) < _fs(a)’ SO fs(a) <0

. . /
i.e. fs has same sign as fs}

o if 1 =0= sign(f(]—o0,y1])) = sign(f,(]—o0,21[)) (as before). O
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Main Proposition. Let f;(T,X) 1= hjm,(L)X™ + ... 4+ hio(T) for ¢ =
1,...,s be a sequence of polynomials in n + 1 variables with coefficients in
Z, and let m := max{m;|i = 1,...,s}. Let W’ be a subset of W,,. Then
there exists a boolean combination B(T) = S1(L) V...V .S,(T) of polynomial
equations and inequalities in the variables T with coefficients in Z, such that,
for every real closed field R and every t € R"™, we have

SIGNg(fi(t,X),..., fs(t, X)) € W < B(t) holds true in R.

Proof. Without loss of generality, we assume that none of fi,..., f, is
identically zero and that h; ., () is not identically zero for i = 1,...,s. To
every sequence of polynomials (f, ..., fs) associate the s-tuple (my, ..., my),

where deg(f;) = m;. We compare these finite sequences by defining a strict
order as follows:

o= (my,...,my) <7 :=(my,...,my)

if there exists p € N such that, for every ¢ > p,

-the number of times ¢ appears in ¢ = the number of times ¢ appears in 7,
and

-the number of times p appears in ¢ < the number of times p appears in 7.

This order < is a total order ! on the set of finite sequences.

Ezample: let m = max ({my,...,ms}) = ms (say), o and 7 be the sequence
of degrees of the sequences (f1,..., fe_1, fur 915+, 9s) and (f1,..., fe_1, fs)
respectively, i.e.

g ~ (fl; e 7fs—17 f;,gl, . 798)7

T (fros foo1s )

!This was a mistake in the book Real Algebraic Geometry of J. Bochnak, M. Coste,
M.-F. Roy. For corrected argument, see Appendix I following this proof.
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then o < 7.
Let m = max{my,...,ms}.

In particular using p = m we have:
(deg(fl), . deg(fe_1),deg(f.),deg(qr), . .. ,deg(gs)) < (deg(fl), . ,deg(fs)).

If m = 0, then there is nothing to show, since SIGNg (f1 (t, X),..., fs(t, X)) =
SIGNg (h170(§), e hsjo(z_f)) [the list of signs of “constant terms"}.

Suppose that m > 1 and m, = m = maxz{my,...,my}. Let W' C Wasm be

the inverse image of W' C W,,, under the mapping ¢ (as in main lemma).
Set W = {S[GNR(fl, . .,fsfl,fs,gl,. .. 795) ‘ S[GNR<f1, . '7fs) eWw }

-Case 1. By the main lemma, for every real closed field R and for every
t € R" such that h;,,,(t) # 0 fori=1,...,s, we have

SIGNR(f1<E7X)77fS(LX)) S W,
=

SIGNR(fl(LX)a N 'afs—l(taX)7fs/<§7X)7gl(taX)7 te 7gs(taX)) € WU,

where fsl is the derivative of f, with respect to X, and g¢1,..., gs are the re-
mainders of the euclidean division (with respect to X) of f, by f1,..., fs_1, f.,
respectively (multiplied by appropriate even powers of Ay, ..., Rsm,, Te-

spectively, to clear the denominators).

Now, the sequence of degrees in X of f1,..., fs_1, f;, g1, - - -, 7s is smaller than
[the sequence of degrees in X of fi,..., fsie] (my,...,ms) w.r.t. the order
<.

-Case 2. At least one of h;,, (t) is zero

In this case we can truncate the corresponding polynomial f; and obtain
a sequence of polynomials, whose sequence of degrees in X is smaller than
(my,...,ms) w.r.t. the order <.

This completes the proof of main propostion and also proves the Tarski-
Seidenberg principle. ([l



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 58

APPENDIX I: ORDER ON THE SET OF TUPLES OF INTEGERS

Set N := U en N"

We define on N an equivalence relation ~:

for 0 := (ny,...,ns) and 7 := (my,...,my) in N, we write o ~ 7 if and only if
the following holds:

s =t and there exists a permutation g of {1,..., s} such that m; = ngy; for all
ied{l,... s}

For any o € N, the equivalence class of o will be denoted by [o]
For any o0 € N and p € N, we set f,(0) := (number of occurrences of p in o).
For any 0,7 € N and p € N we define the property P(p, o, ) by:

P(p,0,7) = (fp(0) < fp(7)) N (Vg > p, fo(0) = fo(7)).

Set M := N/ ~
Note that if ¢/, 7" are permutations of o and 7, then P(p, o, 7) is equivalent to
P(p,o’, ") for all p € N. This allows us to define a binary relation < on M:

[o] < [7] if and only if there exists p € N such that P(p, o, 7) is satisfied.

Remark 1
If p € N satisfies P(p,0,7), then for all q>p, f,(o) < f,(7)

Proposition 1
< defines a strict order on M.

Proof. We want to prove that < is antisymmetric and transitive:

antisymmetry: Let 0,7 € N such that [0] < [7]; we want to show [7] £ [o]
Choose p € N satisfying P(p, 0, 7) and let ¢ € N.

If ¢ > p, then by remark 1 we have f,(7) £ f,(0) so the first condition of
P(q,7,0) fails. Moreover, we have f,(c) < f,(7), so if ¢ < p the second
condition of P(q, 7, o) fails.

Thus, P(q, 7, 0) fails for every ¢ € N, which proves [7]| £ [o].
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transitivity: Let o, 7, p € N such that [p] < [o] and [o] < [7]
Choose p1, pa € N such that P(py, p, o) and P(ps, o, 7) hold.

Set p := maz(p1, p2).

If ¢ > p, then in particular ¢ > p; so f,(p) = f,(0); similarly, we have g > po
s0 fg(0) = fo(7) hence f,(p) = fo(7).

Since p > pi, pa, we have by remark 1: f,(p) < fp(0) < fo(7). If p = py,
the first inequality is strict, hence f,(p) < f,(7); if p = po then the second
inequatlity is strict, which leads to the same conclusion.

This proves that P(p, p, ) is satisfied, hence [p] < [7].

Proposition 2
The order < is total on M

Proof. Let 0 = (ny,...,ns),7 = (mq,...,my) € N be non-equivalent.

Set A:={qe{ny,....,ns,ma,...,mu} | fo(o) # fo(7)}.

Note that A = @ if and only if 0 ~ 7, so by hypothesis we have A # @&. Thus,
we can define p := mazA.

By definition of p, we have f,(7) = f,(o) for all ¢ > p.

Moreover, since p € A, we have f (o) # f,(7).

If f,(o) < fo(7), then P(p, o, 7) is satisfied, so [o] < [7]; if f(T) < f,(0), then
P(p,T,0) is satisfied, so [7] < [o].

O

Note that we have an algorithm which determines how to order the pair (o, 7)
and gives us an apropriate p:

pi=max{ng,...,Ne,My,..., M}
while p > 0:
if f,(0) > f,(7) return (o > 7,p)
if fo(0) < fpo(7) return (o < 7,p)
p=p—1

Proposition 3
(M, <) is well-ordered:

Proof. For any 0 = (nq,...,ns) € N, set m, := max(ny,...,ns). Since m, is left

unchanged by permutation of o, so we can define my,) := m, unambiguously.
Note that for any a,b € M, m, < m,; implies a < b. Indeed, if m, < my, then

for any p > my, we have f,(b) = 0 = f,(a); moreover, f,,, (a) =0 < fp,, (b), which
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proves that P(my, a,b) holds.

Let A be a non-empty subset of M and set m := min{m, | a € A}
We are going to prove by induction on m that A has a smallest element.

m=0: If m = 0, then the set Ay := {[o] € A | ¢ only contains zeros } is non-empty.
Let a be the element of Ay of minimal length; then I claim that a is the
smallest element of A.

Indeed: let b € A, b # a.

If b € Ay, then a and b both only contain zeros, so for all p > 0 f,(a) =0 =
f»(b); moreover, by choice of a, we have fy(a) = length(a) < length(b) =
fo(b). This proves that P(0, a,b) holds, hence a < b.

If b € A\ Ag, then my, >0 =m, so b > a.

m—1— m: Assume m > 1.
Set B:={a € A|my,=m}, n:=min{f(a)| a € B} and C := {a € B |
fm(a) =n}.
I claim that for any ¢ € C' and any a € A\C, ¢ < a.
Indeed:

— if a € B\C, then by definition of C' we have f,,(¢) < fmn(a). Since
a,c € B, it follows from the definition of B that m is the maximal
element of both a and ¢, so that f,(a) =0 = f,(c) for all p > m. Thus,
P(m,c,a) holds.

— If a ¢ B, then by definition of B we have m, > m = m,, hence a > c.

Thus, it suffices to prove that C has a smallest element.

For any ¢ € C, we denote by ¢’ the element of M obtained from ¢ by removing
every occurrence of m. Set C' := {¢ | ¢ € C}. Since m is the maximal
element of every ¢ € C, we have my < m — 1 for every ¢ € C’, hence
min{mey | ¢ € C'} < m — 1. By induction hypothesis, C’ then has a smallest
element ¢. ¢ is then the smallest element of C.

]

Note that there is a recursive algorithm which takes a subset of M as an
argument and returns its smallest element:

smallest element(A):
m :=min{m, | a € A}
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B:={a€ A|m,=m}

n = min{ f.(b) | b € B}
C:={be B| fn(b) =n}

if C' is a singleton then return its only element

C"={d|ceC}
:=smallest__element(C")
return the concatenation of ¢ with (m,...,m)
—_———
n times

Proposition 4
The ordinal type of (M, <) is w®

Proof. For any n € N, set A, := {a € M | m, =n}.
We are going to build an isomorpism from w® to M by induction. More precisely,
we are going to build a sequence (¢,,)nen of maps such that:

o« for any n € N, ¢, is an isomorphism from w"*! to A,,.

o for any n € N, ¢,.1 extends ¢,.

Taking ¢ := U,ey @n, We obtain an isomorphism ¢ from U,cyw™™ = w® to
UnEN An - M
n =0 Note that we have (0) < (0,0) < (0,0,0) < (0,0,0,0) < ..., so an isomor-
phism from w to Ay is given by n — (0,0,...,0)
1ti
n+1 times

n — n+ 1 Assume we have an isomorphism ¢, : w"™ — A,. Remember that w2 is
the order type of (w X W™ <ep).

Define: ¢p41(a, B) == dn(B) A (n+1,...,n+1)

a times

(here ‘A’ means concatenation). This is an isomorphism from (w x W™, <)
to An+1.

]
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1. THE POLYNOMIAL RING R[X]

Notation 1.1. R[X] := R[Xj, ..., X,] is the polynomial ring in n variables and real
coefficients, where R is the set of real numbers.

Note that R[X] is a vector space of countable dimension (a basis is {X¢ | @ € Z"},

(03]

where X% := X{" ... X" is a monomial).

Definition 1.2. A polynomial is said to be homogenous if it is a linear combina-
tion of monomials with same degree (or zero polynomial).

Convention: deg (0) := —co, where ~07 is the polynomial with O coefficients.

Definition 1.3. Let f € R[x], the homogenous decomposition of f is f = hy +
...+ hy, where h; are homogenous (or 0) and deg(h;) = i if h; # 0.

Note that if 4, # 0, then d = deg (h;) = deg (f).
Remark 1.4. Let f,g € R[x]; f #£0, g £ 0, then:

(i) deg (fg) =deg (f) + deg(g)
(ii) deg (f + g) < max {deg (f), deg (2)}

(iii) deg (f + g) = max {deg (f), deg ()}, if deg (f) # deg (g).
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2. BOREL MEASURE

Definition 2.1. Let X be a locally compact Hausdorff topological space (ie. ¥V x €
X U > x such that U is compact). A Borel measure “x” on X is a positive
measure such that every B € $°(X) is measurable, where 5°(X) := the smallest
class of subsets of X which contain all compact sets and is closed under finite
unions, complements and countable intersections.

Further we will assume that u is regular, ie.
VY Bep(X),Ye>0AC, U e p(X)withC C B C U, where C is compact, U is
open and u(C) + € > u(B) > uw(U) — €.

Definition 2.2. Let K be a closed compact subset of R”. K is said to be basic
closed semi-algebraic if there exists a finite S € R[X], say S = {g1,...,g,} (for
seN)suchthat K = Kg ={xeR"|g(x)>0Vi=1,...,s}

Notation 2.3. L R[X)* := {o = ) f?| fi € R[X],m € N}.

i=1

Theorem 2.4. (Schmiidgen’s Positivstellensatz) Let K C R” be a compact semi-
algebraic set, K = Ky (as above). Let L : R[X] — R be a linear functional.

Then L can be represented by a positive Borel measure u defined on K (ie. L(f) =
ffd,u for f € R[X]) if and only if L(og{' .88 20V o € YR[X]? and
K

e,...,e; €{0,1}.

See Corollary 2.6 in lecture 13.

3. PREORDERING

Definition 3.1. Let A be a commutative ring with 1,
TA? :={Zd? |i > 0,q; € A}.

(1) A quadratic module M in A is a subset M C A such that
M+McCM,a*>®MCMVacA,1eM.

(2) A preordering T in A is a quadratic module with 7T C T.
T is said to be proper if —1 ¢ T.
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Remark 3.2. If % € Athen T = A is the only preordering in A that is not proper.
Proof. For a € A one can write: a = (%)2 + (—1)(%)2 eT ]
Examples 3.3.

(1) TA? C T for a preordering 7 in A.

(the smallest preordering)

2)LetS ={g1,...,85} C A, then

p— s 2 —
Ty .—{ Z O'Kg?...g?|0'e€ZA,€—(€1,...,€S)}
el,...,es€{0,1}

is the preordering generated by g, ..., g;.

Definiton 3.4. A preordering 7 C A is said to be finitely generated if 7 a finite

For example: $A? is finitely generated with S = ¢.

Example 3.5. Let S € A = R[X] be a finite subset. We associate to S the basic
closed semi-algebraic subset Kg € R" and the finitely generated preordering Ty C
R[X]. We recall that Kg ;= {x e R" | gi(x) >0V i=1,...,5}, S ={g1,..., 8}

For example: If § = ¢ : Kg = R", Ty = Y R[X]%.

Definiton 3.6. An element f € Ty is said to be positive semidefinite on K if
f(x) >0forall x € Ks .

For K C R", set Psd(K) :={f € RIX]| f(x) 20V x € K|

Note that 75 C Psd(Ky).

Question. If f € Psd(Ky), then does f € Ts?

Answer. No.
But there is a connection of f with T (which will become clear through the
Positivstellensatz in the next lecture).
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1. INTRODUCTION

Definiton 1.1. For K C R”,
Psd(K) := {f € RIX]| f(x) > 0V x € K}.
LetS ={gi,...,g,} € R[X], then

Ks:={x e R"| gi(x) >0V i=1,...,s}, the basic closed semi-algebraic set
defined by S and

Tg := { Z o, 8/ ...80 o, € IR[X]% e = (el,...,es)}, the preordering
e1,...,es€{0,1}
generated by S.

