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ABSTRACT. A hyperbolized compressible Navier-Stokes system is considered in multi dimensions,
where the parts of the stress tensor are fully relaxed. Local existence is obtained first, then global
solutions for small data, with estimates being uniform in the three relaxation parameters, the
latter allowing the prove a weak convergence result to the classical compressible Navier-Stokes
system, globally in time, as the relaxation parameters tend to zero. Finally, a blow-up result for
large data is proved.
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1. INTRODUCTION

The basic equations of fluid dynamics for (z,t) € R™ x (0,00)are given by mass conservation,
momentum balance and energy conservation as follows:

Op + div(pu) =0,
O(pu) + div(pu ® u) + Vp = div(S), (1.1)
O (p€) + div(pu€ + pu + ¢+ Su) = 0.

Here, the functions p,u,&,p, S, q denote the fluid density, velocity, total energy per unit mass,
pressure, stress tensor and heat flux, respectively. The equations for stress S and heat flux ¢
should be given to make the system (1.1) closed. For classical fluid dynamics, the constitutive law
for S is given by

2
S = u(Vu+ Vul — Zdivul,) + Mdivul, (1.2)
n
and for the heat conduction by Fourier’s law,
q=—r(0)VH. (1.3)

Here, p and A are shear and bulk viscosity coefficients, respectively, which are assumed to be
constants. I, denotes the identity matrix in R™ and () denotes the heat conduction coefficient.

The system (1.1)-(1.3) is called compressible Navier-Stokes-Fourier system, which plays a crucial
rule both in physics and mathematics. However, due to its hyperbolic-parabolic structure, the
system implies an inherent infinite propagation speed of signals, which contradicts our common
sense. Lots of physicists and mathematicians are devoted to establish new models to remove such
paradox, see Miiller [28], Ruggeri [34] and Boyaval [1]. The common feature of these works are
replacing the constitutive relations (1.2) and (1.3) by various kinds of relaxed equations. Thus,
the diffusive hyperbolic-parabolic coupled equations are reduced to pure hyperbolic equations with
damping terms which indicates the property of finite propagation speed of signals.
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On the other hand, for some complex fluids, like macromolecular or polymeric fluids, .S satisfies
the following constitutive equation

78+ 8 = u(Vu+ Vul — %divu[n) + Mdivul, (1.4)

where S = 9,5 4+ u - VS. The equation (1.4) is obtained by combining Newton’s law of viscosity
and Hooke’s law of elasticity. The positive parameter 7 is the relaxation time describing the time
lag in the response of the stress tensor to velocity gradient. A fluid obeying equation (1.4) is called
Maxwell flow, see [29]. Replacing the material derivative S by objective derivative, we obtain an
objective constitutive equation of compressible Oldroyd-B type models:

rS+8 = w(Vu + vul — %divu[n) + \divul, (1.5)

where § 1= S + SW(u) — W(u)S — a(SD(u) + D(u)S) with W(u) = L(Vu — VuT), D(u) =
%(Vu—l— VuT) and —1 < a < 1 be a constant. We should mention that, even for a simple fluid, the
effect of relaxation can not always be neglected, see [31] with the experiments of high-frequency
(20GHZ) vibration of nanoscale mechanical devices immersed in water-glycerol mixtures. In 2014,
Yong [39] proposed a new model in which he divided the stress tensor S into S; + SaoI,, and did
relaxation for S; and Ss in the following form

2
#10:S1 + 81 = u(Vu + Vul — ﬁdivuln), (1.6)
T20;S9 + Sy = Adivu. (17)

Here 71 and 75 are called shear and bulk relaxation time, respectively. The constitutive equations
(1.6)-(1.7) are called revised Maxwell’s law. Note that even though there is no quadratic terms, like
u-VSy and u-V.Ss in (1.6) resp. (1.7), and thus does not have the property of Galilean invariance,
let alone objective, this model is shown to be the best one in comparison to various other models
for the dynamic behavior of linear viscoelasticity flows considered in [3]. Indeed, for a compressible
viscoelastic fluid, Chakraborty and Sader [3] show that this model provides a general formalism
with which to characterize the fluid-structure interaction of nanoscale mechanical devices vibrating
in simple liquids.

In quite a similar way, going back to Cattaneo [2], Christov [6] proposed the following objective
constitutive equation for g,

70 (0¢q +u-Vq—q-Vu+ (divu)g) + ¢ + £(0) VO = 0, (1.8)

which gives rise to heat waves with finite propagation speed. Here 7y > 0 is the relaxation time.

