Thermoelasticity with second sound — Exponential stability in linear and nonlinear 1-d

Reinhard Racke^∗

Department of Mathematics and Statistics, University of Konstanz, 78457 Konstanz, Germany

Dedicated to Professor Rolf Leis on the occasion of his seventieth birthday in 2001

Abstract: We consider linear and nonlinear thermoelastic systems in one space dimension where thermal disturbances are modeled propagating as wave-like pulses traveling at finite speed. This removal of the physical paradox of infinite propagation speed in the classical theory of thermoelasticity within Fourier’s law is achieved using Cattaneo’s law for heat conduction. For different boundary conditions, in particular for those arising in pulsed laser heating of solids, the exponential stability of the now purely, but slightly damped, hyperbolic linear system is proved. A comparison to classical hyperbolicparabolic thermoelasticity is given. For Dirichlet type boundary conditions — rigidly clamped, constant temperature — the global existence of small, smooth solutions and the exponential stability are proved for a nonlinear system.

1 Introduction

We consider first the linear equations of thermoelasticity that model the second sound effect. If u = u(t, x), θ = θ(t, x) and q = q(t, x) for t ≥ 0, x ∈ (0, L) ⊂ R^1 for some fixed L > 0, denote the unknown functions representing the displacement, the temperature difference to a fixed reference temperature, and the heat flux, respectively, the differential equations for u, θ, q are u_{tt} − αu_{xx} + βθ_x = 0, (1.1) θ_t + γq_x + δu_{tx} = 0, (1.2) τ_0q_t + q + κθ_x = 0, (1.3)

where α, β, γ, δ, τ_0 , κ are positive constants, appropriate for an underlying homogeneous medium. In particular, τ_0 is the relaxation time, a parameter being small in comparison to the others and responsible with the term τ_0q_t in (1.3) that we have a hyperbolic system. (1.3) represents Cattaneo’s law of heat conduction modeling thermal disturbances as wave-like pulses traveling at finite speed. This way, the well-known physical paradox of infinite propagation speed in the classical thermoelastic theory, or the classical pure theory of heat conduction, where instead

0AMS subject classification: 74 F 05, 74 H 40

∗E-mail: reinhard.racke@uni-konstanz.de

of Cattaneo’s law (1.3) Fourier’s law of heat conduction is used, is removed. Fourier’s law corresponds to τ_0 = 0 in (1.3), i.e.

q + κθ_x = 0, (1.4)

which turns (1.2) into

θ_t − κθ_{xx} + δu_{tx} = 0, (1.5)

and (1.1), (1.5) are the ”classical” equations of thermoelasticity.

For a discussion of this model second sound see [14, 18, 21, 2], for classical thermoelasticity [1, 10], for instance. In section 6 the (nonlinear) equations are derived.

For the classical system without second sound, i.e. for (1.1), (1.5), it is known for various boundary conditions that solutions to initial boundary value problems are exponentially stable, i.e. they tend to an equilibrium state exponentially fast, in a uniform manner. In other words, the impact of dissipation given through heat conduction, modeled by Fourier’s law and connected to the displacement by the differential equations (1.1), (1.5), is strong enough to also damp the displacement in an exponential manner. By the way, this is not true in general in higher dimensions, cp. [11, 12, 9, 10]. Here we address the question whether the even weaker dissipation in a now purely hyperbolic system as (1.1)–(1.3) is still predominating to assure that the whole system, in particular the displacement, is decaying exponentially as time tends to infinity. Prescribing initial conditions,

u(0, ·) = u_0, u_t(0, ·) = u_1, θ(0, ·) = θ_0, q(0, ·) = q_0, (1.6)

we shall give a positive answer to this question for various boundary conditions as there are:

I. A rigidly clamped medium with zero heat flux on the boundary,

u(t, 0) = u(t, L) = q(t, 0) = q(t, L) = 0, t ≥ 0. (1.7)

II. A rigidly clamped medium with temperature held constant on the boundary,

u(t, 0) = u(t, L) = θ(t, 0) = θ(t, L) = 0, t ≥ 0. (1.8)

III. Mixed boundary conditions: Dirichlet type (1.8) in x = L and free boundary conditions at x = 0,

αu_x(t, 0) − βθ(t, 0) = 0, θ_x(t, 0) = 0, (1.9)

u(t, L) = θ(t, L) = 0. (1.10)

The last boundary conditions arise in pulsed laser heating of solids, for instance in laser assisted particle removal from silicon wafers, cp. [23, 20, 15]. Actually these applications were the reason for our studies observing that there is very little in the literature concerning the asymptotic stability of thermoelastic systems with second sound. One should mention a paper by Sherief [19] where the stability of the null solution also in higher dimension is proved, and the work of Tarabek [22] who studied even nonlinear systems in 1-d and obtained, as a by-product, for the boundary conditions (1.7) the strong convergence of derivatives of solutions to zero. The rate of decay, an exponential stability result, is not given. To prove the latter for various boundary conditions is one of our tasks. It will be necessary to construct suitable Lyapunov functions for each set of boundary conditions and to combine various techniques from energy methods, multiplier approach and boundary control, cp. [16, 17, 10]. It will also be possible to explicitly control the decay rates obtained, cp. the application in pulsed laser heating, and also a comparison to the classical case τ_0 = 0 will be presented. Finally we discuss nonlinear systems under the boundary conditions (1.8), and we shall prove the global existence of small solutions and the exponential stability.

The paper is organized as follows: In section 2 we shall look at the boundary conditions (1.7), prove the exponential stability, control the constants arising in terms of the data α, β, γ, δ, τ_0 being the material coefficients, and compare it to the case τ_0 = 0. The exponential stability for the boundary conditions (1.8) and for (1.9), (1.10) is proved in section 3 and 4, respectively. In section 5 we provide arguments for showing that the two systems, either τ_0 > 0 or τ_0 = 0, are close to each other, in the sense of energy estimates, of order τ^2_0 . In section 6 we derive the (nonlinear) equations and present the local well-posedness under the boundary condition (1.8). A global existence theorem is proved in section 7 together with the exponential stability. Finally and for completeness we discuss the well-posedness of the initial boundary value problem in section 8 in a semigroup setting, with less assumption than in the nonlinear well-posedness result from section 6.

2 Rigidly clamped and zero heat flux

First we consider the differential equations

u_{tt} − αu_{xx} + βθ_x = 0, (2.1) θ_t + γq_x + δu_{tx} = 0, (2.2) τ_0q_t + q + κθ_x = 0 (2.3)

with initial conditions

u(0, ·) = u_0, u_t(0, ·) = u_1, θ(0, ·) = θ_0, q(0, ·) = q_0, (2.4)

and the boundary conditions modeling a rigidly clamped medium with zero heat flux on the boundary, i.e.

u(t, 0) = u(t, L) = q(t, 0) = q(t, L) = 0. (2.5)

This boundary condition, also having been studied in [22], is somehow the easiest one with respect to boundary integrals that appear in constructing an appropriate Lyapunov function. While in classical thermoelasticity (τ_0 = 0) the system of differential equations is hyperbolicparabolic, we observe that (1.1)–(1.3) is purely hyperbolic, but damped hyperbolic. In fact, rewriting (1.1)–(1.3) for W := (u_x, u_t, θ, q) we see that W satisfies

W_t = AW_x + B(W ), (2.6) where

A :=

0 1 0 0 α 0 −β 0 0 −δ 0 −γ 0 0 −κ/τ_0 0

, B(W ) := 0 0 0 −^1_{τ0} q .

Computing det(A − λ), λ ∈ C , we get

det(A − λ) = λ^4 − λ^2 [ γκ τ_0 + βδ + α ] + γκα τ_0 hence the four real, district eigenvalues of A are

λ_{1|2|3|4} = ± √ γκ τ_0 + βδ + α ± √ (βδ + γκ τ_0 − α)^2 + 4αβδ. Thus (2.6) is a strictly hyperbolic system in the main part W_t = AW_x with a damping term B(W ). The question, which will be answered positively, is if the damping is still strong enough to exponentially stabilize all components.

In the sequel we shall also keep track of the constants showing up in order to get a rough bound for the decay rate and the constants arising in the final estimate in Theorem 2.1 below.

Here and in the following sections 3–5 we shall assume the existence of solutions in the Sobolev spaces we need for our computations. We shall comment on this in section 8, cp. also section 6.

Multiplying (2.1) by κδu_t, (2.2) by κβθ, and (2.3) by γβq, we obtain after integrating for the first energy term

E_1(t) := 1 2 L∫ 0 (κδu^2_t + κδαu^2_x + κβθ^2 + γβτ_0q^2)(t, x)dx (2.7)

the estimate d dt E_1(t) = −βγ L∫ 0 q^2dx, (2.8)

which demonstrates the dissipative character of the system.