We also introduce

Mg = {og+0181 +0285 ...+ 0,8, | o; € ZR[X]?}, the quadratic module generated
by S.

Remark 1.2. (i) My is a quadratic module in R[X].

(1) Mg C Ts C Psd(Ks).
(We shall study these inclusions in more detail later. In general these inclusions
may be proper.)
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(iii) Psd(Ky) is a preordering.

Definiton 1.3. T's (resp. My) is called saturated if Psd(Ky) = T's (resp. Ms).

2. EXAMPLES

For the examples that we are about to see, we need the following 2 lemmas:

Lemma 2.1. Let f € R[X]; f # 0, then 3 x € R" s.t. f(x) # 0. [Here n is such
that X = (X4,...,X,).]

Proof. By induction on n.

If n = 1, result follows since a nonzero polynomial € R[X] has only finitely many
Zeroes.
Letn>2and 0 £ f € R[X},....X,] = R[Xy,..., X1 ][X,].
f£20= f=go+ g Xy +...+@uX 80,81, -8 €R[Xy,..., X, 1]; g 0.
Since g, # 0, so by induction on 7 :

A (xp,x2, .., x01) St gr(x1, X0, 00, X—1) # 0.

= The polynomial in one variable X, i.e. f(x, x2,...,X,-1, X,) Z O.
Therefore by induction forn = 1, 4 x,, € R s.t.
S, x,000, X0m1,%,) 0 o

Remark 2.2. If f € R[X], f # 0, then R"\Z(f) = {x € R"| f(x) # 0} is dense in
R", where Z(f) := {x € R" | f(x) = 0} is the zero set of f.

Equivalently, Z(f) has empty interior. In other words, a polynomial which van-
ishes on a nonempty open set is identically the zero polynomial.

Lemma 2.3. Leto := ff+...+ fZ ; fi,....fi € R[X] and f; # 0, then
o #0

(ii) deg(c) = 2 max{degf; ;i = 1,...,k}
[In particular deg(o) is even. |

Proof. (1) Since f; # 0, so by lemma 2.1 3 x € R" s.t. fi(x) # 0.
= o(x) = fix)*+...+ fi(x)*>0
=0 z0.

() fi = hjy +...+ h;,, where d = max{degf,- li=1,... ,k} ; hi;, homogeneous
ofdegreejorh,-j =0fori=1,...,k.
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Clearly deg(o) < 2d.

To show deg(o) = 2d, consider the homogeneous polynomial
h%d+"'+h/%d = hyy

Note that if /,, # 0, then deg(h,,) = 2d and h,, 1s the homogeneous
component of o of highest degree (i.e. leading term), so deg(o) = 2d.

Now we know that i;, # 0 for some i € {1,...,k}, so by (i) we get hys Z 0.
O

Now coming back to the inclusion: 75 C Psd(Ky)

Example 2.4.(1) (i) S = ¢,n=1= Ks; = Rand T = 3 R[X]
= Tg = Psd(R).

(i) S ={(1 - X*?),n=1= Ky =[-1,1] (compact),
Ts = {00+ o1(1 = X»? | 0, 011 € LRIXP} = Ms.
Claim. TS - PSd(Ks)
For example: (1 — X?) € Psd[-1, 1] (clearly),
but (1 — X?) ¢ Ty, since if we assume for a contradiction that
(1-X*) =0 +0(1-X%)°, (1)

where oy = Y, f7. Then evaluating (1) at x = + 1 we get
oo(£1) =Y fA(£1) =0

= fi(x1)=0

= f; = (1 — X?g, , for some g; € R[X]
=00=(1-X)Yg

Substituting oy back in (1) we get

1=(1-X)Yg +-X)0, (2)
Evaluating (2) at x = =1 yields 1 = 0, a contradiction.

(iii) § = {X3},n =1 = Ks = [0, o) (noncompact),
TS = {0’0 -|-0'1Xv3 | 009,01 € ZR[X]Z} = Ms.

Claim. T C Psd(Ky)
For example: X € Psd(Ks), but X ¢ T (we will use degree argument to
show this).
We compute the possible degrees of elements t € Ts; ¢t £ 0
Let
=0y +O'1X3; 00,01 € ZR[X]Z,
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then
e 0y # 0 = deg(oy) is even.
e 0 #0 = deg(o) is even.
e o) = 0 = deg(¢) is odd and > 3.
e 0 =0 = deg(?) is even.
ey 0, oy #0, then
[even =] deg(o) # deg(o1x*) [= odd]
So, deg(f) = max {deg(ao), deg(crlx3)} is even or odd > 3.

This proves that X ¢ T and hence Ty C Psd(K). O

Example 2.4.2) S = ¢, n=2 = Kg =R*>and Ty = Mg = > R[X, Y]>.

We see that Ts C Psd(Ky)

For example: m(X,Y) := X?Y* + X*Y? — 3X?Y?> + 1 € Psd(R?), but ¢ Tg =
Y RIX, Y.

3. POSITIVSTELLENSATZ (Geometric Version)

Theorem 3.1. (Positivstellensatz: Geometric Version) Let A = R[X]. Let S
{g1,....8s} CR[X], Ky, Ts as defined above, f € R[X]. Then

(D f>0onKg ©dp,geTsst.pf=1+gq
2 f=200nKs ©AmeZ,Ap,geTsst. pf=f"+gq
B f=0onKs ©AmeZ, st —feTs
A Ks=¢p —-1€eTs.
Important corollaries to the PSS are:
(1) The real Nullstellensatz
(ii) Hilbert’s 17" problem
(i11) Abstract Positivstellensatz
The proof of the PSS consists of two parts:

-Step I: prove that (1) = 2) = 3) = (4) = (1)
-Step II: prove (4) [using Tarski Transfer]
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We shall start the proof with step II:

Clearly Ks # ¢ = —1 ¢ Ts (since —1 € Ty = Kg = ¢), so it only remains to
prove the following proposition:

Proposition 3.2. If —1 ¢ T (i.e. if T is a proper preordering), then K # ¢.

For proving this we need to recall some definitions and results:
Definition 3.3.1. Let A be a commutative ring with 1, a preordering P C A is said
to be an ordering on A if PU —P = A and p := P N —P is a prime (hence proper)

ideal of A.

Definition 3.3.2. Let P be an ordering in A, then SupportP := p (the prime ideal
PnN-P).

Lemma 3.4.1. Let A be a commutative ring with 1. Let P be a maximal proper
preordering in A. Then P is an ordering.

Lemma 3.4.2. Let A be a commutative ring with 1 and P C A an ordering. Then
P induces uniquely an ordering on F := ff(A/p) defined by:

Va,beA,%2p0(inF)@abeP,whereE:a+p.
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1. GEOMETRIC VERSION OF POSITIVSTELLENSATZ

Theorem 1.1. (Recall) (Positivstellensatz: Geometric Version) Let A = R[X].
LetS ={gi1,...,8s} CR[X], f € R[X]. Then

(1) f>0onKs ©3Ap,geTsst.pf=1+¢q
(Striktpositivstellensatz)

2 f>0nKs ©AmeZ,,Ap,geTsst.pf=f"+gq
(Nonnegativstellensatz)

B f=0onKs © AmeZ, st —feTs
(Real Nullstellensatz (first form))

(4)KS :¢<:>—1€T5.

Proof. It consists of two parts:
-Step I: prove that (1) = (2) = (3) = (4) = (1)
-Step 1I: prove (4) [using Tarski Transfer]

We will start with step II:
Clearly Ks # ¢ = —1 ¢ T (since -1 € Ts = Kg = ¢ ), so it only remains to
prove the following proposition:

Proposition 1.2. (3.2 of last lecture) If —1 ¢ T (i.e. if Ts is a proper preordering),
then Kg # ¢.
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For proving this we need the following results:

Lemma 1.3.1. (3.4.1 of last lecture) Let A be a commutative ring with 1. Let P
be a maximal proper preordering in A. Then P is an ordering.
Proof. We have to show:

i)PU—-P=A,and

(i1) p := PN —P is a prime ideal of A.

(i) Assume a € A,buta ¢ P U —P.
By maximality of P, we have: —1 € (P + aP) and —1 € (P — aP)
Thus
—1 =5 +at; and
—1=s,—at, ; s1,8,1,H€P
So (rewritting)
—at; =1+ s; and
at =1 + 5,
Multiplying we get:
—Clzlltg =148 +5+ 55
= —1 =5, 4 5 + 515 + a’t11, € P, a contradiction.

(i) Now consider p := P N —P, clearly it is an ideal.
We claim that p is prime.
Letabe panda,b ¢ ».
Assume w.l.o.g. thata,b ¢ P.
Then as above in (i), we get:
-1 e€(P+aP)and -1 € (P + bP)
So, -1 = s5; +at; and
—1=s,+bt, ; s1,8,, 1L €EP
Rearranging and multiplying we get:
(at)(btr)) = (1 + s)(1 +85) =1+ 51+ 50+ 515
= -1 =5 + 5+ 515 —abtit,
R L Nt

epP epcC P
= —1 € P, a contradiction. O

Lemma 1.3.2. (3.4.2 of last lecture) Let A be a commutative ring with 1 and
P C A an ordering. Then P induces uniquely an ordering <p on F := ff(A/p)
defined by:

YabeAbg¢p:=>p0(nF) © abe P, wherea =a+ p. O

Sl Rl
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Recall 1.3.3. (Tarski Transfer Principle) Suppose (R, <) C (F, <) is an ordered

field extension of R. If x € F" satisfies a finite system of polynomial equations

and inequalities with coefficients in R, then 3 r € R" satisfying the same system.
O

Using lemma 1.3.1, lemma 1.3.2 and TTP (recall 1.3.3), we prove the propo-
sition 1.2 as follows:

Proof of Propostion 1.2. To show: —1 ¢ Ty = Kg # ¢.
Set S ={g1,..., &} S R[X]

—1 ¢ Ts = Ty is a proper preordering.

By Zorn, extend Ts to a maximal proper preordering P.

By lemma 1.3.1, P is an ordering on R[X]; p := P N —P is prime.

By lemma 1.3.2, let (F, <p) = (ff (R[X1/p), <p ) is an ordered field extension of
R, ).
g120
Now consider the system S :=
gs = 0.
Claim: The system S has a solution in F”, namely X := ()71, e ,)T,,),
i.e. to show: gi(X_l,...,Yn) >p0;i=1,...,s.

Indeed gi()Tl,...,)Tn) = gi(Xi,...,X,), and since g; € Ts C P, it follows by
definition of <p that g; >p 0 .

Now apply TTP (recall 1.3.3) to conclude that:
dr € R" satisfying the system S, i.e. gi(x) >0;i=1,...,s.
=reKis=>Ks#¢ .

This completes step II. O

Now we will do step I:
ire.weshow (1) =>2)=RB) =@ =)

=@

Let f >0on K, f £0.
Consider S CR[X, Y], " :=S U{Yf - 1,-Yf +1]

So, Ks: = {(x.) | &i(®) 2 0; yf(@) = 1}.
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Thus f(X,Y) = f(X) > 0on K/, so applying (1) A p’, ¢’ € Ty s.t.
PENX=1+4X7Y)

Substitute ¥ := f(X) in above equation and clear denominators by multiplying both

sides by f(X)*" for m € Z, sufficiently large to get:
PXOFX) = fX)*™ + q(X),
— 2m
with p(X) = f(X) ( , f(X)) € R[X] and

4 = FX7 (X, 7 ) < RIX]

To finish the proof we claim that: p(X), q(X) € Ts for sufficiently large m.
Observe that p’'(X,Y) € T/, so p’ is a sum of terms of the form:

ocX,Y) g7 ... (Y- (=Y fO+1)"" 5 er,...,e5 €51, €500 €{0, 1}
[ —
€ SRIX, VT2

say (X, ¥) = > hj(X, Y)’.
J

Now when we substitute Y by @ in p’(X,Y), all terms with e, or ey, equal to
1 vanish.

So, the remaining terms are of the form
2
O'(X#)ge‘...gef:(Z[ ( )]) g
L 7% ) 81 -8 s
> X

So, we want to choose m large enough so that f(X)>" (X, f(X)) € IR[X]%.
Write (X, Y) = > hy(X)Y’
Let m > deg (h;j(X,Y)) in Y, for all j.

Substituting ¥ = %) L) in h;(X,Y) and multiplying by f(X)™, we get:

X" h ( : f(X)) Z hij(X) fX)", with (m — i) 2 0V i

s0 that £(X)" h ) € R[X], for all j.

( »
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So f(X)*" ( }%) f(?_()zm(Z[hj(X’]%)_())r)
=2

" h(X f(X))]ze SRIXP

Thus p and (similarly) g € Ts, which proves our claim and hence (1) = (2). O
2)=0
Assume f = 0 on K. Apply (2) to f and —f to get:
pif=f"+q and
—paf = " + g2 5 where p1, p2,q1,q2 € Ts, m; € Z,
Multiplying yields:
=pipaf? = A+ fMgy + [ + g1
= =2 = pipa 2+ Mg + 0+ g
eTs
ie. —f"eTy, meZ, ]
=4
Assume Kg = ¢
= the constant polynomial f(X) = 1 vanishes on K.
Applying (3), gives —1 € T§. O
“4=@1Q)
LetS =S U{-f}
Since f > 0 on Kg we have Ky = ¢ ,s0 -1 € Ty by (4).
Moreover from S = S U {—f} , we have T; =Ts — fTs
= —-1=qg—-pf;forsome p,qe Ts
ie.pf=1+g¢g O
This completes step I and hence the proof of Positivstellensatz. oo

We will now study other forms of the Real Nullstellensatz that will relate it to
Hilbert’s Nullstellensatz.
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2. EXKURS IN COMMUTATIVE ALGEBRA

Recall 2.1. Let K be a field, S € K[X]. Define
ZS):={xeK"| g(x) =0 V¥ g €S}, the zero set of S.
Proposition 2.2. Let V C K". Then the following are equivalent:
(1) V. =2Z(S) ; for some finite S C K[X]
2) V =2Z() ; for some set S C K[X]
(3) V= 2Z{) ; for some ideal I C K[X]
Proof. (1) = (2) Clear.
(2) = (3) Take I :=< S >, the ideal generated by S.

(3) = (1) Using Hilbert Basis Theorem (i.e. for a field K, every ideal in K[X] is
finitely generated):

I =<S§ >, S finite

= Z) = Z(S). O

Definition 2.3. V C K" is an algebraic set if V satisfies one of the equivalent
conditions of Proposition 2.2.

Definition 2.4. Given a subset A C K", we form:

I(A) :={f e KIX]| f(@ =0 YacA}

Proposition 2.5. Let A C K". Then
(1) Z7(A) is an ideal called the ideal of vanishing polynomials on A.
(2) If A = V is an algebraic set in K", then Z(I(V)) =V

(3) the map V +— I (V) is a 1-1 map from the set of algebraic sets in K" into
the set of ideals of K[X]. O

Remark 2.6. Note that for an ideal 7 of K[X], the inclusion I C 7(Z(I)) is always
true.