We note that the system (1.1) with two objective constitutive relations (1.5) and (1.8) is yet
too complicated to analyze or simulate. Actually, only in the 1-D case, the authors [18] obtained
a local and global well-posedness theorem for some small initial data. The h-D case is mathe-
matically not yet accessible, even locally, because of the loss of symmetric structure for first-order
quasilinear system. So, in practice, the model (1.1), (1.5) and (1.8) is always modified with an ad-
ditional viscosity (called ”a retardation time”). However, such a modification spoils the structure
of hyperbolicity and therefore loses the property of finite speed.

In this paper, we shall consider the following constitutive equations:

70(0)p(Org +u - Vq) + ¢+ k(0)VO = 0, (1.9)

and
T1p0(S1 +u-VS)) + 51 = u(Vu + Vul — %divuln)7 (1.10)
TopO(S2 + u - VS2) 4+ So = Adivu, (1.11)
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with S = S1+S521,. The constitutive equation (1.10)-(1.11) was proposed by Freistiihler [10, 11] for
the isentropic case, see also Ruggeri [34] and Miiller [28] for a similar model in the non-isentropic
case. Formally, by replacing 8,5 by S and take 71 = 7 p and 73 = 7op in (1.6)-(1.7), one can
also get (1.10)-(1.11). Similarly, by neglecting the quadratic terms ¢ - Vu and (divu)q and taking
7o = 10(0)p in (1.8), we get (1.9) immediately.

Furthermore, we assume that the specific total Energy is given by

Lo, Te, T
1.12
E u”+ —S7 + )\SQ + e, ( )
and the specific internal energy e and the pressure p are given by
e=Cy0+a(f)q®, p= Rpb, (1.13)

where a() = @ —17'(0) and Z(0) = 2’((:)). Cy, R denote the heat capacity at constant volume

and the gas constant, respectively. p and e satisfy the usual thermodynamic equation

pgep =p — Ope.
Here, we note that, because of relaxation, the specific energy are composed of three parts: %uz be
kinetic energy, Z—LS% + 2%\5% the relaxed potential energy and e the specific internal energy.

The dependence of the internal energy on ¢? and the structure of the dependence of a, Z on
6 is indicated by Coleman et al. in [7], where they rigorously prove that for heat equations with
Cattaneo-type law, the formulation (1.13) is consistent with the second law of thermodynamics,
see also [4, 8, 37].

Note that for the case 79 = 71 = 7 = 0, the system (1.1), (1.9)-(1.13) reduces to the classical
compressible Navier-Stokes-Fourier equations, for which there are lots of results concerning the
local and global well-posedness of strong and/or weak solutions. In particular, the local existence
and uniqueness of smooth solutions was established by Serrin [35] and Nash [30] for initial data far
away from vacuum. Later, Matsumura and Nishida [27] got global smooth solutions for small initial
data without vacuum. For large data, Xin [38], Cho and Jin [5] showed that smooth solutions must
blow up in finite time if the initial data has a vacuum state. See [13, 14, 25, 22, 23, 9] for global
existence of weak solutions. Neglecting the quadratic nonlinear terms u-Vq and v-VS;,i = 1,2 in
(1.9) resp. (1.10) —(1.11), the cases 79 > 0,71 = 72 = 0 (Cattaneo’s law) and 79 = 0,71 > 0,72 > 0
(revised Maxwell’s law) have been studied in R™, n > 2, respectively, in our papers [16, 17]. For the
one-dimensional case, we had considered the relaxation both for ¢ and S with Galilean invariance
(also objective) form. In [18], we showed the global existence of smooth solutions with small initial
data and convergence to classical system as relaxation parameter goes to zero. In our paper with
Wang [21], a blow-up result for large data was shown, hereby also yielding an interesting example,
where the relaxed and the non-relaxed system are close to each other on the linearized level,
globally for small data for the nonlinear system, and on any finite time horizon for the nonlinear
one, but differ qualitatively for large data. The results in [21] were extended by the authors in [20]
to a related model, where smallness assumptions to assure hyperbolicity were no longer needed.

Recently, for the multi-dimensional case, the authors [19] have considered the case 79 > 0,71 =
0,72 > 0 and obtained a global small smooth solutions for © > 0 and a blow-up result with
some large data for 4 = 0. To our knowledge, most of the previous results only concern partial
relaxations, for which regularity of elliptic operators plays an important role in getting both local
and global solutions. It leaves the open question whether the system (1.1) with full relaxation (the
case 1o > 0,7 > 0,72 > 0 in (1.9)-(1.11)) is well-posed either locally or globally. We shall solve
this problem in this paper.