Differentiating (2.1)–(2.3) with respect to t, we get in the same manner d dt E_2(t) = −βγ L∫ 0 q^2_t dx, (2.9)

where

E_2(t) := 1 2 L∫ 0 (κδu^2_{tt} + κδαu^2_{xt} + κβθ^2_t + γβτ_0q^2_t )(t, x)dx. (2.10)

From (2.3) we conclude L∫ 0 θ^2_xdx ≤ 2 τ^2_0 κ^2 L∫ 0 q^2_t dx + 2 κ^2 L∫ 0 q^2dx. (2.11)

Multiplying (2.1) by^1_α u_{xx} we get L∫ 0 u^2_{xx}dx = − 1 α L∫ 0 u_{ttx}u_xdx + β α L∫ 0 θ_xu_{xx}dx

≤ − 1 α 1 dt L∫ 0 u_{tx}u_x dx + 1 α L∫ 0 u^2_{tx}dx + 3β^2 4α^2 L∫ 0 θ^2_xdx + 1 3 L∫ 0 u^2_{xx}dx,

which implies 2 3 L∫ 0 u^2_{xx}dx + 1 α d dt L∫ 0 u_{tx}u_xdx ≤ 1 α L∫ 0 u^2_{tx}dx + 3β^2 4α^2 L∫ 0 θ^2_xdx. (2.12)

Multiplying (2.2) by^3_{αδ} u_{tx} we get 3 α L∫ 0 u^2_{tx}dx = 3γ α^2δ d dt L∫ 0 qu_{tt}dx + 3βγ α^2δ d dt L∫ 0 qθ_xdx − 3γ αδ L∫ 0 q_tu_{xx}dx

+ 3 αδ d dt L∫ 0 θ_xu_tdx − 3 δ L∫ 0 θ_xu_{xx}dx + 3β αδ L∫ 0 θ^2_xdx

≤ 3γ α^2δ d dt L∫ 0 qu_{tt}dx − 3βτ^0γ α^2δκ d dt L∫ 0 qq_tdx − 3βγ α^2δκ d dt L∫ 0 q^2dx

+ 1 12 L∫ 0 u^2_{xx}dx + 27γ^2 α^2δ^2 L∫ 0 q^2_t dx + 3 αδ d dt L∫ 0 θ_xu_tdx

+ 1 12 L∫ 0 u^2_{xx}dx + 27 δ^2 L∫ 0 θ^2_xdx + 3β αδ L∫ 0 θ^2_xdx

= d dt L∫ 0 3γ α^2δ qu_{tt} − 3βτ_0γ α^2δκ qq_t − 3βγ α^2δκ q^2 −

3τ_0 αδκ q_tu_t − 3 καδ qu_tdx

+ 1 6 L∫ 0 u^2_{xx}dx + 27γ^2 α^2δ^2 L∫ 0 q^2_t dx + ( 27 δ^2 + 3β αδ )^L∫ 0 θ^2_xdx. (2.13)

Combining (2.12) and (2.13) we obtain 2 α L∫ 0 u^2_{tx}dx + 1 2 L∫ 0 u^2_{xx}dx + d dt L∫ 0 1 α u_{tx}u_x − 3γ α^2δ qu_{tt} + 3βτ_0γ α^2δκ qq_t

+ 3βγ α^2δκ q^2 +

3τ_0 αδκ q_tu_t + 3 καδ qu_tdx }

≤ 27γ^2 α^2δ^2 L∫ 0 q^2_t dx + ( 27 δ^2 + 3β αδ + 3β^2 4α^2 )_L∫

0 θ^2_xdx. (2.14)

The differential equation (2.2) together with the boundary conditions (2.5) yields L∫ 0 θ(t, x)dx = L∫ 0 θ_0(x)dx, t ≥ 0.

Then θ defined by θ(t, x) := θ(t, x) − 1 L L∫ 0 θ_0(x)dx satisfies with u and q the same differential equations (2.1)–(2.3) as (u, θ, q), but additionally we have the first Poincaré inequality L∫ 0 v^2(x)dx ≤ L^2 π^2 L∫ 0 v^2_x(x)dx (2.15)

for v = θ(t, ·), as well as for v = u or v = q.

In the sequel we shall work with θ but still write θ for simplicity until we shall have proved Theorem 2.1.

Now we conclude from (2.1), (2.3), using (2.15), L∫ 0 u^2_{tt} + u^2_t + θ^2dx ≤ 2α^2 L∫ 0 u^2_{xx}dx + ( 2β^2 +

L^2 π^2 ) 2 κ^2 L∫ 0 τ^2_0 q^2_t + q^2dx +

L^2 π^2 L∫ 0 u^2_{tx}dx. (2.16)

Multiplying (2.1) by u we obtain

α L∫ 0 u^2_xdx ≤ L^2 π^2α L∫ 0 u^2_{tt}dx + α 4 L∫ 0 u^2_xdx + β^2L^2 π^2α L∫ 0 θ^2_xdx + α 4 L∫ 0 u^2_xdx,

whence α 2 L∫ 0 u^2_xdx ≤ L^2 π^2α L∫ 0 u^2_{tt}dx + β^2L^2 π^2α L∫ 0 θ^2_xdx (2.17)

follows. Multiplication of (2.2) by θ_t yields L∫ 0 θ^2_t dx = − L∫ 0 γq_xθ_tdx − δ L∫ 0 u_{tx}θ_tdx

≤ d dt L∫ 0 γqθ_xdx + γ^2 2 L∫ 0 q^2_t dx + 1 2 L∫ 0 θ^2_xdx + δ^2 2 L∫ 0 u^2_{tx}dx + 1 2 L∫ 0 θ^2_t dx

which implies L∫ 0 θ^2_t dx − d dt L∫ 0 2γqθ_xdx ≤ γ^2 L∫ 0 q^2_t dx + δ^2 L∫ 0 u^2_{tx}dx + L∫ 0 θ^2_xdx. (2.18)

Now we are able to define the desired Lyapunov function F :

For ε > 0, μ > 0, to be determined later on, let

F (t) := 1 ε (E_1(t) + E_2(t)) + L∫ 0 3βγ α^2δκ q^2dx + L∫ 0 { 1 α u_{tx}u_x − 3γ α^2δ qu_{tt}

+ 3βτ_0γ α^2δκ qq_t + 3βγ α^2δκ q^2 +

3τ_0 αδκ q_tu_t + 3 καδ qu_t − 2μγqθ_x } dx. (2.19)

Then we conclude from (2.8), (2.9), (2.14), (2.18) d dt F (t) ≤ − βγ ε L∫ 0 (q^2 + q^2_t )dx − 2 α L∫ 0 u^2_{tx}dx − 1 2 L∫ 0 u^2_{xx}dx − μ L∫ 0 θ^2_t dx

+ ( 27 δ^2 + 3β αδ + 3β^2 4α^2 + μ )_L∫

0 θ^2_xdx + ( 27γ^2 α^2δ^2

+ μγ^2 )_L∫

0 q^2_t dx

+μδ^2 L∫ 0 u^2_{tx}dx. (2.20)

From (2.16) we get −μ2α^2 L∫ 0 u^2_{xx}dx − μ ( 4β^2 κ^2 + 2L^2 π^2κ^2 )_L∫

0 τ^2_0 q^2_t + q^2dx − μ

L^2 π^2 L∫ 0 u^2_{tx}dx

≤ −μ L∫ 0 u^2_{tt} + u^2_t + θ^2dx, (2.21)

while (2.17) yields − μ^2L^2 π^2α L∫ 0 u^2_{tt}dx − 2μ^2β^2L^2 π^2ακ^2 L∫ 0 τ^2_0 q^2_t + q^2dx ≤ − μ^2α 2 L∫ 0 u^2_xdx. (2.22)

Combining (2.20)–(2.22) we conclude d dt F (t) ≤ − L∫ 0 q^2 [ γβ ε − 2 κ^2 ( 27 δ^2 + 3β αδ + 3β^2 4α^2 + μ )

−μ ( 4β^2 κ^2 + 2L^2 π^2κ^2 ) − 2μ^2β^2L^2 π^2ακ^2 ] dx

− L∫ 0 q^2_t [ γβ ε − 2τ^2_0 κ^2 ( 27 δ^2 + 3β αδ + 3β^2 4α^2 + μ ) − 27γ^2 α^2δ^2 − μγ^2

−μτ^2_0 ( 4β^2 κ^2 + 2L^2 π^2κ^2 ) − 2τ^2_0 μ^2β^2L^2 π^2ακ^2 ] dx

− L∫ 0 u^2_{tx} [ 2 α − μL^2 π^2 − μδ^2 ] dx − L∫ 0 u^2_{xx} [ 1 2 − 2μα^2 ] dx

−μ L∫ 0 θ^2_t dx − L∫ 0 u^2_{tt} [ μ − μ^2L^2 π^2α ] dx − μ L∫ 0 u^2_t dx − μ L∫ 0 θ^2dx

− α 2 μ^2 L∫ 0 u^2_xdx. (2.23)

We choose 1 ≥ μ = ε > 0 such that all terms on the right-hand side of (2.23) become negative: ε ≤ π^2α 2L^2 , ε ≤ 1 4α^2 , ε ≤ π^2 (L^2 + π^2δ^2)α ,

ε ≤ γβ 2 { 2τ^2_0 κ^2 ( 27 δ^2 + 3β αδ + 3β^2 4α^2 + 1 ) + 27γ^2 α^2δ^2

+ γ^2 + τ^2_0 ( 4β^2 κ^2 + 2L^2 π^2κ^2 ) + 2τ^2_0 β^2L^2 π^2ακ^2 }_{−1} ≡ γβ 2 J_1,

ε ≤ γβ 2 { 2 κ^2 ( 27 δ^2 + 3β αδ + 3β^2 4α^2 + 1 ) + 4β^2 κ^2 + 2L^2 π^2κ^2 + 2β^2L^2 π^2ακ^2 }_{−1} ≡ γβ 2 J_2,

i.e.