[Proof. Say (by Hilbert Basis Theorem) I =< gy,..., g, >, g € K[X]. Then
ZH)={xeK"|gx)=0Vi=1,...,s},
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I(ZD) ={f e KIX]| f(x) =0 ¥ x e Z(D}
Assume f = hig; + ...+ hygs €I, then f(x) =0V xe Z()
[since by definition x € Z(I) = gi(x)=0Vi=1,...,5]
= f € I(ZWD)). o |

But in general it is false that 7(Z(I)) = I. Hilbert’s Nullstellensatz studies
necessary and sufficient conditions on K and / so that this identity holds.
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1. EXKURS IN COMMUTATIVE ALGEBRA

Recall 1.1. Let K be a field and I an ideal of K[X], then the inclusion
I CZ(Z()) is always true.
But in general it is false that

I(2(1) = 1 1)

Note 1.2. In other words we study the map
7: {algebraic sets in K™ } ~ {Ideals of K[&]}
Vi— Z(V)
e Clearly this map is 1-1 (proposition 2.5 of last lecture).

e What is the image of Z 7 (2)
Let I an ideal, [ =Z(V)
=Z(I)= Z(Z(V)) =V
(prmre)

Thus an ideal [ is in the image < I = Z(Z(I))

So studying the equality (1) amounts to studying (2).
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2. RADICAL IDEALS AND REAL IDEALS

Remark 2.1. For an ideal I C K[X], answer to [ = Z(Z(I)) is known

e when K is algebraically closed (Hilbert’s Nullstellensatz),
or
e when K is real closed (Real Nullstellensatz).

To formulate these two important theorems we need to introduce some
terminology:

Definition 2.2. Let A be a commutative ring with 1, I C A, I an ideal of
A. Define

(i) VI={a€ A|ImeN st. a™ €I}, the radical of I.
(i) V1 := {ac Al3meN ando € A% st. a*+0 €1 }, the real
radical
of I.
Remark 2.3. It follows from the definition that I € /T C /1.
Definition 2.4. Let I be an ideal of A. Then
(1) I is called radical ideal if I = /T, and

(2) I is called real radical ideal (or just real ideal) if [ = /1.

Remark 2.5. (i) Every prime ideal is radical, but the converse does not
hold in general.

(ii) I real radical = I radical (follows from Remark 2.3 and Definition 2.4).

Proposition 2.6. Let A be a commutative ring with 1, I C A an ideal.
Then

(1) I'isradical & Va€ A:a* € =acl

k
(2) I is real radical < for k € N,V ay,...,ap, € A: Za? el=a €1
i=1
Proof. (1) (=) Trivially follows from definition.
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(<) Letace VI, then 3m >1st. a™ eI
Let k (big enough) s.t. 28 > m, then
2k m . 2k—m
a“ =ama el
Now we show by induction on k that:
[i?cl=acl]= [ ecl=ac]]

For k =1, it is clear.
2k+1

Assume it true for k and show it true for £ + 1, i.e. let a eI,
then
o' = <a2k>2 el = a® el = ael
o ~—~— ~—~— )
(by assumption) (induction hypothesis)

(2) (=) Trivially follows from definition.

(<) Leta € VI, then Im > 1, 0 = Xa? (€ TA?) st. a® +oel

m\2 m
= (@) +oel = a™ el = acl. O
(by assumption) (as above in (1))

Remark 2.7. (i) Since real radical ideal = radical ideal, so in particular (2)
= (1) in above proposition.

(i) A prime ideal is always radical (as in Remark 2.5), but need not be real.

Proposition 2.8. Let p C A be a prime ideal. Then
p isreal & ff(A/p) is a real field.

Proof. p is not real

k
< Ja,aq,...,a; € A; aépsuch that a2+2a?€p
i=1

k
@+ a’=0anda#0 (in A/p)

i=1
& [f(A/p) is not real. O
Theorem 2.9. Let K be a field, A = K[X],I C A an ideal. Then

(1) (Hilbert’s Nullstellensatz) Assume K is algebraically closed, then
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I(2()) = V1.
(Proved in Bb)

(2) (Real Nullstellensatz) Assume K is real closed, then
Z(Z2(1)) = V1.

(Will be deduced from Positivstellensatz)
Corollary 2.10. Consider the map:
Z: {algebraic sets in K™ } — {Ideals of K[K]}

(1) If K is algebraically closed, then
Image Z = {I | I is a radical ideal }

(2) If K is real closed, then
Image Z = {I | I is real ideal } O

Now we want to deduce the Real Nullstellensatz [Theorem 2.9 (2)] from
part (3) of the Positivstellensatz (PSS) [Theorem 1.1 of last lecture].

We need the following 2 (helping) lemmas:

Lemma 2.11. Let A be a commutative ring and M be a quadratic module,
then:

(1) M N (—M) is an ideal of A.
(2) The following are equivalent for a € A:
(i)a e /MnN(=M)
(i) a®*™ € M N (—M) for some m € Nym > 1
(iii) —a®*™ € M for some m € N,m > 1. O
Lemma 2.12. Let A be a ring, M (= Mg) a quadratic module (resp. pre-
ordering) of A generated by S = {g1,...,9s};01,--.,9s € A. Let I be an
ideal in A generated by hq,...,hs , ie. I =< hy,...,hy >;hq,..., by € A.

Then M + I is the quadratic module (resp. the preordering) generated by
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Recall 2.13. [(3) of PSS | Let A = R[X],S = {¢1,...,9:} C RX], [ €
R[X]. Then f=0o0on Kg< 3ImeZ, st. —f>™ e Ts.

Corollary 2.14. (to Recall 2.13 and Lemma 2.11) Let K =Kg CR" T =
Ts C R[X] (as in PSS), then

T(Ks) = /Ts N (—T).

Proof. f =0on Kg & —f*m ¢ Tg for some m € Z,
(by(3) of PSS )
= feTsn (~Ts) N

(by lemma 2.11)

Corollary 2.15. (to Lemma 2.11) Let A be a commutative ring with 1. Let
I be an ideal of A. Consider the preordering T := ¥ A? + I, then

VI=\/Tn(-T). O

Now Corollary 2.14 and Corollary 2.15 give the proof of the Real Null-
stellensatz (RNSS) as follows:

Proof of RNSS [Theorem 2.9 (2)]. Let I be an ideal of R[X]
We show that: I(Z([)) = I

R[X] Noetherian = I =< hy, ..., h; > (by Hilbert Basis Theorem) .
Consider S := {£h; ; i=1,...,t}
Then K¢ = Z(I) [clearly]

Now by Lemma 2.12; we have:
T=Ts=XR[X]?+1
So we get,

Z(2(1)) = I(Ks) (C\:;/M) TN (-T) . :215) VI O

3. THE REAL SPECTRUM
Definition 3.1. Let A be a commutative ring with 1. Then:

Spec(A) = {p | p is prime ideal of A } is called the Spectrum of A.
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Sper(A) = Spec,(A) = {(p,g) | p is a prime ideal of A and < is an

ordering on the (formally real) field f f(A/ p)} is called the Real Spectrum
of A.

Remark 3.2. (i) Several orderings may be defined on ff(A/p),
(b, <1) 7 (b, <2)-

(ii) (p,<) € Sper(A) = p is real radical ideal. [see Proposition 2.8 and
Remark 2.5 (i).]

Note 3.3. Sper(A) := {a = (p, <) | p is a real prime and < an ordering on
FF(A/p)}-
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1. THE REAL SPECTRUM

Definition 1.1. Let A be a commutative ring with 1. We set:

Sper(A) := {a = (p,<) | p is a prime ideal of A and < is an ordering on

Fr(A/p)}.

Note 1.2. Sper(A) := {& = (p,<) | p is a real prime and < an ordering on
F1(Afp)}-

Definition 1.3. Let a = (p, <) € Sper(A), then p = Supp(«), the Support
of a.

Recall 1.4. An ordering P C A is a preordering with PU —P = A and
p := PN —P prime ideal of A.

Definition 1.5. Alternatively, the Real Spectrum of A, Sper(A) can be
defined as:

Sper(A) :={P | P C A, P is an ordering of A }.

Remark 1.6. The two definitions of Sper(A) are equivalent in the following
sense:
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The map
©: {Orderings in A } ~ {(p, <), p real prime, < ordering on ff(A/p)}

P—p:=PN—-P<p onff(A/p)
(Where %2p0<:>ab€PWitha:a+p>

is bijective [where e '(p,<)isP:={acA|a> O}} O

2. TOPOLOGIES ON Sper(A)

Definition 2.1. The Spectral Topology on Sper(A):
Sper(A) as a topological space, subbasis of open sets is:
U(a) == {P € Sper(A) | a ¢ P}, a € A.

(So a basis of open sets consists of finite intersection, i.e. of sets

Ular, ... a,) = {P € Sper(A) | a1, ..., a, ¢ P})
Then close by arbitrary unions to get all open sets.
This is called Spectral Topology.

Definition 2.2. The Constructible (or Patch) Topology on Sper(A) is
the topology that is generated by the open sets U(a) and their complements
Sper(A)\U(a), for a € A.

(Subbasis for constructible topology is U(a), Sper(A)\U(a), for a € A.)

Remark 2.3. The constructible topology is finer than the Spectral Topology
(i.e. more open sets).

Special case: A =R[X]

Proposition 2.4. There is a natural embedding
P :R" — Sper(R[X])
given by
v Pyi={f € RIX] | f() > 0}.

Proof. The map P is well defined.
Verify that P, is indeed an ordering of A.
Clearly it is a preordering, P, U —P, = R[X].
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p:=P.,N—PF, = {f e RIX]| f(x) = O} is actually a maximal ideal of R[X],

since p = Ker (ev,), the kernel of the evaluation map
evy : RIX] — R
fr— f(z)

~ R (by first isomorphism theorem)
field

RX]

80, ==

= p maximal = p is prime ideal. O

Theorem 2.5. P(R"), the image of R” in Sper(R[X]) is dense in (Sper(R[X]),
Constructible Topology) and hence in (8 per(R[ﬁ ]), Spectral Topology).

(i.e. meh = Sper(R[K])).

Proof. By definition, a basic open set in & per(R[& ]) has the form
U= {P € Sper(]R[X]) | fi¢ Pgj e Pii=1,...,5]= 1,...,t}, for some
Let PelU (open neighbourhood of P € Sper(R[X]D

We want to show that: 3 Y€ R™ s.t. Pg clU

Consider F' = ff(R[X]/p);p = Supp(P) = PN —P and < ordering on F
induced by P.

Then (F , < ) is an ordered field extension of (R, < )

Consider x = (x_l,...,ﬂ) € F", wherer; = X; +p

Then by definition of < we have (as in the proof of PSS):

filz) <0and g;(z) >0;Vi=i,...,s, j=1,...,t.

By Tarski Transfer, 3y € R" s.t.

fily) <0 <<:>fi¢Pg> and g;(y) > 0 <<:>gj€Pg) Dl =dy,...,8, J=
1,...,t

< Peld OJ
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3. ABSTRACT POSITIVSTELLENSATZ
Recall 3.1. T proper preordering = 3 P an ordering of A s.t. P D T.

Definiton 3.2. Let P be an ordering of A, fix a € A. We define Sign of «a
at P :

1 if a¢g —P
a(P):=< 0 if aec PN-P
-1 if a¢g P

(Note that this allows to consider a € A as a map on Sper(A)).

Notation 3.3. We write: a >0 at P if a(P) =1
a=0at Pifa(P)=0
a<0atPifa(P)=-1

Note that (in this notation) @ > 0 at P iff a € P.

Definition 3.4. Let T' C A, then the Relative Spectrum of A with respect
to T is

Spery(A)={P| P2 T;P C Ais an ordering of A}.
Proposition 3.5. Let T' C A be a finitely generated preordering, say T =
Ts; where S = {g1,...,9s} € A. Then
Sperp(A) = Sperg(A) = {P € Sper(A) | i € P ji=1,...,s}
={P e Sper(4) | ;(P)>0;i=1,...,s} O]

Remark 3.5. Let T C A

(i) Sperp(A) inherits the relative spectral (respectively constructible)
topology.

77777

proof of Theorem 2.5 goes through to give the following relative version for
Spery:

Theorem 3.6. (Relative version of Theorem 2.5) Let T' = T = finitely
generated preordering; S = {g1,...,9s}. Let K = Kg = {z € R" | gi(z) >
0} C R"™, a basic closed semi-algebraic set. Consider (S pery, Constructible
Topology ) Then
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P : K ~ Spery (R[X])
(defined as before)

z— Po={f R | f2) 2 0}
is well defined (i.e. P, 2T VzeK ).

Moreover P(K) is dense in (S pery(R[X]), Constructible Topology).

Proof. The proof is analogous to the proof of Theorem 2.5.
(Note the fact that T is finitely generated is crucial here to be able to apply
Tarski Transfer.) O

Theorem 3.7. (Abstract Positivstellensatz) Let A be a commutative
ring, ' C A be a preordering of A (not necessarily finitely generated). Then
for a € A:

(1) a>0on Sperp(A) < I p,geT st. pa=1+¢q
(2) a>0on Sperp(A) < Ip,geT,m>0st. pa=a*"+q
(3) a=0on Sperp(A) & Im >0st. —a*" eT.

Proof. (1) Let a > 0 on Sper;(A). Suppose for a contradiction that there
are no elements p,q € T s.t. pa=1+¢q ie. st. —1=qg—pa

ie. =1#q—paVpqgeT

Thus —1¢ T =T — Ta.

= T is a proper preordering.

So (by recall 3.1) 3 P an ordering of A with 7" C P .

Now observe that T C P i.e. P € Speryp(A) but —a € P (i.e. a(P) <0) i.e.
a < 0 on P, a contradiction to the assumption. O

Proposition 3.8. Abstract Positivstellensatz = Positivstellensatz.

Proof. A=R[X|,T =T =T, g1, K = Kg.

It suffices to show (2) of PSS [Theorem 1.1 of lecture 03 on 20/04/10], i.e.
f>0onKseIdmecZy,Ip,qg€Tsst. pf = f>" +q.

Let f € R[X] and f > 0 on K.
It suffices [by (2) of Theorem 3.7] to show that f > 0 on Spery(R[X]):
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If not then 3 P € Spery (R[X]) s.t. f & P
So, P € Z/{T(f)
(open neighbourhood of P € Sper; (R[X]))

Now by [Theorem 3.6 i.e.] relative density of P(K) in Spery(R[X]):
Jz e K st. P, eUr(f)
= f ¢ P, = f(z) <0, a contradiction to the assumption. O
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1. GENERALITIES ABOUT POLYNOMIALS

Definition 1.1. For a polynomial p € R[ X}, ..., X,], we write
pX)=> X' ¢ ER,

iQZi n
where X% = X{'... X" is a monomial of degree = |i| = sz and ¢; X*is

k=1

a term.

Definition 1.2. A polynomial p(X) € R[X] is called homogeneous or
form if all terms in p have the same degree.

Notation 1.3. F,,, := {F € R[Xj,...,X,] | F is a form and deg(F) = m},
the set of all forms in n variables of degree m (also called set of n-ary m-ics
forms), for n,m € N.

Convention: 0 € F,, .