We investigate the Cauchy problem to system (1.1), (1.9)-(1.13) for the functions

(psu, 0,4, 51, 82) : R™ x [0,400) — (0,00) x R x (0,00) x R” x R"" x R
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with initial condition
(p(x,0),u(x,0),6(x,0),q(z,0),51(z,0),S2(x,0)) = (po, uo, bo, qo, So1, So2)- (1.14)
We need the following assumptions for the coefficients 79(6) and «(6).
Assumption 1.1. Let 79() = 70 - 7o() with 790 > 0 be any fized constant. 7o(0) and x(6) are
assumed to be smooth functions of 6 satisfying
70(0) >0, k(0)>0, forallf>0.
Assumption 1.2. Let

a(@) >0, d'(0) >0, % (Zé@)) >0, forall®>0. (1.15)

The inequality a’(6) > 0 implies eg > C, > 0, which makes the system (1.1)-(1.3) uniformly
hyperbolic without smallness condition. The third inequality in (1.15) will give the L?-estimates
for ¢ from Remark 3.3 below, which will be used in the blow-up result. Note also that by choosing
Z(0) = Tlf((g)) = k6~ with k being any constant and 1 < a < 2, the assumption (1.15) holds.

In the following, we consider w.l.o.g. the three-dimensonal case, that is, n = 3. Our first main
result is stated as follows.

Theorem 1.3. (Uniform global existence). Let Assumption 1.1 hold and trace(Sp1) = 0. There
exists a sufficiently small constant § > 0 such that, if

[(po — 1, 10,00 — 1,+/T090, v/T1.501, /T2502) | s < 6,
then the initial value problem (1.1), (1.9)-(1.14) has a unique solution (p,u,0,q, S1,S2) globally in
time such that
(p—1,u,0 —1,q,51,52) € C([0,00); H?),
and
(Vp, Vu,VH) € L*((0,00); H?), (q,51,S2) € L*((0,00); H?).
Moreover, for any t > 0 we have

t

||(P - 1’u79 - 17 \/%q’ \/ﬁsh \/ESQ)H%ﬂ + / (H(V[L VU,VQ)H%IQ + H(qa 51752)“%{3) dt < CE37
0

(1.16)

where C' is a constant being independent of t, 79, 71, 7o and of the initial data. Moreover, the solution
decays uniformly in the sense

IV (p,u,0,/T0q, /T151, V/T252)|| L2 = 0 ast — oo. (1.17)
Based on the uniform estimates of solutions, we have the following convergence theorem.

Theorem 1.4. (Global weak convergence). Let T = (19,71,72) and (p7,u”,07,q7,S7,S%) be the
global solutions obtained in Theorem 1.3, then there exists (p°,u® 0°) € L°°((0,00); H3(R)) and
(q°,59,59) € L?((0,00); H3(R)), such that, as T — 0, up to subsequences,

(p",u™,07) — (p°,u°,6°) weak— x in  L°°((0, 00); H*(R)), (1.18)
(q7,57,85) — (¢",51,83)  weakly in  L*((0,00); H*(R)), (1.19)

where (p°,u°,0%) is a distributional solution to the three-dimensional full compressible Navier-
Stokes equations (1.1)-(1.3). Moreover, for any T > 0,

(7 u") = (p°,u°) strongly in  C([0,T], Hp,o(R%))

and, a.e.,

" = —k(0")V0°, SY = p(Vu® + (Vu)T — %divuolgg), S9 = Adivu®.
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Remark 1.1. More regularity in 07 seems difficult to obtain, though claimed in [32] for the 1-d
case.

According to Theorem 1.3, a natural question is that whether the studied system possess a global
solution for large initial data. We give a negative answer to this question. Actually, we show that
there exists some large initial data for which the classical solutions must blow-up in finite time.
Before we state the next theorem, it is helpful to define some useful averaged quantities, extending
[36]:

F(t) := /pu -xdx — 379 //)Sgdav7 (1.20)

Glt) = /(pé’(m,t) _ 58)da, (1.21)
with p = 1 and € = C,. Our blow-up result is stated as follows.