ε ≤ ε_1 := min { π^2α 2L^2 , 1 8α^2 , π^2 (L^2 + π^2δ^2)α , γβJ_1 2 , γβJ_2 2 } . (2.24)

Choosing ε as in (2.24) we obtain from (2.23) d dt F (t) ≤ −d_1 L∫ 0 q^2 + q^2_t + u^2_{tx} + θ^2_t + u^2_{tt} + u^2_t + θ^2 + u^2_xdx (2.25)

with

d_1 := min { ε 2 , 1 4 , 1 α , 1 J_1 , 1 J_2 } , (2.26)

which implies d dt F (t) ≤ −d_2 (E_1(t) + E_2(t) =:E(t) , (2.27)

where

d_2 := d_1 2 min{κδ, κδα, κβ, βγτ_0 }. (2.28) On the other hand we have

∃ε_2 > 0 ∃C_1, C_2 > 0 ∀ε ≤ ε_2 ∀t ≥ 0 : C_1E(t) ≤ F (t) ≤ C_2E(t), (2.29)

where C_1, C_2 are determined as follows: Let H(t) := F (t) − 1 ε E(t), then |H(t)| ≤ C_1E(t) with

C_1 := max {( 3βγ α^2δκ + 3γ 2α^2δ + 3βτ_0 2α^2δκ + 3 2κδα + γ 2 + 1 κ^2 ) / ( βτ_0 2 ) , 1 α^2κδ , 3γ α^2κδ^2 , ( 3βτ_0 2α^2δκ + 3τ_0γ 2καδ + γτ^2_0 κ^2 ) / ( βτ_0 2 ) , 3τ_0γ + 3 αδ^2κ^2 } . (2.30)

Choosing

ε ≤ ε_2 := 1 2C_1

(2.31) and C_2 := 1 ε + C_1, (2.32)

finally

ε := min{ε_1, ε_2}, (2.33)

we have fixed ε and the validity of (2.29) which implies together with (2.27) d dt F (t) ≤ −d_0F (t) (2.34)

with

d_0 := d_2 C_2

, (2.35)

hence F (t) ≤ e^{−d0t}F (0). Applying (2.29) again we have proved

E(t) ≤ C_0e^{−d0t}E(0) (2.36)

with

C_0 :=

C_2 C_1

, (2.37)

and it holds

Theorem 2.1 Let (u, θ, q) be the solution to (2.1)– (2.5). Then the associated energy of first and second order

E(t) = E_1(t) + E_2(t) = 1 2 2∑ j=1 L∫ 0 κδ(∂^{j−1}_t u_t)^2 + κδα(∂^{j−1}_t u_x)^2 + κβ ( ∂^{j−1}_t θ )_2

+γβτ_0(∂^{j−1}_t q)^2 } (t, x)dx decays exponentially, i.e.

∃d_0, C_0 > 0 ∀t ≥ 0 : E(t) ≤ C_0e^{−d0t}E(0).

Bounds for d_0 and C_0 can be given explicitly in terms of the coefficients α, β, γ, δ, τ_0 and L.

In conclusion we have seen that the qualitative behavior of system (2.1)–(2.5) is the same as that for the associated classical system with τ_0 = 0 and the boundary condition

u(t, 0) = u(t, L) = θ_x(t, 0) = θ_x(t, L) = 0, t ≥ 0. (2.38)

In section 5 we shall shed another light on the comparison of the systems as τ_0 → 0. Here we now compare the decay estimates for a real material.

For isotropic silicon and a medium temperature of 300 K we have the following approximate values for the material coefficients

α = 96, 22 · 10^6 [ m^2 s^2 ] , β = 391, 62 [ m^2 s^2K ] , γ = 5 · 99 · 10^{−7} [ s^2K kg ] , δ = 163, 82[K], κ = 148 [ W mK ] τ_0 = 10^{−12}[s], L = 6 · 25 · 10^{−6}[m]. (2.39)

Successively we can approximately compute ε_1, C_1, ε_2, ε, C_2, d_1, d_2, C_0 and d_0 from (2.24), (2.30), (2.31), (2.33), (2.32), (2.26), (2.28), (2.37) and (2.35), respectively, getting finally

d_0 ≈ 1, 07 · 10^{−56}.

In particular, we can get

d_0 = O(τ^3_0 ) as τ_0 → 0. (2.40)

Although the estimate for d_0 is very coarse and might be far from being sharp, it indicates a slow decay of the energy in usually measured time periods. The relation (2.40) of course does not imply that solutions to the limiting case τ_0 = 0 do not decay. Instead one can compute a better decay rate as follows. Consider the system (2.1)–(2.5) corresponding to τ_0 = 0, i.e.

ũ_{tt} − αũ_{xx} + βθ̃_x = 0, (2.41) θ̃_t − γκθ̃_{xx} + δũ_{tx} = 0, (2.42)

ũ(0, ·) = ũ_0, ũ_t(0, ·) = ũ_1, θ̃(0, ·) = θ̃_0, (2.43)

ũ(t, 0) = ũ(t, L) = θ̃_x(t, 0) = θ̃_x(t, L) = 0. (2.44)

For (2.41)–(2.44) the exponential decay of the first energy

Ẽ_1(t) := 1 2 L∫ 0 (δũ^2_t + δαũ^2_x + βθ̃^2), (t, x)dx

where we assume_L ∫ 0 θ̃_0dx = 0.

We repeat the calculations that allow to even estimate Ẽ_1 directly, second-order derivatives are not involved.

We have d dt Ẽ_1 = −γκβ L∫ 0 θ̃^2_xdx. (2.45)

Computing d dt L∫ 0 x∫ 0 θ̃(t, y)dy ũ_t(t, x)dx

= L∫ 0 (γκθ̃_x − δũ_t)ũ_tdx − L∫ 0 θ̃αũ_xdx + L∫ 0 βθ̃^2dx

≤ − 3δ 4 L∫ 0 ũ^2_t dx + αδ 16 L∫ 0 ũ^2_xdx + ( κ^2γ^2 δ + ( 4α δ + β ) L2 π^2 )_L∫

0 θ̃^2_xdx, (2.46)

and d dt δ 4 L∫ 0 ũ_tũ dx = δ 4 L∫ 0 (αũ_{xx} − βθ̃_x)ũ dx + δ 4 L∫ 0 ũ^2_t dx

≤ − 3αδ 16 L∫ 0 ũ^2_x dx +

4β^2δL^2

π^2α L∫ 0 θ̃^2_xdx + δ 4 L∫ 0 ũ^2_t dx. (2.47)

Combining (2.45)–(2.47) we get for N > 0 large and

F̃ (t) := NẼ_1(t) + L∫ 0 x∫ 0 θ̃(t, y) dy ũ_t(t, x)dx + δ 4 L∫ 0 ũ_t(t, x)ũ(t, x)dx, (2.48)

d dt F̃ (t) ≤ −c̃_1 L∫ 0 (ũ^2_t + ũ^2_x + θ̃^2)(t, x)dx ≤ − c̃_1 c̃_2

· Ẽ_1(t), (2.49)

where

c̃_1 := min { π^2 L^2 [ Nγκβ − ( κ2γ2 δ + (4α + βδ)L^2 δπ^2 + 4β^2δL^2 απ^2 )] , δ 2 , αδ 8 } , (2.50)

c̃_2 := 1 2 max {δ, αδ, β} , (2.51) Choosing N such that Nγκβ = 2 ( κ2γ2 δ + (4α + βδ)L^2 δπ^2 + 4β^2δL^2 απ^2 ) , and observing F̃ (t) ≤ c̃_3E_1(t)

with

c̃_3 := N + max

{ 4 + δ 4δ , L^2 4π^2α , 1 βL^2 } (2.52)

we conclude for some constant C̃_0 > 0:

Ẽ_1(t) ≤ C̃_0e^{−d̃}0^tẼ_1(0)

with

d̃_0 := c̃^1

c̃_2c̃_3

. (2.53)

Computing an approximate value for d̃_0 from (2.50) (2.53), we get

d̃_0 ≈ 6, 66 · 10^{−20}

which is significantly larger than d_0 above, but still indicates a slow decay ”in the beginning”.

We remark that now it was possible to just treat the first energy, while the second-order energy in classical thermoelasticity (τ_0 = 0) only is involved for more complicated boundary conditions like u = θ = 0, cp. [16], [10]. For the proof of Theorem 2.1 it seems to be necessary to use second-order derivatives because of the more complicated system for τ_0 ≠ 0.

3 Rigidly clamped and constant temperature

Next we consider the differential equations (2.1)–(2.3), the initial conditions (2.4), but now with the boundary conditons

u(t, 0) = u(t, L) = θ(t, 0) = θ(t, L) = 0, t ≥ 0, (3.1)

modeling a situation where the elastic body is rigidly clamped and held at constant temperature on the boundary.

Keeping the notation from section 2, we first get similar to (2.8), (2.9), (2.12) d dt E_1(t) = −βγ L∫ 0 q^2dx, (3.2)

d dt E_2(t) = −βγ L∫ 0 q^2_t dx, (3.3)

2 3 L∫ 0 u^2_{xx}dx + 1 α d dt L∫ 0 u_{tx}u_xdx ≤ 1 α L∫ 0 u^2_{tx}dx + 3β^2 4α^2 L∫ 0 θ^2_xdx. (3.4)

Trying to carry over the estimate (2.13) we end up with an additional term — a boundary term — and we get 2 α L∫ 0 u^2_{tx} + 1 2 L∫ 0 u^2_{xx}dx + d dt {^L∫ 0 1 α u_{tx}u_x − 3γ α^2δ qu_{tt} + 3βτ_0γ α^2δκ qq_t

+ 3βγ α^2δκ q^2 +

3τ_0 αδκ q_tu_t + 3 καδ qu_tdx }

≤ 27γ^2 α^2δ^2 L∫ 0 q^2_t dx +

( 27

δ^2 + 3β αδ + 3β^2 4α^2 )^L∫ 0 θ^2_xdx − 3γ αδ [ qu_{tx} ]_{x=L} x=0 . (3.5)

(2.16) holds analogously, L∫ 0 u^2_{tt} + u^2_t + θ^2dx ≤ 2α^2 L∫ 0 u^2_{xx} + ( 2β^2 +

L^2 π^2 ) 2 κ^2 L∫ 0 τ^2_0 q^2_t + q^2dx +

L^2 π^2 L∫ 0 u^2_{tx}dx, (3.6)

also (2.17) carries over, α 2 L∫ 0 u^2_xdx ≤ L^2 π^2α L∫ 0 u^2_{tt}dx + β^2L^2 π^2α L∫ 0 θx^2dx, (3.7)

as well as (2.18), L∫ 0 θ^2_t dx − d dt L∫ 0 2γqθ_xdx ≤ γ^2 L∫ 0 q^2_t dx + δ^2 L∫ 0 u^2_{tx}dx + L∫ 0 θ^2_xdx. (3.8)