Definition 1.4. Let p € R[Xj, ..., X,] of degree m. The homogenization
of pw.r.t X, is defined as

X, X,
X, X, X, =X S
ph( 1y ) +1) n+1 P <Xn+1 Xn+1>

Note that py is a homogeneous polynomial of degree m and in n+ 1 variables
i.e. Ph € fn+1,m-

Proposition 1.5. (1) Let p(X) € R[X4,...X,,], deg(p) = m, then

1
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number of monomials of p < (m;: n)

(2) Let F(X) € Fy,m, then

number of monomials of FF < N := (m:fl_ 1) O

Remark 1.6. F, ,, is a finite dimensional real vector space with F,, ,,, >~ RY.

2. PSD- AND SOS- POLYNOMIALS
Definition 2.1. (1) p(X) € R[X] is positive semidefinite (psd) if
p(z) >0V zeR™
(2) p(X) € R[X] is sum of squares (SOS) if 3 p; € R[X] s.t

X) = ZPi(K)z

Notation 2.2. P, ,, := set of all forms F' € F,,,, which are psd, and
Zn,m := set of all forms F' € F,,,, which are sos.

Lemma 2.3. If a polynomial p is psd then p has even degree. O

Remark 2.4. From now on (using lemma 2.3) we will often write P, 24 and

Zn,Zd'

Lemma 2.5. Let p be a homogeneous polynomial of degree 2d, and p sos.
Then every sos representation of p consists of homogeneous polynomials only,
ie.

Zpl ? = p;(X) homogenous of degree d, i.e. p; € Fod- O

Remark 2.6. The properties of psd-ness and sos-ness are preserved under
homogenization (see the following lemma).

Lemma 2.7. Let p(X) be a polynomial of degree m. Then
(1) p is psd iff py, is psd,

(2) p is sos iff py, is sos. O

So we can focus our investigation of psdness of polynomials versus sosness
of polynomials to those of forms, i.e. study and compare >, .= CP,,, .



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 91

POSITIVE POLYNOMIALS LECTURE NOTES (06: 29/04/10) 3

Theorem 2.8. (Hilbert) > = = Py, iff
(i) n = 2 [i.e. binary forms] or
(ii) m = 2 [i.e. quadratic forms] or

(iii) (n,m) = (3,4) [i.e. ternary quartics].

For the ternary quartics case (F34), we shall study the convex cones P, ,,

and >, .

3. CONVEX SETS, CONES AND EXTREMALITY

Definition 3.1. A subset C' of R" is convex set if a,b € C' = Aa+(1—-\)b €
C,forall0 < A< 1.

Proposition 3.2. The intersection of an arbitrary collection of convex sets
is convex.

Notation 3.3. R, :={z € R | z > 0}.

Definition 3.4. Let ¢;,...,¢, € R". A convex combination of ¢, ..., ¢,

is any vector sum
k

a1cy + ...+ agey, with aq, ..., € Ry and Zai =1.
i=1

Theorem 3.5. A subset C' C R” is convex if and only if it contains all the
convex combinations of its elements.

Proof. (<) clear

(=) Let C C R"™ be a convex set. By definition C is closed under taking
convex combinations with two summands. We show that it is also closed
under finitely many summands.

Let £ > 2. By Induction on k, assuming it true for fewer than k.
Given a convex combination ¢ = ajc; + ...+ apcy, with ¢q,...,¢, € C

Note that we may assume 0 < «; < 1 for ¢ = 4,...,k; otherwise we have
fewer than & summands and we are done.

. Qo 873
C der d =
onsider d l_algg—l- + l—algk
a2 L2 S 0 and I
1—oy — 11—

we have

g ..

1—041
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Thus d is a convex combination of k—1 elements of C' and d € C' by induction.

Since ¢ = ay¢; + (1 — aq)d, it follows that ¢ € C'. O

Definition 3.6. The intersection of all convex sets containing a given subset
S C R™ is called the convex hull of S and is denoted by cvx(S5).

Remark 3.7. The convex hull of S C R™ is a convex set and is the uniquely
defined smallest convex set containing S.

Theorem 3.8. For any S C R”,
cvx(S) = the set of all convex combinations of the elements of S.

Proof. (2) The elements of S belong to cvx(S), so all their convex combina-
tions belong to cvx(S) by Theorem 3.5.

(€) On the other hand we observe that the set of convex combinations of
elements of S is itself a convex set:

let c=aic; + ...+ arg, and d = Bidy + ... + Bid;, where ¢;, d; € S, then

A+ (1=N)d = daje +. ..+ Aage, +(1=N)Bidy+. ..+ (1=N)Bid,, 0 < A < 1
is
just another convex combination of elements of S.

So by minimality property of cvx(S), it follows that cvx(S) C the set of all
convex combinations of the elements of S. 0J

Corollary 3.9. The convex hull of a finite subset {s;,...,s,} C R" consists
of all the vectors of the form ays; + ... + ags;, with aq,...,ap > 0 and

ZOZZ‘:]_. L]

Definitions 3.10. (1) A set which is the convex hull of a finite subset of
R" is called a convex polytope, i.e. C' C R" is a convex polytope if C' =
cvx(S) for some finite S C R™.

(2) A point in a polytope is called a vertex if it is not on the line segment
joining any other two distinct points of the polytope.

Remark 3.11. (1) Convex polytope is necessarily closed and bounded, i.e.
compact.

(2) A convex polytope is always the convex hull of its vertices.
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More general version for compact sets is the Krein Milman theorem:

Theorem 3.12. (Krein-Milman) Let C' C R™ be a compact and convex
set. Then C'is the convex hull of its extreme points. 0
Definitions 3.13. z € C' is extreme if C\ {z} is convex.
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1. CONVEX CONES AND GENERALIZATION OF KREIN MILMAN
THEOREM

We want to prove: Psq =),

(i.e each positive semidefinite form in 3 variables of degree 4 is a sum of
squares. )

To do it , we need several notions and intermediate results.

Definition 1.1. C' C R* is a convex cone if
z,yeC=z+yeC, and
zeC Al eR,. = xel’

(i.e if it is closed under addition and under multiplication by non-negative
scalars.)

Fact 1.2. C C R* is a convex cone if and only if it is closed under non-
negative linear combinations of its elements, i.e.
VneN Va,...,z, e CV,... .\, €eRy Mz +...+ Mz, € C

Definition 1.3. Let S C R*. Then
Cone(S) := {non-negative linear combinations of elements from S}

is the convex cone generated by S.
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Fact 1.4. For every S C R* Cone(S) is the smallest convex cone which
includes S.

Fact 1.5. If S C R¥ is convex, then
Cone(S) :=={ x| A e R,z € S}.

Definition 1.6. RC RFisarayif 3z € R*, 2 #0 s.t.
R={Az|AeRi}:=z"
(A ray R is a half-line.)

Definition 1.7. Let C' C R* be a convex set:
(1) a point ¢ € C is an extreme point if C'\ {c} is convex.
(2) aray R C C is an extreme ray if C'\ R is convex.
Notation 1.8. Let C' C R* convex.
(1) ext(C) := set of all extreme points in C
(2) rext(C') := set of all extreme rays in C

Definition 1.9. (1) A straight line L C R” is a translate of a 1-dimensional
subspace, i.e. L ={z+ Ay | A € R}, for some z,y € Rk,g £ 0.

(2) C C R” is line free if C' contains no straight lines.

Theorem 1.10. (Klee) Let C' C R* be a closed line free convex set. Then
C = cvx (ext(C) U rext(C))

Remark 1.11. (a) Let C' C R* be a convex cone and z € C, x # 0. Then
x is not extreme.
Also zT C C.

(b) Let C' C R* be a line free convex cone. Then ext(C) = {0}.
Proof. If not, then C'\ {0} is not convex, so

Jz,ye C\{0},30<A<1st. dz+(1-Ny¢C\{0}.

But C' is convex, so
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Az + (1= Ny =0.
That means that 1 U g* is a straight line in C, a contradiction. |

Corollary 1.12. (Generalization of Krein-Milman to closed line free convex
cone)
Let C' C R* be a closed line free convex cone. Then

C = cvx (rext(0))

Proof. By Remark 1.11, ext(C') = {0}.
Applying Theorem 1.10, we get C' = cvx (rext(C)). O

Remark 1.13. Let C be a line free convex cone

(1) 0 # z € C belongs to an extreme ray (equivalently, the ray {A\z | A € Ry}
generated by x is extreme) if and only if

whenever z = 2, + 2, , with 2,2, € C, then 2z, = iz ; , e Ry, i+ =1
(i.e.

z,,x, belong to the ray generated by x).

(2) The set of convex linear combinations of points in extremal rays = the
set of sums of points in extremal rays.

2. THE CONES Py a4 and 3, o4

Lemma 2.1. P, 4, is a closed convex cone.

Proof. Tt is trivial that P, o4 is a convex cone.

Next we prove that P, o4 is closed:

Let (Py)reny be a sequence in P, o4 converging to P. Then for all z €
R™, Py(x) — P(z).

We want (to show that) P € P, 24,

otherwise 3 zy € R", s.t. P(z9) = —¢,e > 0.

And since Py(xg) = P(xo) in R*", Ve >0,3m e NstVk>m: |P(x) —
P(z0)| <,

thus (taking the same € as above): |Py(zg) + €| < € = Py(xy) < 0, a con-

tradiction (since P, € Pn2a V k). So, P € P, 24 and hence P, o4 is closed.
O
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Lemma 2.2. The cone P, o, is line free.

Proof. Suppose not, then there exists a straight line L in P, 24.
Write L = {F + \G | A € R}; F,G € P24, G # 0.
Since —G ¢ P, 24, take xg s.t. —G(z0) < 0.

Then for (large enough A i.e.) A — —oo we have F(xy) + AG(xp) < 0
=L 7,@_ ’Pde.

Hence P, 24 is line free. Ol
Corollary 2.3. P, o4 is the convex hull of its extremal rays.

Proof. By Lemma 2.1 and Lemma 2.2, P, o4 is a line free closed convex cone.
And therefore by the generalization of Krein-Milmann (Corollary 1.12) it is
the convex hull of its extremal rays. O

Definition 2.4. A form F' € P,, 54 is extremal in P, o4 if
F=KR+FEFF ¢ Pg=F =XNF;i=12for \; € Ry satisfying
/\1 + /\2 =1.

Similar definition for ) .

Note 2.5. By Remark 1.13 this just means that the ray generated by F'is
extremal.

Remark 2.6. (1) F € ,, extremal = F = G? for some G € F,, 4.

(2) The converse of (1) is not true in general.

For example: (2”4 y*)* = (2* — y*)* + (2xy)* is not extremal in 3~ ;.

(3) G* is extremal in }_, ., # G? is extremal in P, s4.

For instance Choi et al showed that

p = f?, where f(x,y,2) = z'y? +y*2? + 242? — 322922 + (22y + %2 — 222 —
ryz)? is extremal in 23712 but not in Ps ;.

Notation 2.7. We denote by (P, 24) the set of all extremal forms in P, 24
Lemme 2.8. Let &Y € P, 24. Then

E € E(Ppaq) if and only if V F' € P, o4 with £ > F 3 o € Ry such that
F=aokF.
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Proof. (=) Let £ € E(Py24), F' € Ppa st E > F, then
G=FE—-F¢&€P,, so E=F+G.

Since F is extremal 3 o, > 0,a+ [ =1 such that FF = aF and G = SE.
(<) Let Fy, Fy € P, o4 so that E = Fy + Fy, then E > Fy, so 3 o > 0 such
that

Fy = aFE. Therefore Fy = F — F; = (1 — a)E with 1 — a > 0 (since
E F5 € Ppoa).

Thus E is extremal. O

Corollary 2.9. Every F € P, 54 is a finite sum of forms in E(Py, 24).

Proof. By Corollary 2.3 and Remark 1.13 (2). O

3. PROOF OF P3q=Y,,

Corollary 2.9 is the first main item in the proof of Hilbert’s Theorem (The-
orem 2.8 of lecture 6) for the ternary quartic case. The second main item is
the following lemma (which will be proved in the next lecture):

Lemma 3.1. Let T'(z,y,2) € Ps4. Then 3 a quadratic form ¢(z,y, z) # 0
st. T > ¢? ie. T — ¢? is psd.

Theorem 3.2. Ps, = 2374

Proof. Let F' € P34 . By Corollary 2.9,
F =F, + ...+ Ei, where E; is extremal in P34 fori=1,... k.
Applying Lemma 3.1 to each E; we get
E; > ¢2, for some quadratic form ¢; # 0

Since E; is extremal, by Lemma 2.8, we get

¢ = o;E; ; forsome o; >0, Vi=1,... .k
1 2
and so E; = (\/_(x_i%) and hence F' € 2374. O
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1. Proof of Hilbert’s theorem 1

1. PROOF OF HILBERT’S THEOREM (Continued)

Theorem 1.1. (Recall Theorem 2.8 of lecture 6) (Hilbert) > = =
Prm iff

(i) n=2or
(i) m =2 or
(iif) (n,m) = (3,4).
In lecture 7 (Theorem 3.2) we showed the proof of (Hilbert’s) Theorem 1.1

part (iii), i.e. for ternary quartic forms: P34 = >, , using generalization of
Krein-Milman theorem (applied to our context), plus the following lemma:

Lemma 1.2. (3.1 of lecture 7) Let T(x,y,2) € P34. Then 3 a quadratic
form q(z,y,2) #0s.t. T > ¢* ie. T — ¢* is psd.

Proof. Consider three cases concerning the zero set of T.

Case 1. T > 0, i.e. T has no non trivial zeros.
Let

¢(9E,y,z) = T(x,y,z)

(22 +y? + 22)%’

vV (x,y,2) #0.

Let p:= i§12f¢ > 0, where S? is the unit sphere.
Since S? is compact and ¢ is continous, 3 (a,b, ¢) € S? s.t. u = ¢(a,b,c) >0
Therefore V (z,y,2) € S*: T(z,y,2) > u(x? + y* + 2%)2
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Claim: T'(x,y,z) > pu(z? +y* + 22)? for all (z,y,2) € R3.
Indeed, it is trivially true at the point (0,0,0), and

£ 3 — 2 2 2 (ﬁ Yy i) 2
or (z,y,2) € R*\ {0} denote N := /z? + y? + 22, then NN N €57,
which implies that

2
X z T\ 2 2 2\ 2
(5dm) = (B ()
So, by homogeneity we get
T(z,y,2) > u(@?+y?+2%)?2 = (\/ﬁ(x2 + 9%+ z2)>2, as claimed.
O(Casel)

Case 2. T has exactly one (nontrivial) zero.
By changing coordinates, we may assume w.l.o.g. that zero to be (1,0,0),
ie. T(1,0,0) =0.
Writing T as a polynomial in = one gets

T(z,y,2) = az* + (biy + b2)2® + f(y, 2)2* + 29(y, 2)z + h(y, 2),
where f, g and h are binary quadratic, cubic and quartic forms respectively.
Reducing T": Since 7'(1,0,0) = 0 we get a = 0.
Further, suppose (b, bs) # (0,0), it = 3 (yo, 20) € R? s.t byyo + bazg < 0,
then
taking x big enough = T'(z¢, Yo, 20) < 0, a contradiction to 7" > 0. Thus
by = by = 0 and therefore

T(z,y,2) = f(y,2)z* + 29(y, 2)x + h(y, 2) (1)

Next, clearly h(y, z) > 0 [since otherwise T'(0, yo, 20) = h(yo, 20) < 0 for some
(v0, 20) € R?, a contradiction].