Theorem 1.5. Let Assumptions 1.1 and 1.2 hold. Let the initial data be given as in Theorem 2.1
and Proposition 6.1 . Moreover, we assume that

G(0) > 0. (1.22)
Then, there exists (po,uo, o, go, So1, So2) satisfying

12870 max poM*
F 1.2
and
(5 — 3y)um max pg 9 256702 max poM?
— X +3(v—1 H < 1.24
(B2 30— 1)) (o + 25 2 uol) < 207 (1.24)

where Hy is defined in (6.2), o, M are defined in Proposition 6.1, such that the length Ty of the
mazimal interval of existence of a smooth solution (p,u,0,q,S1,52) of (1.1), (1.9)-(1.13) s finite,
provided the compact support of the initial data is sufficiently large and v := 1+ Cﬂz’s sufficiently
close to 1.

Remark 1.2. We mention that, for the classical Naviver-Stokes-Fourier system, it is still a famous
open problem whether or not there exists a unique global large smooth solution. In this regard, we
establish a result which illustrate a possible different qualitative behavior for multi-dimensional
relazed and classical system. This change of qualityative behavior has already been shown in the
one dimensional case, where the authors proved that the solutions to the relaxed system blow up
for some large data, contrasting the situation of the classical system, see [21] for more details.

Remark 1.3. In comparison to our previous paper [19], we modified the model and, now, can
avoid the smallness assumptions for the blow-up result there.

The proofs of Theorem 1.3, Theorem 1.4 and of Theorem 1.5, are given in Section 4, 5 and 6,
respectively. The main novelties of the paper are

e local existence for the multi-dimensional case with fully relaxed stress tensor

e global existence for small data

e global in time convergence the classical compressible Navier-Stokes system for relaxation

parameters tending to zero

e blow-up for large data for the relaxed system
Finally, we introduce some notation. WP = W™P(R"), 0 < m < oo, 1 < p < oo, denotes the
usual Sobolev space with norm || - [[wm.». H™ and LP stand for W™2(R™) resp. WP(R™). For
m x d-matrices B = (bj;), M = (mjy,), we denote A: B =3>""", Zi:l bjk mjk, and M? = M : M.
For m € Ny we denote by V" v derivatives of v of order m.
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2. LOCAL EXISTENCE

In this section, we show the local existence of smooth solutions for the initial value problem
(1.1), (1.9)-(1.14).

Theorem 2.1. (Local eristence) Let s > so + 1 with so > [§] + 1 be integers. Suppose that the
initial data (po — 1,u0,00 — 1,90, S01, S02) are in H* with

min (po(2),60(x) > 0, min (€, + o (Bo(e)) a3 (x)) > 0 (2.1)
and trace(Sp1) = 0. Then, there exists Tey > 0 such that the system (1.1), (1.9)-(1.14) has an
unique classical solution (p,u,0,q,0,51,52) satisfying

(p - 1,U79 - 1) q, Sla 52) € C([O7Tew]7HS) N Cl([O7Tew]7HS_1); (22)

and
rrel]i]g(p(t,x), 0(t,x)) > 0, rrelkr}m(Cv +d' (0(t, )% (t,x)) >0 Yt €0, Tey).
Proof. Using the energy equation (1.1),, we derive the following equation for §:

2a(0) . . 2a(0)
0 —— 0+ pd divg =
peg0il + (pueg 70 q) VO + pdivu + divg ()

1 1
2 2 2
+ —S57 + =55, 2.
q 5 Sy )\SQ (2.3)
So, we have

Op + div(pu) =0,

pOu ~+ pu - Vu + Vp = divS; + V.Ss,

peg0if + (pueg — ZZGT(g))q) VO + pdivu + divg = igég)) @+ ﬁS% + %SQQ,
70(0)p(9q +u - Vq) + g+ K(0)VO = 0,

T1p(0:S1 +u-VSy) + 81 = u(Vu + Vul — %divulg),

Top(0:S9 + u - V.S2) + So = Adivu.