The boundary term is estimated as follows, cp. [16], [10], | | | | [ 3γ αδ qu_{tx} ]_{x=L} x=0 | | | | ≤ 9γ^2 4α^2δ^2ε̂ ( |q(L)|^2 + |q(0)|^2 ) + ε̂ ( |u_{tx}(L)|^2 + |u_{tx}(0)|^2 ) , (3.9)

for some ε̂ > 0,

|q(L)|^2 + |q(0)|^2 ≤ 2 ( 1 + L ε̂^2 )^L∫ 0 q^2dx + 2ε̂^2 L∫ 0 q^2_xdx

≤ 2 ( 1 + L ε̂^2 )^L∫ 0 q^2dx + 4ε̂ γ^2 2 L∫ 0 θ^2_t dx +

4ε̂^2δ^2 γ^2 L∫ 0 u^2_{tx}dx. (3.10)

Combining (3.9) and (3.10) we get | | | | [ 3γ αδ qu_{tx} ]_{x=L} x=0 | | | | ≤ 9γ^2(ε̂^2 + L) 2α^2δ^2ε̂^3 L∫ 0 q^2dx

+ 9ε̂ α^2δ^2 L∫ 0 θ^2_t dx + 9ε̂ α^2 L∫ 0 u^2_{tx}dx

+ε̂ ( |u_{tx}(L)|^2 + |u_{tx}(0)|^2 ) . (3.11)

Differentiating (2.1) with respect to t and multiplying by φ(x)u_{tx}(t, x), where

φ(x) := L − 2x, (3.12)

we obtain d dt L∫ 0 u_{tt}φu_{tx}dx − L∫ 0 u_{tt}φu_{ttx}dx − α L∫ 0 φu_{txx}u_{tx}dx + β L∫ 0 θ_{tx}φu_{tx} = 0, whence d dt L∫ 0 u_{tt}φu_{tx}dx + L 2 ( u^2_{tt}(L) + u^2_{tt}(0) ) − L∫ 0 u^2_{tt}dx

+ Lα 2 ( u^2_{tx}(L) + u^2_{tx}(0) ) − α L∫ 0 u^2_{tx}dx + β L∫ 0 θ_{tx}φu_{tx}dx = 0 (3.13)

Multiplication of (2.2) by −^β_δ φθ_{tx} yields

− β δ L∫ 0 θ_tφθ_{tx}dx − βγ δ L∫ 0 q_xφθ_{tx}dx − β L∫ 0 u_{tx}φθ_{tx} = 0, whence βL 2δ ( θ^2_t (L) + θ^2_t (0) ) − β δ L∫ 0 θ^2_t dx − βγ d d dt L∫ 0 q_xφθ_xdx + βγ δ L∫ 0 q_{tx}φθ_xdx

−β L∫ 0 u_{tx}φθ_{tx}dx = 0, which implies, using (2.3), βL 2δ ( θ^2_t (L) + θ^2_t (0) ) − β δ L∫ 0 θ^2_t dx − βγ δ d dt L∫ 0 q_xφθ_xdx − βγ δτ_0 L∫ 0 q_xφθ_xdx

+ γβκL 2δτ_0 ( θ^2_x(L) + θ^2_x(0) ) − βγκ δτ_0 L∫ 0 θ^2_xdx − β L∫ 0 u_{tx}φθ_{tx}dx = 0. (3.14) Combining (3.13), (3.14) we conclude d dt L∫ 0 u_{tt}φu_{tx} − βγ δ q_xφθ_x dx + αL 2 (u^2_{tx}(L) + u^2_{tx}(0))

≤ L∫ 0 u^2_{tt}dx + α L∫ 0 u^2_{tx}dx + β δ L∫ 0 θ^2_t dx + βγκ δτ_0 L∫ 0 θ^2_xdx

+ β^2γ^2 4δ^2τ^2_0 L∫ 0 θ^2_xdx + L^2 L∫ 0 q^2_xdx whence, using (2.2), d dt 2ε̂ αL L∫ 0 u_{tt}φu_{tx} − βγ δ q_xφθ_xdx + ε̂(u^2_{tx}(L) + u^2_{tx}(0))

≤ 2ε̂ αL L∫ 0 u^2_{tt}dx + ( 2ε̂ L + 4δ^2ε̂ αLγ^2 )_L∫

0 u^2_{tx}dx

+ ( 4ε̂ γ^2αL + 2βε̂ αLδ )^L∫ 0 θ^2_t dx + ( 2βγκε̂ αLδτ_0 + β^2γ^2ε̂ 2αLδ^2τ^2_0 )_L∫

0 θ^2_xdx (3.15)

follows.

With (3.11) and (3.15) we can estimate | | | [ 3γ αδ qu_{tx} ]_{x=L} x=0 | | | ≤ 9γ^2(ε̂^2 + L) 2α^2δ^2ε̂^3 L∫ 0 q^2dx + ε̂ ( 9 α^2δ^2 + 2β αLδ + 4 γ^2αL )^L∫ 0 θ^2_t dx

+ε̂ ( 9 α^2 + 2 L + 4δ^2 αLγ^2 )_L∫

0 u^2_{tx}dx + 2ε̂ αL L∫ 0 u^2_{tt}dx

+ε̂ ( 2βγκ αLδτ_0 + β^2γ^2 2αLδ^2τ^2_0 )_L∫

0 θ^2_xdx

− d dt 2ε̂ αL L∫ 0 u_{tt}φu_{tx} − βγ δ q_xφθ_xdx . (3.16)

Multiplying both sides of (3.8) by^1_{4αδ2} and combining the result with (3.5) and (3.16), we obtain for sufficiently small ε̂ the estimate 1 α L∫ 0 u^2_{tx}dx + 1 4 L∫ 0 u^2_{xx} + 1 8αδ^2 L∫ 0 θ^2_t + d dt G(t)

≤ c_1 L∫ 0 q_t + q^2dx, (3.17)

where

G(t) := L∫ 0 1 α u_{tx}u_x − 3γ α^2δ qu_{tt} + 3βτ_0γ α^2δκ qq_t + 3βγ α^2δκ q^2 +

3τ_0 αδκ q_tu_t

+ 3 καδ qu_t + 2ε̂ αL (u_{tt}φu_{tx} − βγ δ q_xφθ_x) − γ 2αδ^2 qθ_xdx, and c_1 = c_1(ε̂, α, β, γ, δ, τ_0 , L) can be given explicitly.

Now we can proceed as in section 2 and define F (t) := 1 ε (E_1(t) + E_2(t)) + G(t), ε > 0 small enough, as Lyapunov function to derive Theorem 3.1 Let (u, θ, q) be the solution to (2.1)–(2.4), (3.1). Then the associated energy of first and second order,

E(t) = E_1(t) + E_2(t) = 1 2 2∑ j=1 L∫ 0 κδ(∂^{j−1}_t u_t)^2 + κδα(∂^{j−1}_t u_x)^2 + κβ ( ∂^{j−1}_t θ )_2

+γβτ_0(∂^{j−1}_t q)^2 } (t, x)dx decays exponentially, i.e.

∃d_0, C_0 > 0 ∀t ≥ 0 : E(t) ≤ C_0e^{−d0t}E(0).

Bounds for d_0 and C_0 can be given explicitly in terms of the coefficients α, β, γ, δ, τ_0 and L.

4 Mixed boundary conditions

Finally, we consider the system (2.1)–(2.3) with the boundary conditions u(t, L) = θ(t, L) = αu_x(t, 0) − βθ(t, 0) = θ_x(t, 0) = 0, t ≥ 0, (4.1) which arise for instance in pulsed laser heating of solids, cp. [23]. Assuming q_0(0) = 0, (4.2) we conclude from (2.3) q(t, 0) = 0, t ≥ 0. (4.3) The set of boundary conditions (4.1), (4.3) leads to further difficulties in the proof of the result on exponential decay, which will be overcome by introducing further multipliers on the boundary now. Using the same notation as before, we get for the energy E_1 of first order, observing the boundary conditions (4.1), (4.3), d dt E_1(t) = −βγ L∫ 0 q^2dx, (4.4)

similarly, d dt E_2(t) = −βγ L∫ 0 q^2_t dx. (4.5)

Multiplying (2.1) by^1_α u_{xx} we now obtain L∫ 0 u^2_{xx}dx = − 1 α u_{tt}(0)u_x(0) − 1 α L∫ 0 u_{ttx}u_xdx + β α L∫ 0 θ_xu_{xx}dx

≤ − β α^2 u_{tt}(0)θ(0) − 1 α d dt L∫ 0 u_{tx}u_xdx + 1 α L∫ 0 u^2_{tx}dx + 3β^2 4α^2 L∫ 0 θ^2_xdx + 1 3 L∫ 0 u^2_{xx}dx implying 2 3 L∫ 0 u^2_{xx}dx + d dt 1 α L∫ 0 u_{tx}u_xdx ≤ 1 α L∫ 0 u^2_{tx}dx + 3β^2 4α^2 L∫ 0 θ^2_xdx − β α^2 u_{tt}(0)θ(0). (4.6)

Multiplying (2.2) by^3_{αδ} u_{tx} we conclude 3 α L∫ 0 u^2_{tx}dx = − 3γ αδ q(L)u_{tx}(L) + d dt 3γ α^2δ L∫ 0 qu_{tt} + d dt 3γβ α^2δ L∫ 0 qθ_xdx

− 3γ αδ L∫ 0 q_tu_{xx}dx + 3 αδ θ_t(0)u_t(0) + d dt 3 αδ L∫ 0 θ_xu_tdx

− 3 δ L∫ 0 θ_xu_{xx}dx + 3β αδ L∫ 0 θ^2_xdx

≤ − 3γ αδ q(L)u_{tx}(L) + d dt L∫ 0 3γ α^2δ qu_{tt} − 3γβτ_0 α^2δκ qq_t − 3γβ α^2δκ q^2dx

+ 1 12 L∫ 0 u^2_{xx}dx + 27γ^2 α^2δ^2 L∫ 0 q^2_t dx + 3 αδ θ_t(0)u_t(0) + d dt L∫ 0 3 αδ θ_xu_tdx

+ 1 12 L∫ 0 u^2_{xx}dx + ( 27 δ^2 + 3β αδ )^L∫ 0 θ^2_xdx. (4.7)

Combining (4.6) and (4.7) we obtain 2 α L∫ 0 u^2_{tx}dx + 1 2 L∫ 0 u^2_{xx}dx + d dt L∫ 0 1 α u_{tx}u_x − 3γ α^2δ qu_{tt} + 3γβτ_0 α^2δκ qq_t

+ 3γβ α^2δκ q^2 +

3τ_0 αδκ q_tu_t + 3 αδκ qu_tdx )

≤ c_1 L∫ 0 q^2_t dx + c_2 L∫ 0 θ^2_xdx

− β α^2 u_{tt}(0)θ(0) + 3 αδ θ_t(0)u_t(0) − 3γ αδ q(L)u_{tx}(L), (4.8) where c_1, c_2, . . . will denote constants only depending on the coefficients (or on ε̂ below), possibly denoting different values in different places, and in principle easy to determinate as in section 2 demonstrated.