Also f(y,z) > 0, if not, say f(yo, 20) < 0 for some (yo, 29), then taking = big
enough we get T'(x, 4o, z0) < 0, a contradiction.

Thus f,h > 0.
From (1) we can write:
fT(z,y.2) = (zf + 9)° + (fh = ¢°) (2)

Claim: fh—g*>>0

If not, say (fh —g*)(yo, 20) <0 for some (yo, 29). Then there are two cases
to be considered here:

Case (i): f(yo,20) = 0. In this case we claim ¢(yo,20) = 0 because if not
then T'(x, yo, 20) = 29(yo, 20)T + h(Yo, 20) < 0 and we take |zo| large enough
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so that 2g(yo, 20)To + h(yo, 20) < 0, a contradiction.
Case (ii): f(yo,20) > 0, we take |zo| such that zof(yo, 20) + 9(¥0,20) = 0,
then fT(xo,%0,20) = (fh — g*)(yo, 20) < 0, a contradiction.

So our claim is established and fh — g* > 0.
Now the polynomial f is a psd binary form, thus by Lemma 1.3 below f is
sum of two squares. Let us consider the two subcases:

Case 2.1. f is a perfect square. Then f = f2, with f; = by + cz for some
b,c € R. Up to multiplication by a constant (—c, b) is the unique zero of f;
and so of f. Thus

(fh = g*)(=c,b) = =(g(=¢,0))* <0
which is a contradiction unless g(—c,b) = 0 which means ! that f; | g, i.e.
9(y,2) = fi(y, 2)q1(y, z). Then from (2) we get
fT>(zf+g)
= (zfi> + fig1)?
= fi¥(zfi + ¢)*
= flzfi+91)*
Hence T > (zf1 + g1)? as required.

Case 2.2. f = f2 + f2, with fi, f> linear in y, z.
Now f1 Z Afy [otherwise we are in Case 2.1]

i.e. f1, fo don’t have same non-trivial zeroes, otherwise they would be mul-
tiples of each other and f would be a perfect square. Hence f > 0.

Claim 1: fh—g¢*> >0

If not, ie. if 3 (yo,20) # (0,0) s.t. (fh — g*)(yo, 20) = 0, then (yo, 20)

9(¥o, Zo)) Yo, Zo) of T', which contradicts

f(y07 20
our hypothesis that T has only 1 zero (1,0,0). Thus fh — g? > 0.

could be completed to a zero ( -

h — ¢?

Claim 2: / 7 has a minimum g > 0 on the unit circle S. (clear)

So, just as in Case 1,
fh—g*>uf? ¥ (y,z) e R
= fT > fh—g*> uf?, by (2)

1See (5) implies (2) of Theorem 4.5.1 in Real Algebraic Geometry by J. Bochnak, M.
Coste, M.-F. Roy or (5) implies (2) of Theorem 12.7 in Positive Polynomials and Sum of
Squares by M. Marshall.
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=T>puf?= (\/ﬁf)z, as claimed. [J(Case 2)

Case 3. T has more than one zero.

Without loss of generality, assume (1,0,0) and (0,1,0) are two of the zeros
of T.

As in case 2, reduction = T is of degree at most 2 in x as well as in y and
SO we can write:
T(x,y,2) = f(y,2)a* + 29(y, z)zz + 2*h(y, 2),
where f, g, h are quadratic forms and f,h > 0.
And so

fT = (2f +29)* + 2*(fh — ¢%), (3)
with fh — ¢g? > 0 [Indeed, if (fh — ¢*)(yo, 20) < O for some (yo, 20), then
we must have case distinction as on bottom of page 2 i.e. f(yo,20) = 0 or

f (o, z0) > 0].

Using Lemma 1.3 if f or h is a perfect square, then we get the desired result
as in the Case 2.1. Hence we suppose f and h to be sum of two squares
and again as before (as in Case 2.2) f,h > 0. We consider the following
two possible subcases on fh — g%

Case 3.1. Suppose fh — g* has a zero (yg, 20) # (0,0).

g(y07Z0) and
f(yOVZO)
Ty :=T(z+ w0z,y,2) = 22f + 2x2(g + 2o f) + 2°(h + 2209 + 22f)  (4)

Set xg = —

Evaluating (3) at (x + z02,y, 2), we get

2 !/
fTi = fT(@ + 302,y 2) = (@ +20)f +29) +22(fh - g*), (3)
Multyplying (4) by f, we get
STy = [T(x + woz,y, 2) = 22 + 202 f(g + o f) + 22f (h + 2w0g + a3 f)
(4)
Now compare the coefficients of 22 in (3)" and (4) to get
(wof +9)* + (fh— g°) = f(h + 2z0g + 23 ),

fh—g°) + (xof + 9)?
: >f(“ L v o) £ 00
In particular, h 4+ 2xog + 23 f is psd and has a zero, namely (yo, z9) # (0,0).

ie. h+2x0g+aif =

Thus (h + 2x0g + 2 f), being a psd quadratic in y, z, which has a nontrivial
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zero (Yo, 20), is a perfect square [since by the arguments similar to Case 2.2,
it cannot be a sum of two (or more) squares].

Say (h+ 2xog + x2f) = h?, with hy(y, ) linear and hy(yo, 2z9) = 0

Now (g + xof) (Yo, 20) = 9(%o, 20) + Zof (Yo, 20) = 0. So, g + xof vanishes at
every zero of the linear form h,. Therefore, we have g+ xof = g1hy for some

g1-
So (from (4)), Ty = fa? + 2z2g1hy + 2203
= (zh1 + zg1)* + 2°(f — 9})

= hiTy = hi(zhy + zg1)* + 2? (h%f - (hlgl)Z)

= h2(zhy +291)? + 2% (hf — %)

N——
>0

= h%Tl Z h%(Zhl + Zﬂgl)z
= T(r +202,y,2) = T1 > (21 + 1)

By change of variables (x — x — x¢2), we get T' > a square of a quadratic
form, as desired.

Case 3.2. Suppose fh — g* > 0 (i.e. fh — g* has no zero).

Then (as in Case 2.2), 3 u > 0 s.t % > poon S
and so fh—g?> > py? +22)f V (y,2) € R
Hence, by (3) we get
T = (zf +29)% + 22 (fh — ¢*)
N
> 2%(fh—¢%) "
> pz2?(y* + 2°) f,
giving as required
T > (i) + (Vi)
=T > (\/pz%)? [(Case 3)
This completes the proof of the Lemma 1.2. (N

Next we prove Theorem 1.1 part (i), i.e. for binary forms. This was also
used as a helping lemma in the proof of above lemma:
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Lemma 1.3. If f is a binary psd form of degree m, then f is a sum of
squares of binary forms of degree m/2, that is, Py = >, ,, - In fact, f is
sum of two squares.

Proof. If f is a binary form of degree m, we can write

fla,y) =D ax*y™ ™" o R
k=0

m k
T
:ym Ce | — )

where m is an even number and ¢,, # 0, since f is psd.

Without loss of generality let ¢, = 1.

Put ¢(t) = Z ct”.
k=0

m/2
Over C, ¢g(t) = H(t — 26)(t — Zk); 2k = ag +iby, ai, by, € R
k=1
m/2
- H ((t —ap)* + bi)
k=1

m/2

= f(z,y) = ymg(g) =11 ((w — ary)® + bigﬁ).

Then, using iteratively the identity
(X2 4+ Y2)( 22+ W?) = (XZ - YW)2+ (YZ + XW)2,
we obtain that f(x,y) is a sum of two squares. O

Example 1.4. Using the ideas in the proof of above lemma, we write the
binary form

f(z,y) = 22° 4+ y® — 3aty?
as a sum of two squares:

Consider f written in the form

fla,y) = (26)6 +1 —3(3)4)

The polynomial g(t) = 2t5 — 3t* +1. This polynomial has double roots 1 and
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1
—1 and complex roots +—i.
b V2
Thus
1
g(t) =2(t = 1)*(t + 1)*(t* + 5) = 2 — 1222 + 1).
Therefore, we have

x
fla,y) = y6g(§) = (2* = y")* (22" + ) = 207(2" — ") + (2" — )’
written as a sum of two squares. |

Next we prove Theorem 1.1 part (ii), i.e. for quadratic forms:

Lemma 1.5. If f(zy,...,,2,) is a psd quadratic form, then f(z1,...,,z,)
is sos of linear forms, that is, Pno =), .

Proof. It f(z1,...,2,) is a quadratic form, then we can write
n
flzy,... x,) = Z r;a;;x;, where A = [a;;] is a symmetric matrix with
ij=1
Qg5 € R.

We have f = XTAX, where X7 = [z1,...2,].

By the spectral theorem for Hermitian matrices, there exists a real orthogonal
matrix S and a diagonal matrix D = diag(dy, ..., d,) such that D = STAS.
Then

f=XTSSTA SSTX = (STX)TSTA S (STX).
Putting Y = [y, ..., vy, = STX, we get
f=YTSTASY =YTDY = dy® d €R.
=1

Since f is psd, we have d; > 0 V i, and so

f= zn: (\/d_lyz>2
i=1
Thus,

flzy, ... x,) = Z (@(sl,ixl + ...+ sn,ixn)>2,

=1

that is, f is sos of linear forms. O
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NGV VN

1. PROOF OF HILBERT’S THEOREM (Continued)

Theorem 1.1. (Recall) (Hilbert) >° =Py, iff
(i) n=2or
(i) m=2or
(iii) (n,m) = (3,4).

And in all other cases > = C Pum -

n,m -+

Note that here m is necessarily even because a psd polynomial must have
even degree (see Lemma 2.3 in lecture 6).

We have shown one direction (<) of Hilbert’s Theorem (1.1 above), i.e.
ifn=2orm=2or (n,m)=(3,4), then > =P, To prove the other

direction we have to show that:
> C Pnm forall pairs (n,m) s.t. n > 3,m >4 (m even) with (n,m) #

(1)

(3,4).
Hilbert showed (using algebraic geometry) that ) 5, C Pagand Y, , © Paa.
This is a reduction of the general problem (1), indeed we have:

Lemma 1.2. If 3 5 C Py and }_, , & Pug, then

1
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Yoo C P foralln>3,m>4 and (n,m) # (3,4), (m even).

n,m =

Proof. Clearly, given F' € Ppyp — >, ., then F € Ppyj o — Znﬂ, ., for all
J=0.

Moreover, we claim: F' € Pn,m_zn,m = 23F € Py, ma2i—. Vi>0

n, m+21

Proof of claim: Assume for a contradiction that

k
fori=1 :E%F(ail,...,xn):ij?(wl,...,xn),
j=1

then L.H.S vanishes at 1 = 0, so R.H.S also vanishes at x; = 0.
So x1|f; ¥ j, so 3| f7 ¥ i. So, R.H.S is divisible by 27. Dividing both sides
by 7 we get a sos representation of F, a contradiction since F ¢ 3 . O

So we just need to show that: Y . C Psg, and >, , C Paa.

Hilbert described a method (non constructive) to produce counter examples
in the 2 crucial cases, but no explicit examples appeared in literature for next
80 years.

In 1967 Motzkin presented a specific example of a ternary sextic form that
is positive semidefinite but not a sum of squares.

2. THE MOTZKIN FORM

Proposition 2.1. The Motzkin form
M(z,y,z) = 2° + aty® + 2y — 32%y?2% € Pyg — Y 44

Proof. Using the arithmetic geometric inequality (Lemma 2.2 below) with

a1 = 25, a9 = 2*y?, a5 = 2%y and a; = = a3 = 3’ clearly gives M > 0.

Degree arguments and exercise 3 of UB 6 from Real Algebraic Geometry

course (WS 2009-10) gives M is not a sum of squares O
Lemma 2.2. (Arithmetic-geometric inequality I) Let a1, az,...,a, >0
;n > 1. Then

ay+as+ ...+ ay
n

3=

Z (a1a2 Ce an)

Lemma 2.3. (Arithmetic-geometric inequality II) Let o; > 0, a; > 0;

1=1,...,n with Zai: 1.Then

=1
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aja; + ...+ aga, —ait.ooal >0

n

(with equality iff all the x; are equal).

Proof. Exercise 2 in UB 5.

3. ROBINSON’S METHOD (1970)

In 1970’s R. M. Robinson gave a ternary sextic based on the method described
by Hilbert, but after drastically simplifying Hilbert’s original ideas. He used
it to construct examples of forms in Py 4 — >, , as well as forms in Pzg—> 54

This method is based on the following lemma:

Lemma 3.1. A polynomial P(z,y) of degree at most 3 which vanishes at
eight of the nine points (z,y) € {—1,0,1} x {—1,0,1} must also vanish at
the ninth point.

Proof. Assign weights to the following nine points:
1, ifx,y==+1
w(z,y) =< =2, if (x==x1,y=0)or (z =0,y = +£1)
4 ifx,y=0

Define the weight of a monomial as:
9

w(zkyl) = Zw(qi)xkyl(qi) , for ¢; €{-1,0,1} x {-1,0,1}

i=1
Define the weight of a polynomial P(x,y) = Z cry Ty as:
kel

w(P) = Z cr w(zty)

k.l
Claim 1: w(z*y") = 0 unless k and [ are both strictly positive and even.

Proof of claim 1: Let us compute the monomial weights

e if k=0, > 0: then we have
w(zby) =1+ (=) '+ 14+ (=)' + (=2) + (=2)(-1)! =0

e if | =0,k > 0: then similarly we have w(z*y') =0, and
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e if k1 > 0: then we have
0, if either k or [ is odd

w(aty') = 1+ (=D + (=D (=)' = .
4 | otherwise

O (claim 1)
9

Claim 2: w(P) = ZW(Qi)P(Qi)

=1

9
Proof of claim 2: w(P) := ch,z w(xkyl) = Z Chl Zw(qi)xkyl(qi)
kol ol i=1
9
w(g:) Y ey (@) = ) wla) Pla)
kol

=1

9

=1

O (claim 2)
Now, claim 1 and definition of w(P) = if deg(P(z,y)) <3 then w(P) = 0.

Also, from claim 2 we get:
P(1,1)+P(1,-1)+P(-1,1)+P(—1,-1)+(=2)P(1,0)+(—2)P(—1,0)+
(—=2)P(0, 1)+
(—=2)P(0,—1) +4P(0,0) =0

Now verify that if P(x,y) = 0 for any eight (of the nine) points, then we are
left with aP(z,y) = 0 (for some o # 0, « = +1,£2) at the ninth point. [

4. THE ROBINSON FORM

Theorem 4.1. Robinsons form R(z,y,2) = 25 + y% + 20 — (z'y? + 2122 +
iz 4 g2+
2*a? + 2%y?) 4 32*y*2? is psd but not a sos, i.e. R € Pyg— Y 44 -
Proof. Consider the polynomial
P(r,y) = (2 +y* = )(@* —y?)* + (2* = 1)(y* — 1) (2)
Note that R(z,y,z) = Py(z,y,2) = 2°P(z/2,y/2).
By our observation: P, is psd iff P psd; P, is sos iff P is sos,
We shall show that P(z,y) is psd but not sos.
Multiplying both sides of (2) by (2? + y* — 1) and adding to (2) we get:
(22 +y*)P(z,y) = 2°(2* = 1)* +y°(y* — 1)* + (2* +y* — 1)*(2? — »*)* (3)
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From (3) we see that P(z,y) > 0, i.e. P(x,y) is psd.