We take the trace on both sides of equation (2.4), and denote trace(S;) by T5., then we get
T0p( T +u-VT,.)+ T, =0

Since T,(0,z) = trace(S1)(0,z) = 0 for all z € R3, we get immediately T,.(t,z) = 0 for all
(t,z) € (0,00) x R3. Therefore, without loss of generality, we assume S; to take the following form:

ail a2 a13
Sl = aip a2 a3 . (25)
a13 a2z —aip — a2

Let w = (p,u,0,q,a11,a12,a13, 422, a3, S2). Then, we have
3
Ap(w)wr + Y Aj (W), w + L(w)w = f(w). (2.6)
j=1

Here,

. Dp peg Z(0) 3mip Tip Tip 3Tip TIp T2p
Ao(w):dlag{7p7papa ) P ) ) ) ) )
p 6 0 dp w4 g A
1 311 3 11
L(W):diag{07070a050777a77a}7
K(0)0 A" ' dp A
2a(0)

a 1 1
— di «a\0) o L o Lo
flw) iag{0,0,0,0, 7_O(e)q + QMSI + )\5’27070,0,0,070}7
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pjpu £ ppf 0 O1x3 O1x5 0
o€t pu-Els po€T 033 Csx5() —£7
0 po€  (Ztu—25Fa)- & 3¢ 015 0
Do Ajw) = A 20 ’
= 03x1 03x3 7€ —u- &3 O3x5 03x1
Osx1  Dsx3(§) O5x1 O5x3 T1pu - EBsxs  Osx1
0 = 0 O1x3 O1x5 Zpu-§
where Ery5 := diag{%, %, %, %, ﬁ}7 and
=& & =& 0 0 & & 0
C3x5(8) = 0 & 0 =& =& | Dsxs(§) = =& 0 =&
& 0 &-&a 0 —& 4 -6 &
0 =& —&

3

for each ¢ € S? := {¢ € R?||¢| = 1}. Note that the matrix > A;¢; is not symmetric. Therefore,
j=1

the theory of symmetric-hyperbolic-parabolic system does not apply directly. As in [17], we can

perform a transformation to overcome this problem. Let by; := %,bgg = g2 This
particularly implies a11 = b1y + bao, ass = b1; — boo and S; become

~ bi1 + b2 aiz ai3
S1 = a2 b1 —bao g3
a13 ao3 —2b14

Let @ := (p,u,0,q,b11,a12,a13,bag, as3, S2). Then system (2.4) can be rewritten as

3
Ag(@)ie + Y Aj(@)0a,@ + L@@ = f(@), (2.7)
i=1
with
~ Z(0 3
Ao (@) r=diag{p”,p,p7p7m7é)p,ﬁ7ﬁ,ﬁ,ﬁ,ﬁ,i\2}7
p p AN TANTANT
~ 1 311111
L@ ::diag{0,0,0,0,0,,,,aa»}
@) K(0)0 A
and
pjpu'f Ppé 0 O1x3 ~01><5 0
. ot pu- &l P92§T9 03x3 Csx5(8) -7
ZA(JJ)f _ 0 peg (%U - gg((g))Q) g %5 O1x5 0
J J )
= O3x1 Osxs 5T @U'ﬂ:& O3x5 031
051 Dsx3(&) 051 O5x3 Tipu - EBsxs  Osx1
0 —£ 0 O1x3 O1x5 Zpu-§
where
=& —& 283
. =& & &G & 0 3 & —& 0
Csx5(8) = =& & 0 & =& |, Dsx3(§)=] =& 0 =&
263 0 =& 0 =& & & 0
0 =& —&

Note that Csys(€) = DI 5(€) for each &€ € S2. Therefore, the system (2.7) is a symmetric-
hyperbolicsystem, and the local existence theorem follows, see [26, 24, 33].
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In the two-dimensional case n = 2, we only remark that one can easily check that the system
can be written in a symmetric form immediately. This is different from the 3-d case, for which we
needed further transformations to get a system in a symmetric form. O

Remark 2.1. Note that the initial assumption (2.1) is to ensure the hyperbolicity of system (2.7).
In fact, eg is a smooth function of 0 —1,,/Toq. Therefore, for suﬁciciently small of 0 — 1 and \/Toq
(the situation for global solutions), it can be deduced that eq > % 5.

3. ENTROPY EQUATION AND SOME PRELIMINARY INEQUALITIES

In this part, we first derive an entropy equation for system (1.1), (1.9)-(1.13). We define the
entropy n by

Z(0)\
n:=Cylnf — Rlnp — (2(9)) Q. (3.1)
Similar to [18], we have for a local solution

Lemma 3.1.

0y i, s s
0 k(0)0%2  2u0 A0

Proof. Combining the equations (1.1),, (1.1); and (1.10)-(1.11) , we derive the equation for e:

8 (pn) + div(pun) + div ( (3.2)

1 1
per + pu - Ve + pdivu + divg = ES% + ng. (3.3)
Recalling (1.13) and dividing equation (3.3) by 6, we have
1 1
gat(ove +a(0)¢?) + gu V(Co0 + a(0)¢?) + Rpdivu + dgq 7512 + 555 (3.4)

We calculate

(a(6)q); + Su- V(a(0)?)
(416) o (400 o
(ag)e)qg)t (22292)(12>t+ 9) 9, o

— p
(22 5)0) (42 2)0) -

where we have used the identity (22(002) )t = “gﬁ) 0;.