Again we obtain using the first Poincaré estimate for u_t and θ, and (2.1) for u_{tt}, L∫ 0 u^2_{tt} + u^2_t + θ^2dx ≤ 2α^2 L∫ 0 u^2_{xx}dx + c_1 L∫ 0 q^2_t + q^2dx +

L^2 π^2 L∫ 0 u^2_{tx}dx. (4.9)

Multiplying (2.1) by u we get again (cp. (2.17)) α 2 L∫ 0 u^2_xdx ≤ c_1 L∫ 0 (u^2_{tt} + θ^2_x)dx. (4.10)

Multiplication of (2.2) by θ_t yields as in (2.18), for μ > 0,

μ L∫ 0 θ^2_t dx − d dt μ L∫ 0 2γqθ_xdx ≤ μγ^2 L∫ 0 q^2_t dx + μδ^2 L∫ 0 u^2_{tx}dx + μ L∫ 0 θ^2_xdx. (4.11)

The three boundary terms arising in (4.8) are dealt with as follows. As in (3.11) we have, for ε̂ > 0,

| 3γ αδ q(L)u_{tx}(L) ≤ 9γ^2(ε̂^2 + L) 2α^2δ^2ε̂^3 L∫ 0 q^2dx + 9ε̂ α^2δ^2 L∫ 0 θ^2_t dx

+ 9ε̂^2 α^2 L∫ 0 u^2_{tx}dx + ε̂|u_{tx}(L)|^2. (4.12)

Since (3.13) and (3.14) carry over, we have d dt L∫ 0 u_{tt}φu_{tx} − βγ δ q_xφθ_xdx + L 2 u^2_{tt}(0) + αL 2 (u^2_{tx}(L) + u^2_{tx}(0))

+ βL 2δ θ^2_t (0) + γβκL 2δτ_0 θ^2_x(L)

≤ L∫ 0 u^2_{tt}dx + α L∫ 0 u^2_{tx}dx + β δ L∫ 0 θ^2_t dx + ( βγκ δτ_0 + β^2γ^2 4δ^2τ^2_0 )_L∫

0 θ^2_xdx + L^2 L∫ 0 q^2_xdx, hence d dt 2ε̂ αL L∫ 0 u_{tt}φu_{tx} − βγ δ q_xφθ_xdx + ε̂ α u^2_{tt}(0) + ε̂(u^2_{tx}(L) + u^2_{tx}(0)) + βε̂ αδ θ^2_t (0)

≤ ε̂c_1 L∫ 0 u^2_{tt} + u^2_{tx} + θ^2_t + θ^2_xdx. (4.13)

The first boundary term in (4.8) is estimated as | | | β α^2 u_{tt}(0)θ(0) | | | ≤ ε̂ 2α u^2_{tt}(0) + c_1 ε̂ L∫ 0 q^2_t + q^2dx, (4.14) the remaining boundary term as 3 αδ θ_t(0)u_t(0) = 3 αδ d dt (θ(t, 0)u_t(t, 0)) − 3 αδ θ(0)u_{tt}(0) ≤ 3 αδ d dt (θ(t, 0)u_t(t, 0)) + ε̂ 2α u^2_{tt}(0) + c_1 ε̂ L∫ 0 q^2_t + q^2dx. (4.15)

Summarizing (4.8) and (4.11)–(4.15), we obtain for ε̂, μ sufficiently small, 1 α L∫ 0 u^2_{tx}dx + 1 2 L∫ 0 u^2_{xx}dx + μ L∫ 0 θ^2_t dx + d dt W (t) ≤ c_1 L∫ 0 (q^2_t + q^2)dx,

where

W (t) := L∫ 0 1 α u_{tx}u_x − 3γ α^2δ qu_{tt} + 3γβτ_0 α^2δκ qq_t + 3γβ α^2δκ q^2 +

3τ_0 αδκ q_tu_t

+ 3 αδκ qu_t + 2ε̂ αL (u_{tt}φu_{tx} − βγ δ q_xφθ_x) − 2μγqθ_xdx − 3 αδ θ(t, 0)u_t(t, 0). Proceeding now as in section 2 for the Lyapunov function

F (t) := 1 ε (E_1(t) + E_2(t)) + W (t),

we conclude d dt F (t) ≤ −c_1E(t) and, finally,

Theorem 4.1 Let (u, θ, q) be the solution to (2.1) –(2.4), (4.1), (4.2). Then the associated energy of first and second order,

E(t) = E_1(t) + E_2(t) = 1 2 2∑ j=1 L∫ 0 κδ(∂^{j−1}_t u_t)^2 + κδα(∂^{j−1}_t u_x)^2 + κβ(∂^{j−1}_t θ)^2

+γβτ_0(∂^{j−1}_t q)^2}(t, x)dx decays exponentially, i.e.

∃d_0, C_0 > 0 ∀t ≥ 0 : E(t) ≤ C_0e^{−d0t}E(0).

Bounds for d_0 and C_0 can be given explicitly in terms of the coefficients α, β, γ, δ, τ_0 and L.

5 The limit τ_0 → 0

We shall show that the energy of the difference of the solution (u^{τ0} , θ^{τ0} , q^{τ0} ) to (2.1)–(2.4), (3.1) and the solution (ũ, θ̃, q̃) to the corresponding system with τ_0 = 0 (compare section 2) vanishes of order τ^2_0 as τ_0 → 0, provided the values at t = 0 coincide. For this purpose let (v, ϱ, z) denote the difference, then (v, ϱ, z) satisfies

v_{tt} − αv_{xx} + βϱ_x = 0, (5.1) ϱ_t + γz_x + δv_{tx} = 0, (5.2) τ_0z_t + z + κϱ_x = τ_0κθ̃_{tx}, (5.3)

v(0, ·) = 0, v_t(0, ·) = 0, ϱ(0, ·) = 0, z(0, ·) = 0, (5.4)

v(t, 0) = v(t, L) = ϱ(t, 0) = ϱ(t, L) = 0. (5.5)

Here we assumed the compatibility condition q_0 = −κθ_{0,x}. If E_1 denotes the energy of first order for (v, ϱ, z), i.e.

E_1(t) = 1 2 L∫ 0 {κδv^2_t + κδαv^2_x + κβϱ^2 + γβτ_0z^2}(t, x)dx, then we conclude d dt E_1(t) = −βγ L∫ 0 z^2dx − τ_0βγκ L∫ 0 θ̃_{tx}z dx

≤ − βγ 2 L∫ 0 z^2dx + βγτ^2_0 κ^2 2 L∫ 0 θ̃^2_{tx}dx.

Using (5.4) we obtain

E_1(t) ≤ τ^2_0 βγκ^2 2 t∫ 0 L∫ 0 θ̃^2_{tx}(s, x)dx ds from where we get for T > 0 fixed, t ∈ [0, T ]:

E_1(t) ≤ τ^2_0 βγκ^2 2 T∫ 0 L∫ 0 θ̃^2_{tx}(s, x)dx ds

= O(τ^2_0 ), as τ_0 → 0, (5.6)

also E_1(t) τ^2_0

→ 0 as t → 0. (5.7)

Moreover, since_∞ ∫ 0 L∫ 0 θ̃^2_{tx}(s, x)dx ds < ∞ because of the exponential decay (cp. [16, 10]), the estimate (5.6) allows T = ∞, i.e. a uniform bound on the right-hand side, ∃C > 0 ∀t ≥ 0 : E_1(t) ≤ Cτ^2_0 . (5.8)

6 Local well-posedness

In this section we give a short derivation of the nonlinear equations in R^n , n = 1, 2, 3, and present a local existence theorem for the nonlinear initial boundary value problem for n = 1. For the derivation compare [18, 1, 10], the latter two discussing the classical case with Fourier’s law, see also [2, 21] for extensive reviews on generalized thermoelasticity.