Assume P(x,y) = Z Pj(x,y)? is sos
J

degP(z,y) =6, so degP; <3V j.

By (2) it is easy to see that P(0,0) = 1 and P(z,y) = 0 for all other eight
points (z,y) € {—1,0,1}*\ {(0,0)}, therefore every P;(x,y) must also vanish
at these eight points.

Hence by Lemma 3.1 (above) it follows that: P;(0,0) =0V j.
So P(0,0) = 0, which is a contradiction. O

Proposition 4.2. The quarternary quartic Q(z,y, z,w) = w*+z%y*+y?22+
1?2% — dayzw is psd, but not sos, i.e., Q € Pyg— > 4, -

Proof. The arithmetic-geometric inequality (Lemma 2.3) clearly implies Q) >
0.

Assume now that ) = Z q? . G € Fug .
J

Forms in F, 5 can only have the following monomials:

2,2
LW XY, T2, TW, Y2, YW, ZW

2 2
:Ll ) y ) 'Z
If 2% occurs in some of the g;, then z* occurs in ¢? with positive coefficient

and hence in Z qu. with positive coefficient too, but this is not the case.

Similarly ¢; does not contain y* and 22.

The only way to write x?w? as a product of allowed monomials is z2w? =
(zw)?.
Similarly for y?w? and z?w?.

Thus each g; involves only the monomials zy, xz, yz and w?.

But now there is no way to get the monomial zyzw from Zq?, hence a

J
contradiction.

O

Proposition 4.3. The ternary sextic S(z,y, z) = xty?+y*22+ 2422 —32%y?22
is psd, but not a sos, i.e., S € Pag— D 54

Proof. Exercise 3 of UB 5. OJ



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 111

POSITIVE POLYNOMIALS LECTURE NOTES
(10: 18/05/10 - BEARBEITET 30/01/19)

SALMA KUHLMANN

Contents

1. Ring of formal power series 1
2. Algebraic independence 4

1. RING OF FORMAL POWER SERIES
Definition 1.1. (Recall) Let S = {¢1,...,9:} C R[X},...,X,], then
Ks:={z€eR"|g(zx)>0Vi=1,...,s},

tom{ Y oo

ordering generated by S.

0. € YR[X]? e = (ey,. .. ,es)} is the pre-

Proposition 1.2. Let n > 3. Let S be a finite subset of R[X] such that
Kg C R" has non empty interior. Then 3 f € R[X] such that f > 0 on R"
and f ¢ Ts .

To prove proposition 1.2 we need to learn a few facts about formal power
series rings:

Definition 1.3. R[[X]] := R[[X},...,X,]] ring of formal power series
in X = (Xy,...,X,) with coefficients in R, i.e. , f € R[[X]] is expressible
uniquely in the form

f=l+it+. .

where f; is a homogenous polynomial of degree ¢ in the variables X1,..., X,
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Here:
e Addition is defined point wise, and

e multiplication is defined using distributive law:

(ifz) (iéh) = (fogo)+(fog1+f190)+(fog2+ frg1+ fogo)+. .. = f: ( Z (fz'%))

So, both addition and multiplication are well defined and R[[X]] is an integral
domain and R[X] C R[[X]] .
Notation 1.4. Fraction field of R[[X]] is denoted by
FIRIX]) = R((X)),

The valuation v : R[[X]] — Z U {oc} defined by:

least i s.t. f; #0 ,if f #0

v(f) = :
00 Jf f =0

extends to R((X)) via

Lemma 1.5. Let f € R[[X]]; f = fx + fe41 + ..., where f; homogeneous of
degree i, fr # 0. Assume that f is a sos in R[[X]].

Then k is even and fj, is a sum of squares of forms of degree &

5.
Proof. f=g¢?+ ...+ g7, and
9i = 9ij + Gijy1 + ..., with j =min{v(g;) ; i=1,...,1l}

k
Thenfoz...:fgj_l:0andf2j:Zgi2j7éO

i=1
So, | =2j. O
1.6. Units in R[[X]]: Let f = fo+ fi+... , with v(f) =0 i.e. fo #0.

Then f factors as
f=a(l+1t); where
a#0,t € R[[X]] and v(t) > 1 with a := fy € R\ {0}; t:= f—lo(fl—kfg—i—...) :
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Lemma 1.7. f € R[[X]] is a unit of R[[X]] if and only if fo # 0 (i.e.
v(f)=0).

1
Proof: l—Hzl—t—i-tQ—..., for t € R[[X]] ; v(t) >1

is a well defined element of R[[X]].
So, if v(f) =0, then f = a(1l +t) with a # 0 gives
1 1

fh= (10 € R{[X]]. O

Corollary 1.8. It follows that R[[X]] is a local ring because I = {f | v(f) >
1} is a maximal ideal (quotient is a field R).

Lemma 1.9. Let f € R[[X]] a positive unit, i.e. fy > 0. Then f is a square
in R[[XT]].

Proof. f=a(l+1t);a>0,v(t) >1
VI=Vavi+t,
1 1
where 1+t := (14+t)Y2 =1+ -t — > + ... is a well defined element of

2 8
R{X]]
O

Lemma 1.10. Suppose n > 3. Then 3 f € R[X] such that f > 0 on R"
and f is not a sum of squares in R[[X]] .

Proof. Let f € R[X] be any homogeneous polynomial which is > 0 on R"
but is not a sum of squares in R[X] (by Hilbert’s Theorem such a polynomial
exists).

Now by lemma 1.5 it follows that f is not sos in R[[X]] . O
Now we prove Proposition 1.2:

Proof of Proposition 1.2. Let S = {g1,...,9s}
e Wlo.g. assume ¢g; Z0, foreachi=1,...,s. So g:= Hgi Z0
i=1

int(Kg) #0 = 3p:=(p1,...,pn) € int(Kg) with Hgi(g) # 0.
i=1
Thus ¢;(p) >0V i=i,...,s .
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e W.l.o.g. assume p =0 the origin
(by making a variable change Y; := X; — p; , and noting that

RY;,....Y,] =R[Xy,...,X,] )
So ¢;(0,...,0) >0 foreachi=14,...,s (i.e. has positive constant term),
that means ¢; € R[[X]] is a positive unit in R[[X]]Vi=1,...,s .
By Lemma 1.9 (on positive units in power series): g; € R[X]|]*VYi=1,...,s.
So the preordering Ts* generated by S = {g1,...,gs} in the ring A := R[[X]]
is just BR[[X])%.
Now using Lemma 1.10 : 3 f € R[X], f > 0 on R" but f is not a sum of
squares in R[[X]] (i.e. f ¢ SR[[X]]?> = T*EX)
So clearly f ¢ Ts . O(Proposition 1.2)

Proposition 1.2 that we just proved is just a special case of the following
result due to Scheiderer:

Theorem 1.11. Let S be a finite subset of R[.X] such that K¢ has dimension
> 3.

Then 3 f e RX];f>0onR" and f ¢ Ts .

To understand this result we need:
(1) a reminder about dimension of semi algebraic sets, and

(2) more facts about non singular zeros.

2. ALGEBRAIC INDEPENDENCE

Let E/F be a field extension:

Definition 2.1. (1) a € E is algebraic over F' if it is a root of some non
zero polynomial f(z) € Flz|, otherwise a is a transcendental over F'.

(2) A ={a,...,a,} C FE is called algebraically independent over F' if
there is no nonzero polynomial f(xy,...,z,) € Flz1,...,x,]s.t. flar,...,a,) =
0.

In general A C F is algebraically independent over F' if every finite subset

of A is algebraic independent over F'.

(3) A transcendence base of E/F is a maximal subset (w.r.t. inclusion)
of E which is algebraically independent over F'.
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1. ALGEBRAIC INDEPENDENCE AND TRANSCENDENCE DEGREE

Definition 1.1. (Recall) Let E/F be a field extension:

(1) A C F is called algebraically independent over F' if V ay,...,a, € A
there exists no nonzero polynomial f € F[Xy,...,X,]s.t. f(a1,...,a,) =0.

(2) A C E is called a transcendence basis of E//F if A is a maximal subset
(w.r.t. inclusion) of E which is algebraically independent over F'.

Lemma 1.2. Let E/F be a field extension.

(1) (Steinitz exchange) S C F is algebraically independent over Fiff V s €
S : s is transcendental over F(S — {s}) (the subfield of E generated by

S —{s}).

(2) S C E is a transcendence base for E/F iff S is algebraically independent
over I’ and E is algebraic over F'(S). O

Proof. Exercise 1 of UB 6.

Theorem 1.3. The extension E/F has a transcendence base and any two
transcendence bases of E//F have the same cardinality.

Proof. The existence follows by Zorn’s lemma and the second statement uses
the Steinitz exchange lemma (above). O



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 116

POSITIVE POLYNOMIALS LECTURE NOTES (11: 20/05/10) 2

Definition 1.4. The cardinality of a transcendence base of E/F is called
the transcendence degree of E/F, denoted by trdeg (E) over F.

2. KRULL DIMENSION OF A RING

Definition 2.1 Let A be a commutative ring with 1.

(1) A chain of prime ideals of A is of the form
{0} CpoCTp1 C...Cpr C... C A, where p; are prime ideals of A.

(2) The Krull dimension of A, denoted by dim (A) is defined to be the
maximum k such that there is a chain of prime ideals of length k in A, i.e.
9o C o1 C ... C o [dim(A) can be infinite if arbitrary long chains].

Theorem 2.2. Let F be a field and I be any prime ideal in F'[X]. Then

an (53 s (1 (55))

Recall 2.3. For S C F™
Z(S) ={f e FIX] | f(z) =0,V z €5}

is the ideal of polynomials vanishing on S.

Definition 2.4. Dimension of semi-algebraic sets C R": Let K C R"
be a semi-algebraic set. Then

. . R[X
dim (K) := dim ( % ) :
In the lecture 10 (Proposition 1.2) we have proved the following proposi-
tion:

Proposition 2.5. Suppose n > 3. Let S = {g1,...,9s} be a finite subset of
R[X] such that Kg C R" and int(Kg)# 0. Then there exists f € R[X] such
that f >0on R" and f ¢ Ts .

This is just a special case of the following result due to Scheiderer:

Theorem 2.6. (Scheiderer) (Theorem 1.11 of lecture 10) Let S be a finite
subset of R[X] and Kg C R" s.t. dimKg > 3. Then there exists f € R[X];
f>0onR" and f ¢ Ts.
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To deduce Proposition 2.5 using Theorem 2.6 it suffices to prove the following
lemma:

Lemma 2.7. Let K C R" be a semi algebraic subset. Then
int(K) # ¢ = dim (K) =n

R[X
Proof. We have dim (K) = dim ( A), and

we claim that Z(K) = {0} :
fE€I(K)= f=0on K= f=0onint (K) = f vanishes on a nonempty
——

(#¢)
open set = f =0 (by Remark 2.2 of lecture 2).
So, dim (K) = dim (R[X]) = trdeg (R(X)) over R
=N |:|

3. LOW DIMENSIONS

Proposition 3.1. Let n = 2, Kg C R? and Ky contains a 2-dimensional
affine cone. Then 3 f € R[X,Y]; f >0 on R? f ¢ Tg.

Definition 3.2. (For n = 1) Let K be a basic closed semi algebraic subset
of R. Then K is a finite union of intervals.

The natural description S of K as basic closed semi algebraic subset is defined
as

1. if a € R is the smallest element of K, then take the polynomial X —a €
S

2. if a € R is the greatest element of K, then take the polynomial a — X €
S

3. ifa,be K,a<b, (a,b)NK = ¢, then take the polynomial (X —a)(X —
by e S

4. no other polynomial should be in S.

Proposition 3.3. Let K C R be a basic closed semi algebraic subset and S
is the natural description of K. Then V f € R[X]

f>0on K = feTs,
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i.e. for every basic semi algebraic subset K of R, there exists a description
S (namely the natural) so that T is saturated.

Proposition 3.4. Let K C R be a non-compact basic semi algebraic subset
and S" be a description of K. Then

Ty is saturated <> S D S (up to a scalar multiple factor).

Remark 3.5. Summarizing:

(1) dim(Kg) > 3 = Tg is not saturated.

(2) dim(Ks) =2 = Ts can be or cannot be saturated (depending on the
geometry of K and S).

(3) dim(Kg) = 1 = Tg can be or cannot be saturated [but depends on K
and description S of K).

After all this discussion about positive polynomials, strictly positive poly-
nomials, we now want to show Schmiidgen’s Positivstellensatz:

Theorem 3.6. (Schmiidgen’s Positivstellensatz) Let S = {g1,...,9s} be a
finite subset of R[X7,...,X,] and Kg C R" be a compact basic closed semi
algebraic set. And let f € R[X] s.t. f >0 on Kg. Then f € T.

Note that this holds for every finite description S of K.

To prove this we first need Representation Theorem (Stone-Krivine, Kadison-
Dubois), which will be proved in the next lecture.
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1. SCHMUDGEN’S POSITIVSTELLENSATZ

Theorem 1.1. (Recall 3.6 of lecture 11) Let S = {¢1,..., g5} be a finite sub-
set of R[X7,..., X,] and Kg C R" be a compact basic closed semi algebraic
set. And let f € R[X]s.t. f>0on Kg. Then f € Ty .

To prove this we first need Representation Theorem (Stone-Krivine, Kadison-
Dubois):
2. REPRESENTATION THEOREM (STONE-KRIVINE, KADISON-DUBOIS)
Let A be a commutative ring with 1. Let
X := Hom(A,R) = {a | «: A— R,a ring homomorphism}.
Notation 2.1. If M C A denote
xu ={aex|aM)CR,}.

Notation 2.2. For a € A define a map
a:x—R by
a(a) == ala)



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 120

POSITIVE POLYNOMIALS LECTURE NOTES (12: 25/05/10) 2

Remark 2.3. (i) Let M C A, with notations 2.1 and 2.2 we see that
xar 1= {a € x] a(M) CR,}
={aex|afa) >0,Vaec M}
={aex|ale)>0,Vaec M}

So, xar is “the nonnegativity set” of M in x.
Observation 2.4. a € M = a > 0 on Yy, because if a € xs, then
a(a) > 0 (by definition).
Conversely, answer the question: fora € A,if a>0on yyy =a€ M?
Exkurs 2.5. One can view y = Hom(A,R) as a topological subspace of
(Sper(A), spectral topology) as follows:

1. Embedding of Hom(A,R) in Sper(A) :

Consider the map defined by
Hom(A,R) — Sper(A)
o+ Pa = C(_I(R+),

where (recall that) Sper(A):= {P ; P is an ordering of A }.
Then

(i) this map is well defined i.e. P, C A is an ordering.

(ii) this map is injective : a # = P, # Ps .

(ili) support(P,) = ker «r .

2. Topology on x :

Endow x with a topology : for a € A
{U(a) ={a € x| ala) >0};aec A}
is a subasis of open sets. Then

(iv) for a € A, the map a : x — R is continuous in this topology.

(v) in fact this topology on 'y is the weakest topology on x for which
a is continuous for all a € A,
i.e. if 7 is any other topology on x which makes all these maps
a (for a € A) continuous then 7 has more open sets than this
weakest topology (i.e. U(a) lies in 7).
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(vi) this topology is also the topology induced on x via the embedding
a — P, giving Sper(A) the spectral topology [just use the fact
that a(a) > 0 & a ¢ —P, < a >p, 0. Spectral topology:
Ula) ={P; a¢ =P} ={P[a>p0}].

Now we are back to the question (in Observation 2.4): for a € A, does
a>0on yy=>acM?

Yes under additional assumptions on the subset M that we shall now study:

3. PREPRIMES, MODULES AND SEMI-ORDERINGS IN RINGS

Let A be a commutative ring with 1 and Q C A. Concept of preordering
generalizes in two directions:

(i) Preprimes

(ii) Modules (special case: quadratic modules)

Definitions 3.1. (1) A preprime is a subset 7" of A such that
T+TCT, TTCT; Q CT.
(2) Let T be a preprime of A. M C Ais a T-module if
M+MCM; TMCM; 1eM (ie.TCM).
[Note that in particular, a preprime 7" is a T-module.]
(3) A preprime T of A is said to be generating if 7' — 7 = A .
[Note that if 7" is any preprime then T'— T is already a subring of A because

(t1 —t2) + (t3 — ta) = (t1 +t3) — (f2 + ta)
(t1 — t2)(t35 — ta) = (t1ts + tots) — (t1t4 + tats) ]

Proposition 3.2. Every preordering T" of A is a generating preprime.

1\? 1 1
Proof. (i) For @EQ:E:(—) mn=—+...+—
n n n n? n?

(mn-times)

so Q. CT.
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(ii) Fora € A, a = (1_;_&)2— <1;a>2.

So A=T-T. O

Definitions 3.3. (1) A quadratic module is a T-module over the preprime
T=> A%

(2) A T-module M is proper if (—1) ¢ M.
(3) A semi-ordering M is a quadratic module such that moreover
MU(=M)=A; Mn(—=M)=p is a prime ideal in A.

Proposition 3.4.

(a) Suppose T is a generating preprime and M is a maximal proper T-module,
then M U (—=M) = A.

(b) Suppose T is a preordering and M a maximal proper T-module then
p=Mn(—M)is a prime ideal.

(c) Therefore: if T is a preordering and M is a maximal proper T-module
then M is a semi-ordering.

Proof. Similar to proof in the preordering case
(a) Let a € A, a ¢ MU (—M).
By maximality of M, we have:

—1e€(M+aT)and —1 € (M —aT).

Therefore, —1 = s; + at; and —1 = sy — aty ; for some s1,s9 € M and
t1,to € T.

This implies —at; = 1+ s; and aty = 1 + s9.
So —atite =ty + s1ty and atst; = t1 + Sot;.
So 0=ty +1t; + S1ta + t1S9.
So —t] =ty + s1ty +t159 € M.
Now since T is generating, so pick t3,t4 € T such that a = t3 — t4, then
—1 = sy +aty = 81+ (t3 — ta)t1 = s1 + titg + t4(—t1) € M. This is a
contradiction.
(b) p=MnN—M.
Clearly p+p Cp,—p=p,0€p,Tp Cp.
Since A=T —T = Ap C p. Thus p is an ideal clearly.
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So far we have only used that T is a generating preprime, to show that p is
a prime ideal we need that T is preordering;:

Suppose ab € p,a ¢ p. Without loss of generality assume a ¢ M.
Now this implies: —1 € M +aTl,s0 —1=s+at ;se€ M,teT
= b =sb?+ab’tc M+pC M.

Now since b> € T'C M, this implies b*> € M N —M = p.

So we are reduced to showing: b*> € p = b € p.

Suppose b € p,b ¢ p. Without loss of generality b ¢ M.

Thus —1 = s+ bt, for some s € M andt € T.

So 1+2s+s>=(1+s)?= (=) >=0Vt2ecp=Mn—-M.

Thus —1 = 25 + 5% + (—b*t?) € M, a contradiction since —1 ¢ M.

——
(e M)

(c) Clear. O
Our next aim is to show that under the additional assumption: “M is

archimedian”, then a maximal proper module M over a preordering is an
ordering not just a semi-ordering. This is crucial in proof of Kadison-Dubois.
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1. ARCHIMEDEAN MODULES
Let A be a commutative ring, Q C A, T a preprime.

Definition 1.1. Let M a T-module. M is archimedean if:
Vacec AAZAN>1,NeZ,st. N+a,N—ae M.

Proposition 1.2. Let T be a generating preprime, M a maximal proper
T-module. Assume that M is archimedean. Then 3 a uniquely determined
a € Hom(A,R) s.t. M =a ' (Ry) =P, .

(In particular, M is an ordering, not just a semi-ordering.)

Proof. Let a € A, define:
cut (a) = {r EQ|r—ac M}, this is an upper cut in Q (i.e. final segment
of Q) .

Claim 1: cut(a) # @ and Q\(cut(a)) := L(a) # 0, where L(a) is a lower
cut in Q.

Proof of claim 1. Since M is archimedean 3 n > 1 st. n—a € M, so
cut(a) #0 .

Alsodm>1st. (m+a)e M.

If —(m+1)—a € M, then adding we get —1 € M, a contradiction (since
M is proper). So we have —(m + 1) —a ¢ M, which = —(m + 1) € L(a).

O(claim 1)
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Now define a map a: A — R by
a(a) := inf (cut(a))

« is well-defined.
Claim 2: a(1) =1, a(M) CRy; ala+b) =ala) £ a(b) Va,be A and
a(th) =a(t) alb)VteT be A.
This is left as an exercise.
Claim 3: a(ab) = a(a) a(b) V a,be A
Proof of claim 3. T generating = a =t — to, t1,t0 €T
so, afab) = a(t1b — tab) = a(tia) — a(tsb)

= a(ty)a(b) — a(t:)a(b) [by claim 2]

= (a(t1) — a(tz))a(b) = a(ty — ta)a(b) = a(a)o(b) .

O(claim 3)

Claim 4: o (R+) =M
Proof of claim 4. By Claim 2, M C ! (R+)

so, by maximality of M and since P, = a‘l(R+) is an ordering it follows
that

M=a"'(Ry) . O

Corollary 1.3. Let A be a commutative ring with 1, 7" an archimedean
preprime, M a T-module, —1 ¢ M (i.e. M proper T-module). Then y; # ()

Proof. Since T is archimedean, T' is generating (because a=(n+a)—n, for
a € A) and M is a proper archimedean module (archimedean module because
for an archimedean preprime 7', every T-module is also archimedean). By
Zorn’s lemma extend M to a maximal proper archimedean module ). Apply
Proposition 1.2 to @ to get a € Hom(A,R) such that Q = a™! (R+). This
implies M C o™t (R+). So, & € xar , which implies =y # 0 . O

2. REPRESENTATION THEOREM (STONE-KRIVINE, KADISON-DUBOIS)

The following corollary (to Proposition 1.2 and Corollary 1.3) answers the
question raised in 2.4 of lecture 12:
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Corollary 2.1. (Stone-Krivine, Kadison-Dubois) Let A be a commu-
tative ring, T an archimedean preprime in A, M a proper T-module. Let
a € A and

a:x — R defined by
a(a) = a(a)

If a>0o0on xu,thenae M .

Proof. Assume a > 0on xu, ie. ala) >0V a€ xu.
To show: a € M

e Consider M; =M — aT

Since a(a) > 0V « € xr, we have xp, = (0 [because if a € yuy,, then
a(M;) CR,. So, a(—a) = —a(a) > 0. So, a(a) <0, but « € xpr so
a(a) > 0, a contradiction].

So (since M; is an archimedean T-module), we can apply Corollary 1.3
to M; to deduce that —1 € M; .

Write —1=s—at ,se M,teT
= at—1=se€M (%)

e Consider Y :={reQ|r+ac M}
We claim that: 3 pe > p<0

Once the claim is established we are done (with the proof of corollary)
because
a=(a+p)+(—p)eM.

—— =

e M e M
Proof of the claim: First observe that > # () (since dn>1st nta €
TCM,so n€e). )
Now fix r € >, r > 0 and fix an integer k > 1 st (k—t) €T
Write: kr—1+ka=(k—t)(r+a)+(at—1)+ _rt € M
S——

—_— =
eT €M eM €M

1
Multiplying by T we get

(r—%>+a€M,i.e. <T—%> €y,

Repeating we eventually find pe€ >, p<0. O
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Note 2.2. For a quadratic module M C R[X], set
Ky ={zeR"|g(x)>0V ge M}.
Note that if M = Mg with S = {g1,...,9s}, then Kg = Ky;.

We have the following corollaries to Corollary 2.1. (Stone-Krivine, Kadison-
Dubois):

Corollary 2.3. (Putinar’s Archimedean Positivstellensatz) Let M C
R[X] be an archimedean quadratic module. Then for each f € R[X]:

f>OOIlKM:>f€M.

Corollary 2.4. Let A = R[X] and S = {g1,...,9s}. Assume that the
finitely generated preordering T is archimedean. Then for all f € A:

f>0 on Kg= fels.

Remark 2.5.

1. To apply the corollary we need a criterion to determine when a pre-
ordering (quadratic module) is archimedean.

2. T is archimedean = for f =Y X?: I Nst. N—f=N-> X? €Ty
= N-> X?>0on Kg.
= Ky is bounded. Also Ky is closed.

So Ts is archimedean implies Kg is compact.
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1. RINGS OF BOUNDED ELEMENTS

Let A be a commutative ring with 1, Q C A and M be a quadratic module
C A

Definition 1.1. Consider
By={a€A|3IneNst.n+aandn—aec M},
By is called the ring of bounded elements, which are bounded by M.

Proposition 1.2.
(1) M is an archimedean module of A iff By, = A.
(2) By is a subring of A.
(3)Va€e A, a* € By = a € By,.
k
(4) More generally, V aq, ..., a; € A, Za? €EBy=a,€ByVi=1,... k.
i=1

Proof. (1) Clear.

(2) Clearly Q C By and B)y; is an additive subgroup of A.
To show: a,b € By = ab € By
Using the identity



Reelle Algebraische Geometrie | - Wintersemester 2018/2019 Seite 129

POSITIVE POLYNOMIALS LECTURE NOTES (14: 01/06/10) 2

ab = i[(&—i—b)2 — (a —b)?],
we see that in order to show that Bj; is closed under multiplication it is
sufficient to show that: Va € A: a € By = a® € By,.
Let a € Byy. Then n 4+ a € M for some n € N. Now n?+a’ € M.
Also 2n(n? —a?) = (n? — a®)[(n + a) + (n — a)].
1

So. (n” —a?) = 5| (n+a)(n” ~a*) + (n— a)(n’ ~ a?)]

= [+ —a)+ (- Pt a)] € M

So (n? + a?) and (n* — a®) both € M. So by definition a® € Byy. 0 (2)
(3) Assume a® € By, Say n—a®> € M, for n > 1,n € N, then use the
identity:
1

(n+a)= 5[(n—1)—|—(n—a2)+(aj:1)2] e M.
So, a € B 0 @3)
(4) If Y- a? € By Say (n— Y. a?) € M, then

(n—a?) = (n—Za?) +Za§ e M.

JFi
So, a? € By and so by (3), a; € By,. 0O (4)

Corollary 1.3. Let M be a quadratic module of R[.X]. Then M is archimedean
iff there exists N € N such that .

N-Y XeM
i=1
Proof. (=) Clear.
(<) First note that Ry € M so, R C By (B) subring).

Also N—Z X? and N+Z X? € M. Therefore by definition Z X? € By
i=1 i=1 i=1

So (by Proposition 1.2) X,...,X,, € By;. Thisimplies R[X3,..., X,] C By

and so M is archimedean. O

2. SCHMUDGEN’S POSITIVSTELLENSATZ

Theorem 2.1. Let S = {g1,...9s} € R[X]. Assume that K = Kg =
{z | gi(z) > 0} is compact. Then there exists N € N such that
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N — Zn: XeTs=T.
In particular Ty is an archimedz::aln preordering (by Corollary 1.3) and thus
Vi eR[X]: f>0o0n Kg= f €Ts.
Proof. [Reference: Dissertation, Thorsten Wormann]|
e K compact = K bounded = 3 k € N such that (k: - ix}) >0 on
K. -

e By applylng the Positivstellensatz to above we get: d p,q € Ts such

thatp< ZX2>—1+q SOp( ZX2> (1+q)( —;Xf>.
So, 1+q< ZXQ)ETS

o Set T =T+ (k: — ZXE)T. By Corollary 1.3, T" is an archimedean
i=1
preordering. Therefore 3 m € N such that (m — ¢) € T'; say: m —q =
t1 4+t (k — ZXE) for some tq,t5 € T.
i=1

e So, (m—q)(14+q) = ti(1 + q) +t2<k— in)(l +q) € Ts. So

(m—q)(1+q) € Ts. -

e Adding
(m—q)(1+q) =mqg—q° +m—qeTs, (1)
m 2 m?
<§—q> = +ta —mgeTs (2)
yields
2
m
(m—i—T—q) € Ts. (3)

e Multiplying L.H.S. of (3) by k € Ts, and adding (k:— ZXE) (1+q) €

Ts and q(ZX?) € Tg, yields
i=1
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2

k(m+%—q> ( ZX2>1+q +q<ZX2)eTS

=1

2
ie. km—kk:z—l—k: ZX SN

: 2

ie. k <E ) ZX €Ty

SetN::k(%—Fl). O
(End of Schmiidgen’s Positivstellensatz)

2.2. Final Remarks on Schmiidgen’s Positivstellensatz (SPSS):

1. Corollary (Schmiidgen’s Nichtnegativstellensatz):
f>0on Kg=Vereal,e >0: f+e€€Ts.

2. SPSS fails in general if we drop the assumption that “K is compact”.
For example:

(i) Consider n =1, S = {X3}, then Kg = [0,00) (noncompact). Take
f=X+1. Then f > 0 on Kg. Claim: f ¢ Tg, indeed elements of
Ts have the form tq + t; X3, where to,t; € > R[X]?>. We have shown
before at the beginning of this course (in 2.4 of lecture 2) that non zero
elements of this preordering either have even degree or odd degree > 3.

(ii) Consider n > 2,8 = 0, then Kg = R". Take strictly positive
versions of the Motzkin polynomial
m(X1, Xo) = 1 — X2X2 + X2X} + X1X2,

ie. me:=m(Xy,Xo)+e;e€Ry. Thenm,>0on Kg = R?, and it is
easy to show that m. ¢ Ts = Y R[X]* Ve € R,.