For a body with undistorted reference configuration Ω ⊂ R^n let u(t, x) = X(t, x) − x denote the displacement vector, where X is the position vector. If T = T (t, x) denotes the temperature, then, in absence of exterior forces, the balance law of linear momentum reads ϱu_{tt} − div S = 0, (6.1) where ϱ is the material density and S is the Piola-Kirchhoff stress tensor. Henceforth taking densities like ϱ equal to one without loss of generality, the balance of energy in the absence of external heat supplies takes the form ε_t − tr {SF_t} + div q = 0, (6.2) where ε denotes the internal energy, tr stands for the trace, F is the deformation gradient, F = 1 + ∇u, and q is the heat flux. Denoting by η the specific entropy we get by ψ := ε − T η the free energy. The first constitutive assumption, namely that S, ε, η and q are functions of (∇u, θ, q, ∇θ) — we shall assume homogeneity, i.e. no extra dependence on x, throughout the paper —, is turned into the following relations after the second law of thermodynamics resp. the dissipation principle are applied: ψ = ψ(∇u, θ, q) (6.3) is independent of ∇θ, and η = η(∇u, θ, q) = −ψ_θ(∇u, θ, q), S = S(∇u, θ, q) = ψ_{∇u}(∇u, θ, q). (6.4) For the heat flux Cattaneo’s law is assumed, i.e. τ(∇u, θ)q_t + q + k(∇u, θ)∇θ = 0, (6.5) where τ is the tensor of relaxation times and k is the symmetric heat conductivity tensor. Using the relations (6.3), (6.4) we obtain from (6.2) (θ + T_0){ã(∇u, θ, q)θ_t − tr [(S_θ(∇u, θ, q))^′∇u_t]} + div q = b̃(∇u, θ, q)q_t (6.6) with ã := −ψ_{θθ}, b̃(∇u, θ, q) := (θ + T_0)ψ_{θq}(∇u, θ, q) − ψ_q(∇u, θ, q). The equations (6.1), (6.6), (6.5) are the differential equations modeling thermoelasticity with second sound. Further assumptions on the coefficent functions are given below. Remark: There are theories that restrict the form of the free energy ψ, for the internal energy ε, for the entropy η, and for the stress tensor S essentially to a quadratic polynomial in q, e.g. for ψ of the type ψ = ψ_0 + q · Zq, (6.7) where ψ_0 and the tensor Z only depend on (∇u, θ), cp. [18, 22]. But this is not important for our results.

The system is completed by the initial conditions,

u(0, ·) = u_0, u_t(0, ·) = u_1, θ(0, ·) = θ_0, q(0, ·) = q_0 (6.8)

and the Dirichlet type boundary conditions for a rigidly clamped body held at constant temperature at the boundary, u(t, ·) = 0, θ(t, ·) = 0, on ∂Ω, t ≥ 0. (6.9) In one space dimension the bounded reference configuration is without loss of generality Ω = (0, 1), and the differential equations (6.1), (6.6), (6.5) can be written as u_{tt} − a(u_x, θ, q)u_{xx} + b(u_x, θ, q)θ_x = r_1(u_x, θ, q)q_x, (6.10) θ_t + g(u_x, θ, q)q_x + d(u_x, θ, q)u_{tx} = r_2(u_x, θ, q)q_t, (6.11) τ(u_x, θ)q_t + q + k(u_x, θ)θ_x = 0, (6.12)

where a := S_{ux} , b := −S_θ, r_1 := S_q,

g := 1 (θ + T_0)ã , d := −S_θ (θ + T_0)ã

, r_2 := b̃ (θ + T_0)ã

, ( for |θ| < T_0).

The assumptions on a, b, r_1, ã (resp. g), d, r_2, τ, k are that it are smooth functions and that there exist positive constants c_1, c_2, c_3, c_4 and K < T_0 such that if |u_x|, |θ|, |q| ≤ K, then a(u_x, θ, q) ≥ c_1, τ(u_x, θ) ≥ c_2, k(u_x, θ) ≥ c_3, ã(u_x, θ, q) ≥ c_4 as well as b(u_x, θ, q) ≠ 0 ≠ d(u_x, θ, q). Moreover we shall assume r_1 ≡ 0, r_2 ≡ 0.

Observe that always r_1(0, 0, 0) = r_2(0, 0, 0) = 0 in accordance with the linearized equations, compare the previous sections. The coefficients α, β, γ, δ, τ_0 , κ in the linearized equations are of course given by α = a(0, 0, 0), β = b(0, 0, 0), γ = g(0, 0, 0), δ = d(0, 0, 0), τ_0 = τ(0, 0), κ = k(0, 0).

For s ≥ [n/2] + 3 = 3 being a fixed integer, we assume for the initial data u_0 ∈ H^s(Ω), u_1, θ_0, q_0 ∈ H^{s−1}(Ω), θ_0 ≥ 0 in Ω, (6.13) and the compatibility conditions u_m ∈ H^{s−m}(Ω) ∩ H^1_0 (Ω), θ_{m−1} ∈ H^{s−m}(Ω) ∩ H^1_0 (Ω), u_s, θ_{s−1} ∈ L^2(Ω), (6.14) where m runs from 2 to s − 1, and u_m and θ_{m−1} denote ∂^mu(0, ·)/∂t^m and ∂^{m−1}θ(0, ·)/∂t^{m−1}, respectively. Then we can formulate the following local existence theorem: Theorem 6.1 Let the assumptions above be satisfied. Then, for sufficiently small T > 0, the initial boundary value problem (6.8)–(6.12) has a unique solution (u, θ, q) with u ∈ ∩^{s−1}_{m=0} C^m([0, T ], H^{s−m}(Ω) ∩ H^1_0 (Ω)), ∂^s_t u ∈ C^0([0, T ], L^2(Ω)), θ, q ∈ ∩^{s−2}_{m=0} C^m([0, T ], H^{s−1−m}(Ω) ∩ H^1_0 (Ω)), ∂^{s−1}_t θ, q ∈ C^0([0, T ], L^2(Ω)).

For the Proof we just remark that it can be obtained along the lines of the proof of the similar result in hyperbolic-parabolic classical thermoelasticity, see chapter 5 in [10] or [3, 5]. Although we have now a purely hyperbolic system of second order for u with first-order parts for (θ, q), the techniques for the classical case carry over and are a posteriori justified through the a priori estimates that will be proved in section 7.

Since Tarabek in [22] is essentially in the situation of a Cauchy problem in one dimension, he can apply the results from [8] for his local existence result.

7 Global stability for the nonlinear system

Now we shall prove the global existence for the system of differential equations (6.10)–(6.12) together with the initial and boundary conditions (6.8) and (6.9), respectively. That is we look at the following initial boundary value problem: u_{tt} − a(u_x, θ, q)u_{xx} + b(u_x, θ, q)θ_x = 0, (7.1) θ_t + g(u_x, θ, q)q_x + d(u_x, θ, q)u_{tx} = 0, (7.2) τ(u_x, θ)q_t + q + k(u_x, θ)θ_x = 0, (7.3) u(0, ·) = u_0, u_t(0, ·) = u_1, θ(0, ·) = θ_0, q(0, ·) = q_0, (7.4) u(t, 0) = u(t, 1) = θ(t, 0) = θ(t, 1) = 0, t ≥ 0. (7.5) Finally we assume for the initial conditions the regularity (6.13) and the compatibility conditions (6.14) for s = 3.

Under these assumptions, in particular those for the local existence theorem in section 6 (Theorem 6.1), we have

Theorem 7.1 There exists a constant ε_0 > 0 such that if

Λ_0 := ‖u_0‖^2_H3 + ‖u_1‖^2_H2 + ‖θ_0‖^2_H2 + ‖q_0‖^2_H2 < ε_0

then (7.1)–(7.5) has a unique global solution

u ∈ ∩^3_{m=0} C^m([0, ∞), H^{3−m}(Ω)), θ, q ∈ ∩^2_{m=0} C^m([0, ∞), H^{2−m}(Ω));

moreover, the system is exponentially stable, that is, there exist constants d_1, d_2 > 0 such that for t ≥ 0

Λ(t) := 3∑ j=0 ‖(∂_t, ∂_x)^j u(t, ·)‖^2 + 2∑ j=0 ‖(∂_t, ∂_x)^j (θ, q)(t, ·)‖^2 ≤ d_1e^{−d2} Λ_0.

Proof: In a great part, the proof imitates the energy estimates derived for the linearized system in section 3. That is one tries to find a Lyapunov function and appropriate multipliers, respectively, and treats the arising nonlinear terms as perturbations of the energy terms. These perturbations are of cubic type and hence will be regarded as ”small” terms. Thus an a priori estimate will be proved that simultaneously gives a uniform bound on the highest norms of the local solution such that a continuation argument is possible, as well as allows to conclude the exponential stability.

We start from a local solution according to Theorem 6.1 (with s = 3) and derive estimates for Λ(t) for t in the time interval of local existence. The multipliers are chosen like in the linearized case, now working with nonlinear multipliers that lead to additional nonlinear terms.

First we define the first-order energy term

E_1(t) := 1 2 1∫ 0 (kdu^2_t + kdau^2_x + kbθ^2 + bgτq^2)(t, x)dx ≡ E_1(t; u, θ, q).

Then we easily obtain d dt E_1 = − 1∫ 0 bgq^2dx + R_c (7.6)

with

R_c = 1 2 1∫ 0 (kd)_tu^2_t − (akd)_xu_xu_t + (akd)_tu^2_x + (bkd)_xθu_t + (kb)_tθ^2 +(kbg)_xqθ + (bgτ)_tq^2dx. (7.7) R_c essentially consists only of cubic terms because of the differentiations to be carried out. Differentiating (7.1)–(7.3) with respect to t once and twice, we obtain in the same way for the second- and third-order energy terms

E_2(t) := E_1(t; u_t, θ_t, q_t), E_3(t) := E_1(t; u_{tt}, θ_{tt}, q_{tt}), d dt E_2 = − 1∫ 0 bgq^2_t dx + R_c (7.8) and d dt E_3 = − 1∫ 0 bgq^2_{tt}dx + R_c, (7.9) where we use the same symbol R_c as in (7.6), here and in the sequel, to denote different, but essentially cubic remainder terms. Observe that due to the regularity in the local existence theorem we have to consider also the third-order energy term, while it was sufficient to consider only the first- and second-order energy terms in the linearized case, cp. section 3.