3. SPSS fails in general for a quadratic module instead of a preordering.
[Mihai Putinar’s question answered by Jacobi + Prestel in Dissertation
of T. Jacobi (Konstanz)]

4. SPSS fails in general if the condition “f > 0 on Kg” is replaced by
“f>0on Kg”.
Example (Stengle): Consider n = 1,5 = {(1 — X?)*}, K¢ = [-1,1]
compact. Take f :=1—X? > 0on Kg but 1—X? ¢ Ts. (This example
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has already been considered at the beginning of this course in 2.4 of
lecture 2).

5. PSS holds for any real closed field but not SPSS:

Example: Let R be a non archimedean real closed field. Take n
1,S = {(1 — X?)3}, then Kg = [—1 1]R—{xER]—1<a:<1}
Take f = 1+t — X? where t € R>" is an infinitesimal element (i.e.

0 < t < ¢, for every positive rational €). Then f > 0 on Kg. We claim
that f ¢ Ts:

Let v be the natural valuation on R. So v(t) > 0. Now suppose for a
contradiction that f € Ts. Then

L+t —X?=f=to+t(1 - X?)% to,t, € 3° R[IX]* (1)
Let t; =3 f7 ;fori=0,1and f; € R[X].

Let s € R be the coeflicient of the lowest value appearing in the f;;,
i.e. v(s) = min{v(a) | a is coefficient of some f;;}.

Case L. if v(s) > 0, then applying the residue map (Hv — R = I—U;

defined by z —— Z, where 0, is the valuation ring ) to (1), we obtairvl
1— X% =1 +t(1—X?)>3

and since ¢; = Z:f_”2 € Y. R[X]%i = 0,1; we get a contradiction to

Example 2.4 (ii) of Lecture 2.

Case II. if v(s) < 0. Dividing f by s* and applying the residue map we
obtain
_ 2
0= 2 + = 2 (1—X?)3

(Note that v(s®) = 2v(s) is min{v(a)}; a is coefficient of some f7,
2

ie. v(s?) < v(a) for any coefficient a, so —2 has coefficients with

value > O.)

So we obtain

0=ty +t,(1 — X?)%, with ty, £, € S R[X]? not both zero.
Since t,,; have only finitely many common roots in R and 1 — X2 > 0
on the finite set (—1, 1), this is impossible. O(claim)

6. SPSS holds over archimedean real closed fields.
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1. SCHMUDGEN’S NICHTNEGATIVSTELLENSATZ

1.1. Schmiidgen’s Nichtnegativstellensatz (Recall 2.2.1 of lecture 14): Let K
be a compact basic closed semi algebraic set and f € R[X]. Then

f>0onKg = Vereal, e >0: f+eeTs.

Corollary 1.2. Let K = Ky be a compact basic closed semi algebraic set and
L # 0 be a linear functional L : R[X] — R with L(r) = r V r € R. Then

L(Ts) >0 - L(Psd(Ky)) = 0
—_———— —_—
(ie. L(f) =20V feTs) (ie. L(f) =0V f >0onKjy).

Proof. Wlo.g. L(1) =1,L # 0. Let f € Psd(Ky) and assume L(7Ts) > 0,

To show: L(f) > 0

Byl.1,Ve>0:f+eeTs

So, L(f +€) >0 ie. L(f) > —e Y € > O real

= L(f) >0. O

We shall now relate this to the problem of representation of linear functionals
via integration along measures (i.e. f du).
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2. APPLICATION OF SPSS TO THE MOMENT PROBLEM

Let X be a Hausdorff topological space.

Definition 2.1. X is locally compact if ¥ x € X Jopen U in X s.t. x € U and U
(closure) is compact.

Notation 2.2. B°(X) := set of Borel measurable sets in X
= the smallest family of subsets of X containing all compact
subsets of X, closed under finite | J, set theoretic differen-
ce A\ B and countable ().

Definition 2.3. A Borel measure p on X is a positive measure on X s.t. every
set in B(X) is measurable. We also require our measure to be regular i.e. VB €
B(X)and ¥V e > 0 A K, U € BX),K compact, U open s.t. K C B C U and
H(K) + € > u(B) = u(U) — €.

2.4. Moment problem is the following:

Given a closed set K € R" and a linear functional L : R[X] — R
Question:

when does 3 a Borel measure pon K s.t. V f € R[X] : L(f) = ffd,u ?7 (1)

Necessary condition for (1): V f e R[X], f >0on K = L(f) >0 (2)

in other words: L(Psd(K)) > 0 3)

Is this necessary condition also sufficient?
The answer is YES.

Theorem 2.5. (Haviland) Given K C R" closed and L : R[X] — R a linear
functional with L(1) > O:

Juasin(1)iffV f e R[X]: L(f) >0if f >0on K.

We shall prove Haviland’s Theorem later. For now we shall deduce a corollary
to SPSS.

Corollary 2.6. Let Ky = {x| gi(x) > 0;i=1,...,s} C R" be a basic closed semi-
algebraic set and compact, L : R[X] — R a linear functional with L(1) > 0. If

L(Ts) > 0, then d u positive Borel measure on K s.t. L(f) = ffd,u VY f € RIX].
Ks
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Remark 2.7. Let S = {gy,..., g}
1. L(Ts) > 0 can be written as
L(W?gS...g*) 20V heR[X],ey,...,es €1{0,1}.

2. Compare Haviland to Schmiidgen’s moment problem, for compact Kg: we do
not need to check L(Psd(Ky)) > 0 we only need to check L(7s) > 0.

3. Reformulation of question (1) (in 2.4) in terms of moment sequences:

Let L : R[X] — R, with L(1) = 1. Consider {X* = X{'...X,"; @ € Nj} a
monomial basis for R[X]. So L is completely determined by the (multi)sequence
of real numbers (@) = L(X%) ; @ = (a1,...,a,) € Nj (le. 7: Nj — Risa
function) and conversely, every such sequence determines a linear functional L :

L) aX") = > a,L(X?).

24 @

So, (1) (in 2.4) can be reformulated as:
Given K C R" closed, and a multisequence 7 = T(g)aeNg of real numbers, 3 u

positive borel measure on K s.t f X*du =1, forall @ € Ny ?

Definition 2.8. A function 7 : Nj — R is a K—moment sequence if 3 y positive
borel measure on K s.t 7(a) = f X*du forall @ € Nj
K
So (1) can be reformulated as: given K and a function 7 : Nj — R, whenis 7

a K—moment sequence?

Definition 2.9. A function 7 : (Z,)" — R is called psd if

m

ZT(I_Ci+I_€j)CiCjZO,

=1

for m > 1, arbitrary distinctk,,...,k € (Z,)"¢c1y...,cm €ER.

Definition 2.10. Given 7 : (Z,)" — R a function and a fixed polynomial
g(X) = Z ag X* € R[X]. Define a new function g(E). : (Z,)" — R by
k e Zf

gEN(D):= > ayrk+D;foranyle (Z,)"
k e Z+n
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Lemma 2.11. Let L : R[X] — R be a linear functional and denote by

7 (Z) >R

the corresponding multisequence (i.e. T(k) := L(X*) V k € (Z,)").
Fix g € R[X]. Then L(h*g) > 0 for all 1 € R[X] if and only if the multisequence
g(E), is psd.
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hn W N =

1. APPLICATION OF SPSS TO THE MOMENT PROBLEM (continued)

Lemma 1.1. (Lemma 2.11 of last lecture) Let L : R[X] — R be a linear functional
and denote by
7:(Z,)" >R
the corresponding multisequence (i.e. (k) := L(X*) V k € (Z,)").
Fix g € R[X], gX) = Z ap X € R[X]. Then L(h*g) > O for all h € R[X] if
k c Z+)l
and only if the multisequence g(E), is psd.
Proof. Compute:

LX) = Y aatk+D) = g(B)(D; forall L€ (Z,)"
ke Z+n
Thus if h = Z e:Xh € RIX] then h? = ) i XHb,
bj

2. So, L(h’g) = (chjxm = 3 e L(xi )
ij

Nl ,Zg(E)‘r(l_(i'i_l_cj)ciCj- o

[by 1] iJ
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Theorem 1.2. (Schmiidgen’s NNSS) (Reformulation in terms of moment se-
quences) Let K = Kg compact, S = {g1,...,8s} and 7 : (Z")" — R be a given
multisequence. Then 7 is a K-moment sequence if and only if the multisequences
(g} ... & )E) : (Z*)" — R are all psd for all (e, ..., e,) € {0, 1}°. |

Next we reformulate question (1) in 2.4 of Lecture 15 in terms of Hankel
matrices:

2. SCHMUDGEN’S NNSS AND HANKEL MATRICES

We want to understand L(hzg) > 0; h, g € R[X] in terms of Hankel matrices.

Definition 2.1. A real symmetric n X n matrix A is psd if x’ Ax >0V x € R".
An N x N symmetric matrix (say) A is psd if x’Ax > 0¥ x e R"and ¥ n € N.

Definition 2.2. Let L # 0;L : R[X] — R be a given linear functional. Fix
g € R[X]. Consider symmetric bilinear form:
(, )¢ ' RIXIXR[X] >R
(h,k)g := L(hkg) ; h,k € R[X]

Denote by S, the N x N symmetric matrix with af-entry (X=, Xﬁ)g VapeN,
i.e. the ap-entry of S, is L(X** ).
Example. Let g = 1, then

(X% XE)) = LX) = squp.
More generally, if g = 3 a, X* then

(X, )_(é>g = L( Z ay Xg+§+z) = Z Ay Sa+p+y -

Y Y

Proposition 2.3. Let L, g be fixed as above. Then the following are equivalent:

1. L(ocg) >0V o € 3 R[X].

2. L(h’g) >0V h e RIX].

3. (, )gis psd.

4. S, 1is psd.

Proof. (1) & (2) is clear.
Since (h, h), = L(h*g), (2) & (3)is clear.
(3) © (4) is also clear. O
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2.4. Example. (Hamburger) Let n = 1. A linear functional L : R[X] — R comes
from a Borel measure on R if and only if L(c") > 0 for every o € 3 R[X]*.

Proof. From Haviland we know L comes from a Borel measure iff L(f) > O for
every f(X) € R[X],f > 0 on R. But Psd(R) = Y R[X]? (by exercise in Real
Algebraic Geometry course in WS 2009-10). So the condition is clear. O

Remark 2.5. We can express Hamburgers’s Theorem via Hankel matrix S, with
g = 1 the constant polynomial.
n=1,so (for i, j € N) the ij ™ coefficient of Sy is s;1; = L(X"™).

So St 82

S1 Sy ... .
Hence, S| = ) is psd.

Sy ... .

2.1. REFORMULATION OF SCHMUDGEN’S SOLUTION TO THE MOMENT
PROBLEM IN TERMS OF HANKEL MATRICES

2.6. LetS ={gy,...,8 € R[X]and Kg € R" is compact. A linear functional L
on R[X] is represented by a Borel measure on K iff the 2° N x N Hankel matrices
(Sgr gl .. e) €{0, 1)) are psd, where S, := [L(X*Eg)lap s @, € N".

3. FINITE SOLVABILITY OF THE K- MOMENT PROBLEM

Definition 3.1. Let K be a basic closed semi-algebraic subset of R".

1. The K-moment problem (KMP) is finitely solvable if there exists S finite,
S € R[X] such that:
(1) K = Kg, and
(i1) V linear functional L on R[X] we have: L(Ts) > 0 = L(Psd(K)) >0
(equivalently, (iii) L(Ts) > 0 = 3 p: L = [ du).

2. We shall say S solves the KMP if (i) and (ii) (equivalently (i) and (iii))
hold.

3.2. Schmiidgen’s solution to the KPM for K compact b.c.s.a. Let K C R" be
a compact basic closed semi-algebraic set. Then S solves the KMP for any finite
description S of K (i.e. for all finite § C R[X] with K = K).
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One can restate the condition “S solves the K-Moment problem” via the equal-
ity of two preorderings. We shall adopt this approach throughout:

Definition 3.3. Let 75 C R[X] be a preordering. Define the dual cone of T's:
Tg :={L|L:R[X] — Ris alinear functional; L(Ts) > 0},
and the double dual cone:

T = {f|feRIXI;L(f) >0V Le Ty}

Lemma 3.4. For § C R[X], S finite:
(@) Ts CT§Y
(b) 7§ C Psd (Ky).

Proof. (a) Immediate by definition.

(b) Let f € T". To show: f(x) >0V x € K.

Now every x € R" determines an R-algebra homomorphism
ey, := Ly € Hom(R[X], R); L(g) = e),(8) := g(x) ¥ g € R[X],

this L, is in particular a linear functional.

Moreover we claim that L,(7Ts) > O for x € Kg. Indeed if g € T then
L.(g) = g(x) > 0 for x € K.

So, by assumption on f we must also have L,(f) > 0 for x € Kj, i.e.
f(x) > 0forall x € Ky as required.
O

We summarize as follows:
Corollary 3.5. For finite S € R[X]:
Ts C Tg' C Psd(Ks).

Corollary 3.6. (Reformulation of finite solvability) Let K C R" be a b.c.s.a. set
and S € R[X] be finite. Then S solves the KMP iff

() K = Ks, and

(i) TY = Psd(K).
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Proof. Assume (ii) of definition 3.1,1i.e. V L : L(Ts) > 0 = L(Psd(K)) > 0, and
show (jj) i.e. T = Psd(K):

Let f € Psd(K). Show f € T¢" i.e. show L(f) >0V L e T§.

Assume L(Ts) > 0. Then by assumption L(Psd(K)) > 0. So, L(f) > 0 as required.

Conversely, assume (jj) and show (ii):
Let L(Ts) 2 0,1.e. L € T§. Show L(Psd(K)) > 0, i.e show L(f) > 0V f € Psd(K).
Now [by assumption (jj)] f € Psd(K) = f e T = L(f) >0V L e T§. O

We shall come back later to T'¢" and describe it as closure w.r.t. an appropriate
topology.

4. HAVILAND’S THEOREM

For the proof of Haviland’s theorem (2.5 of lecture 15), we will recall Riesz Rep-
resentation Theorem.

Definition 4.1. A topological space is said to be Hausdorff (or seperated) if it
satisfies

(H4): any two distinct points have disjoint neighbourhoods, or

(T,): two distinct points always lie in disjoint open sets.

Definition 4.2. A topological space y is said to be locally compact if V x € y 1
an open neighbourhood U > x such that U is compact.

Theorem 4.3. (Riesz Representation Theorem) Let y be a locally compact
Hausdorff space and L : Cont.(y,R) — R be a positive linear functional i.e.
L(f) >0V f > 0on y. Then there exists a unique (positive regular) Borel mea-

sure ¢ on y such that L(f) = ffd,u vV f € Cont.(y,R), where Cont.(y,R) :=
X

the ring (R-algebra) of all continuous functions f : y — R (addition and multipli-
cation defined pointwise) with compact support i.e. such that the set supp(f) :=
{x € xy : f(x) # 0} is compact.

Definition 4.4. L positive means:

L(f) >0V f € Contc(y,R) with f > 0 on y.