Moreover, observe that

∑_3

j=1 E_j (t) is equivalent to Λ(t) defined in Theorem 7.1, that is

∃ C_1, C_2 > 0 ∀ t : C_1Λ(t) ≤ 3∑ j=1 E_j(t) ≤ C_2Λ(t). (7.10)

The second inequality in (7.10) is obvious, the first can be seen from Poincaré’s estimate for u and using the differential equations to estimate successively u_{xx}, θ_x, q_x, q_{tx}, θ_{xx}, u_{xxx}, θ_{xt}, u_{txx}, q_{xx}. Therefore, to prove the theorem, we shall prove an a priori estimate for

∑_3 j=1 E_j(t).

From (7.3) and its — with respect to t — differentiated version we conclude 1∫ 0 θ^2_x + θ^2_{xt}dx ≤ c 1∫ 0 q^2 + q^2_t + q^2_{tt}dx + R_c, (7.11)

where c will denote various positive constants not depending on t or on the initial data (but on K from the assumptions, for instance).

Multiplying the equations (7.1) and (7.2) by^1_a u_{xx} and^3_{ad} u_{tx}, respectively, we obtain after partial integrations and adding the two resulting equations 1∫ 0 2 a u^2_{tx}dx + 1 2 1∫ 0 u^2_{xx} + d dt 1∫ 0 1 a u_{tx}u_x − 3g a^2d qu_{tt} + 3bgτ a^2dk qq_t + 3bg a^2dk q^2

+ 3τ adk q_tu_t + 3 adk qu_tdx ) ≤ −[ 3g ad qu_{tx}]^{x=1}_{x=0} + c 1∫ 0 q^2_t + θ^2_xdx + R_c. (7.12)

Similarly, we obtain after differentiating the differential equations (7.1)–(7.3) with respect to t 1∫ 0 2 a u^2_{txt}dx + 1 2 1∫ 0 u^2_{xxt} + d dt 1∫ 0 1 a u_{txt}u_{xt} − 3g a^2d q_tu_{ttt} + 3bgτ a^2dk q_tq_{tt} + 3bg a^2dk q^2_t

+ 3τ adk q_{tt}u_{tt} + 3 adk q_tu_{tt}dx ) ≤ −[ 3g ad q_tu_{txt}]^{x=1}_{x=0} + c 1∫ 0 q^2_{tt} + θ^2_{xt}dx + R_c. (7.13)

Using the Poincaré estimate and the differential equations (7.1)–(7.3) as well as their differentiated (with respect to t) version, we get 1∫ 0 u^2_t + u^2_{tt} + u^2_{ttt} + θ^2 + θ^2_t dx ≤ c 1∫ 0 u^2_{xx} + u^2_{xxt} + u^2_{tx} + u^2_{ttx} + q^2 + q^2_t + q^2_{tt}dx + R_c. (7.14)

An estimate for u_x is obtained by multiplication of (7.1) by u leading to 1∫ 0 u^2_xdx ≤ c 1∫ 0 u^2_{tt} + θ^2_xdx + R_c. (7.15)

A multiplication of (7.2) by θ_t and of the differentiated equation by θ_{tt}, respectively, yields 1∫ 0 θ^2_t + θ^2_{tt}dx − d dt 1∫ 0 2gqθ_x + 2gq_tθ_{xt}dx

≤ c 1∫ 0 q^2_t + θ^2_x + q^2_{tt} + θ^2_{xt}dx + 1∫ 0 d^2(u^2_{tx} + u^2_{txt})dx + R_c. (7.16)

The boundary terms in (7.12) and (7.13) are also treated in a similar way to the linearized case, that is at first we have |[ 3g ad (qu_{tx} + q_tu_{txt})]^{x=1}_{x=0}| ≤ c ε^3_1 1∫ 0 q^2 + q^2_t dx + c_1ε 1∫ 0 θ^2_t + θ^2_{tt}dx + c_2 1∫ 0 u^2_{tx} + u^2_{txt}dx

+ε_1 ( [a(|u_{tx}|^2 + |u_{txt}|^2)]_{x=1} + [a(|u_{tx}|^2 + |u_{txt}|^2)]_{x=0} ) + R_c, (7.17)

where ε_1 > 0 is still arbitrary, and c_1, c_2 denote fixed positive constants, as well as will do c_3, c_4, . . . in the sequel. Then we differentiate (7.1) with respect to t once and twice and multiply by ϕu_{tx} and ϕu_{txt}, respectively, where ϕ(x) := 1 − 2x, and obtain d dt ( 1∫ 0 u_{tt}ϕu_{tx} + u_{ttt}ϕu_{txt}dx) + 1 2 (|u_{tt}(1)|^2 + |u_{tt}(0)|^2 + |u_{ttt}(1)|^2 + |u_{ttt}(0)|^2)

− 1∫ 0 u^2_{tt} + u^2_{ttt}dx + 1 2 [a(|u_{tx}|^2 + |u_{txt}|^2)]_{x=1} + 1 2 [a(|u_{tx}|^2 + |u_{txt}|^2)]_{x=0}

− 1∫ 0 a(u^2_{tx} + u^2_{txt})dx + 1∫ 0 ϕb(θ_{tx}u_{tx} + θ_{txt}u_{txt})dx = R_c. (7.18) On the other hand we can multiply (7.2) by −^b_d ϕθ_{tx} and the differentiated equation by −^b_d ϕθ_{txt}, respectively, and we get 1 2 [ b d (θ_t|^2 +|θ_{tt}|^2)]_{x=1} + 1 2 [ b d (|θ_t|^2 +|θ_{tt}|^2)]_{x=0} − 1∫ 0 b d (θ^2_t +θ^2_{tt})dx− d dt ( 1∫ 0 bg d (q_xϕθ_x +q_{xt}ϕθ_{xt})dx

− 1∫ 0 bg dτ (q_xϕθ_x + q_{xt}ϕθ_{xt}) + [ gbk 2dτ (|θ_x|^2 + |θ_{xt}|^2)]_{x=1} + [ gbk 2dτ (|θ_x|^2 + |θ_{xt}|^2)]_{x=0}

− 1∫ 0 bgk dτ (θ^2_x + θ^2_{xt})dx − 1∫ 0 ϕb(θ_{tx}u_{tx} + θ_{txt}u_{txt})dx = R_c. (7.19) Adding (7.18) and (7.19) we obtain d dt 2ε_1 1∫ 0 u_{tt}ϕu_{tx} + u_{ttt}ϕu_{txt} − bg d (q_xϕθ_x + q_{xt}ϕθ_{xt})dx

+ε_1 ( [a(|u_{tx}|^2 + |u_{txt}|^2)]_{x=1} + [a(|u_{tx}|^2 + |u_{txt}|^2)]_{x=0} )

≤ c_3ε_1 1∫ 0 u^2_{tt} + u^2_{ttt}dx + c_4ε_1 1∫ 0 u^2_{tx} + u^2_{txt}dx + c_5ε_1 1∫ 0 θ^2_t + θ^2_{tt}dx + c 1∫ 0 θ^2_x + θ^2_{xt}dx + R_c. (7.20)

Observe that the third-order terms in θ appearing in (7.18) and (7.19) just cancel each other.

A combination of (7.17) and (7.20) yields

|[ 3g ad (qu_{tx} + q_tu_{txt})]^{x=1}_{x=0}| ≤ c ε^3_1 1∫ 0 q^2 + q^2_t dx + c_6ε_1 1∫ 0 θ^2_t + θ^2_{tt}dx

+c_7ε_1 1∫ 0 u^2_{tx} + u^2_{txt}dx + c_8ε_1 1∫ 0 u^2_{tt} + u^2_{ttt}dx

+c_9ε_1 1∫ 0 θ^2_x + θ^2_{xt}dx − d dt 2ε_1 1∫ 0 u_{tt}ϕu_{tx} + u_{ttt}ϕu_{txt}

− bg d (q_xϕθ_x + q_{xt}ϕθ_{xt})dx ) + R_c. (7.21)

Combining (7.12), (7.13), (7.16) and (7.21) we obtain for sufficiently small ε_1

c_{10} 1∫ 0 u^2_{tx} + u^2_{txt}dx + c_{11} 1∫ 0 u^2_{xx} + u^2_{xxt}dx + c_{12} 1∫ 0 θ^2_t + θ^2_{tt}dx + d dt G(t) ≤ c_{13} 1∫ 0 q^2 + q^2_t + q^2_{tt}dx + R_c,

(7.22) where

G(t) := 1∫ 0 1 a (u_{tx}u_x + u_{txt}u_{xt}) − 3g a^2d (qu_{tt} + q_tu_{ttt}) + 3bgτ a^2dk (qq_t + q_tq_{tt}) + 3bg a^2dk (q^2 + q^2_t ) + 3τ adk (q_tu_t + q_{tt}u_{tt}) + 3 adk (qu_t + q_tu_{tt}) + 2ε_1[u_{tt}ϕu_{tx} + u_{ttt}ϕu_{txt} − bg d (q_xϕθ_x + q_{xt}ϕθ_{xt})] − c_{14}g(qθ_x + q_tθ_{xt})dx. As Lyapunov function we may now take, for ε > 0,

F (t) := 1 ε 3∑ j=1 E_j(t) + G(t).

For sufficiently small ε we have the following equivalence of F (t) and

∑_3 j=1 E_j (t),

∃ C_3, C_4 > 0 ∀ t ≥ 0 : C_3F (t) ≤ 3∑ j=1 E_j (t) ≤ C_4F (t), (7.23)

and summarizing (7.6), (7.8), (7.9), (7.11), (7.14), (7.15), (7.22), we obtain d dt F (t) ≤ −c_{15} 3∑ j=1 E_j (t) + |R_c| ≤ −c_{16}F (t) + |R_c|. (7.24)

Based on classical calculus for composite functions and Gagliardo-Nirenberg estimates the cubic terms in R_c can be estimated in a manner also done for classical thermoelasticity, see e.g [17, 10], to obtain |R_c| ≤ c_{17}(F (t))^{3/2}, hence we conclude from (7.24) d dt F (t) ≤ −c_{16}F (t) + c_{17}(F (t))^{3/2}

whence we get for sufficiently small F (0), e.g. (cp. page 128 in [10]) if

F (0) < 1 2 ( c_{16} 2c_{17}

)^2

that F (t) ≤ c_{18}e^{−c16t}F (0). (7.25) Recalling (7.23) and (7.10), the estimate (7.25) together with a continuation argument for the local solution proves the theorem.

Q.e.d.

Remark: We have shown that at least for solutions near the equilibrium state zero, there is no blow-up of solutions in finite time. Smooth solutions exist globally and are exponentially stable. On the other hand, it is known already for the hyperbolic-parabolic system of classical thermoelasticity (τ = 0) that for sufficiently large data smooth solutions will blow up in finite time, see [4, 7, 6]. The more this behavior is expected for the damped, but purely hyperbolic system of thermoelasticity with second sound.

8 Appendix: Linear well-posedness

For the sake of completeness we present a short direct discussion of the well-posedness for the linear initial boundary value problem (2.1)–(2.5). The boundary conditions (3.1) or (4.1) instead of (2.5) can be treated similarly, cp. [13, 10].

We transform the system (2.1)–(2.5) into a first-order system of evolution type, finally applying semigroup theory. Let for a solution (u, q, θ) be V defined as

V := κδαu_x u_t θ q , V (0, ·) ≡ V_0 := κδαu_{0,x} u_1 θ_0 q_0

(8.1) and let

Q := 1 καδ 0 0 0 0 κδ 0 0 0 0 κβ 0 0 0 0 γβτ_0 , N := 0 −∂_x 0 0 −∂_x 0 κδβ∂_x 0 0 κδβ∂_x 0 γκβ∂_x 0 0 γκβ∂_x γβ .

Then V satisfies V_t(t) + Q^{−1}NV (t) = 0, V (0) = V_0.

Let H := ( L^2((0, L))

)_4

with inner product ⟨V, W ⟩_H := ⟨V, QW ⟩_L2 , let A : D(A) ⊂ H → H, AV := Q^{−1}NV for V ∈ D(A) := { V = (V^1, V^2, V^3, V^4)^′ ∈ H | V^2, V^4 ∈ H^1_0 ((0, L)), V^1, V^3 ∈ H^1((0, L)) } , i.e.

V_t(t) + AV (t) = 0, V (0) = V_0. (8.2)

On the other hand, if V satisfies (8.2) for V_0 defined in (8.1), then

u(t, ·) := u_0(·) + t∫ 0 V^2(s, ·)ds, θ := V^3, q := V^4

satisfy (2.1)–(2.5), i.e. (8.2) and (2.1)–(2.5) are equivalent (in the chosen spaces). The wellposedness is now a corollary of the following lemma characterizing A as a generator of a C_0- semigroup of contractions.

Lemma 8.1 (i) D(A) is dense in H and −A is dissipative.

(ii) A is closed. (iii)

D(A^∗) = D(A), A^∗W = Q^{−1} 0 ∂_x 0 0 ∂_x 0 −κδβ∂_x 0 0 −κδβ∂_x 0 −γκβ∂_x 0 0 −γκβ∂_x γβ W.

Proof:

(i) The density of D(A) is obvious, Re⟨−AV, V ⟩_H = −γβ‖V^4‖^2_L2 ≤ 0.

(ii) Let (V_n)_n ⊂ D(A), V_n → V ∈ H, AV_n → F ∈ H as n → ∞. Then ∀Φ ∈ H : ⟨AV_n, Φ⟩_H → ⟨F, Φ⟩_H. Choosing successively 1. Φ = (Φ^1, 0, 0, 0)^′, Φ^1 ∈ H^1((0, L)), 2. Φ = (0, 0, Φ^3, 0)^′, Φ^3 ∈ H^1((0, L)), 3. Φ = (0, 0, 0, Φ^4)^′, Φ^4 ∈ C^∞_0 ((0, L)), 4. Φ = (0, Φ^2, 0, 0)^′, Φ^2 ∈ C^∞_0 ((0, L)) we obtain 1. V^2 ∈ H^1_0 ((0, L)) and −∂_xV^2 = [QF ]^1 (first component), 2. V^4 ∈ H^1_0 ((0, L)) and κδβ∂_xV^2 + γκβ∂_xV^4 = [QF ]^3, 3. V^3 ∈ H^1((0, L)) and γκβ∂_xV^3 + γβV^4 = [QF ]^4, 4. V^1 ∈ H^1((0, L)) and −∂_xV^1 + κδβ∂_xV^3 = [QF ]^2, that is V ∈ D(A) and AV = F . (iii) W ∈ D(A^∗) ⇔ ∃F ∈ H ∀Φ ∈ D(A) : ⟨AΦ, W ⟩_H = ⟨Φ, F ⟩_H. Choosing Φ appropriately as in the proof if (ii), the conclusion follows.

Q.e.d.

With the Hille-Yosida theorem for C_0-semigroups we thus have Theorem 8.2 −A generates a C_0-semigroup of contractions { e^{−tA} } t ≥ 0. Let V_0 ∈ D(A).

Then the unique solution V ∈ C_1([0, ∞), H) ∩ C_0([0, ∞), D(A)) to (8.2) is given by V (t) = e^{−tA}V_0. If V_0 ∈ D(A^n), n ∈ N, then V ∈ C_0([0, ∞), D(A^n)) and (8.2) yields higher regularity in t. Remark: The spaces and norms have been chosen such that the first order energy E_1 of (u, θ, q) corresponds to the norm of V in H:

E_1(t) = 1 2 ‖V (t)‖^2_H. Acknowledgement: The author thanks Mario Mosbacher^1 for bringing the problem of pulsed laser heating to his attention, and also for providing the data (α, β, δ, γ, τ_0 , L) used in section 2.

References

[1] Carlson, D.E.: Linear thermoelasticity. Handbuch der Physik VIa/2 (1972), 297–346. [2] Chandrasekharaiah, DS.: Hyperbolic thermoelasticity: a review of recent literature. Appl.

Mech. Rev. 51 (1998), 705–729.

[3] Chrzȩszczyk, A.: Some existence results in dynamical thermoelasticity. Part I. Nonlinear case. Arch. Mech. 39 (1987), 605–617.

[4] Dafermos, C.M., Hsiao, L.: Development of singularities in solutions of the equations of nonlinear thermoelasticity. Quart. Appl. Math. 44 (1986), 463–474.

1Dept. of Physics, Univ. Konstanz

[5] Dan, W.: On a local in time solvability of the Neumann problem of quasilinear hyperbolic parabolic coupled systems. Math. Meth. Appl. Sci. 18 (1995), 1053–1082.

[6] Hansen, I.: Lebensdauer von klassischen Lösungen nichtlinearer Thermoelastizitätsgleichungen. Diploma thesis, University of Bonn (1994).

[7] Hrusa, W.J., Messaoudi, S.A.: On formation of singularities in one-dimensional nonlinear thermoelasticity. Arch. Rational Mech. Anal. 111 (1990), 135–151.

[8] Hughes, T.J.R., Kato, T., Marsden, J.E.: Well-posed quasi-linear second-order hyperbolic systems with applications to nonlinear elastodynamics and general realitvity. Arch. Rational Mech. Anal. 63 (1977), 273–294.

[9] Jiang, S., Muñoz Rivera, J.E., Racke, R.: Asymptotic stability and global existence in thermoelasticity with symmetry. Quart. Appl. Math. 56 (1998), 259–275.

[10] Jiang, S., Racke, R.: Evolution equations in thermoelasticity. π Monographs Surveys Pure Appl. Math. 112, Chapman & Hall/CRC, Boca Raton (2000).

[11] Koch, H.: Slow decay in linear thermo-elasticity. Quart. Appl. Math. (to appear).

[12] Lebeau, G., Zuazua, E.: Decay rates for the three-dimensional linear system of thermoelasticity. Arch. Rational Mech. Anal. 148 (1999), 179–231.

[13] Initial boundary value problems in mathematical physics. B.G. Teubner- Verlag, Stuttgart; John Wiley & Sons, Chichester (1986).

[14] Lord, H.W., Shulman, Y.: A generalized dynamical theory of thermoelasticity. J. Mech.

Phys. Solids 15 (1967), 299–309.

[15] Mosbacher, M., Dobler, V., Münzer, H.-J., Zimmermann, J., Solis, J., Boneberg, J., Leiderer, P.: Optical field enhancement effects in laser assisted particle removal. Appl. Phys. A 72 (2991), 41–44.

[16] Muñoz Rivera, J.E.: Energy decay rates in linear thermoelasticity. Funkcial. Ekvac. 35 (1992), 19–30.

[17] Racke, R., Shibata, Y., Zheng, S.: Global solvability and exponential stability in onedimensional nonlinear thermoelasticity. Quart. Appl. Math. 51 (1993), 751–763.

[18] Sabir Öncü, T., Bryant Moodie, T.: On the constitutive relations for second sound in elastic solids. Arch. Rational Mech. Anal. 121 (1992), 87–99.

[19] Sherief, H.: On uniqueness and stability in generalized thermoelasticity. Quart. Appl.

Math. 44 (1987), 773–778.

[20] Spicer, J.B., Hurley, D.H.: Epicentral and near epicenter surface displacements on pulsed laser irradiated metallic surfaces. Appl. Phys. Lett. 86 (1996), 3561–3563.

[21] Tamma, K.K., Namburu, R.R.: Computational approaches with applications to nonclassical and classical thermomechanical problems. Appl. Mech. Rev. 50 (1997), 514–551.

[22] Tarabek, M.A.: On the existence of smooth solutions in one-dimensional nonlinear thermoelasticity with second sound. Quart. Appl. Math. 50 (1992), 727–742.

[23] Wang, X., Xu, X.: Thermoelastic wave induced by pulsed laser heating. Appl. Phys. A (to appear). DOI: 10.1007/s003390000593.