On the other hand, using the mass equation (1.1),, we have
Rpdivu = —Rp((Inp); +u - V(Inp),).
Combining the above estimates and noting that
a®) Z(0) _ <Z(9)>/
0 262 20 ’
we get the desired results. g

I

p
p

02

Remark 3.1. The entropy defined in (3.1) satisfies the modified Gibb relation
Z(0
Odn = de + pdV — %qdq7 (3.5)

where V = % denotes the specific volume per unit mass.

1

<»+pv((” ) - ouw () + mZ) v

2

7°)
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Remark 3.2. In case 19 = 71 = 72 = 0, the entropy n defined in (3.1) is reduced to the quantity
Cy1In6 — Rln p which is the entropy for classical fluid dynamics. Moreover, the entropy equation
(3.2) is reduced to the following classical entropy equation
Vo Vo2 1 2
O(pn) + div(pun) — div(ﬁT) = al 02 | + 7] (g|Vu + V' — Zdivul,|? + )\divu|2> . (3.6)
n
Remark 3.3. Combining the mass equation (1.1),, the energy equation (1.1); and the entropy
equation (3.2), we get

Z(0) / 2, L o T1 oo T2 o
. Z(0) ' 2, N1 2, T2 2
+div |Cupu(@ —Inf — 1) + pu | a(0) + | —= q° + —puS; + ——puS; + Rpulnp — Rpu
20 ) 2\
LT _ _¢ S5
9+2pu|u| +pu+gq Su]+n(9)92+2u0+)\9_

(3.7)

This equation will later on imply in particular the lower energy estimates of the solutions which
are crucial to get the global existence of smooth solutions.

Next, we present some inequalities which are frequently used in the proof of our main results.

Lemma 3.2. In space dimensions n = 2,3 we have the standard Sobolev imbeddings

i) H? < L.

ii) HY < LP,  for 2 <p <6.

The following Moser-type inequalities will be used in subsequent sections and can be found as
a standard tool for example in [26, 33].

Lemma 3.3. (i) Let r,m,n € N,1 <p < oo, h € C"(R™), B := HhHCr(m)' Then there is
a constant C = C(r,m,n,p) > 0 such that for all w = (w1,...,wy,) € WPP(R™) N L>°(R™) with
lw]|re <1 the inequality

IV h(w)|[r < C B[V wl|Le (3.8)

holds.

(ii) Let m € N. Then there is a constant C' = C(m,n) > 0 such that for all f,g € W™? N L* and
a € N7, |a| < m, the following inequalities hold:

191l < CAUF e~ IV™gll2 + IV Fllllgl). (3.9)

A

IV(fg) = £V¥glla < CUIVFe= V™ gllz + V™ fll2llgll =) (3.10)

4. UNIFORM ESTIMATES AND GLOBAL SOLUTIONS FOR SMALL DATA

Define the energy term by
E(t) :== sup ||(p—1,u,0 —1,/70q, /7151, V7252)||gs, Eo:= E(0), (4.1)

0<s<t
and the dissipation term by
D(t) = [[(Vp, Vu, VO)|I32 + [I(a, S1, S2) 1 - (4.2)
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We assume a priori that E(t) < ﬁ, where x is the Sobolev embedding constant. Then, we have
a priori that
(=10 = Dl < xll(p— 1,6~ Dl < x- 3= = 4 (43)
P ) Lo =X H? X 4X 47 .

which implies that 3 < p < 3,2 < ¢ < 2 We also assume that the functions 7(6)

, k(0) have
positive lower and upper bounds if 8 has positive lower and upper bounds, that is, for % <0< %
0< ll < %0(9) < ZQ < 400, 0< K1 < I{(Q) < Ko < +00. (44)

Furthermore, there exists a constant d; such that, for E(t) < 41,

a0)+ (550) = 4= 5)200)+ G = 1Z'(60) = Cory (45)

for some Cy > 0.
Combining (4.3), (4.5), and Remark 3.3, and using Taylor expansion as in [18], we get immedi-
ately the following L? estimates of solutions.

Lemma 4.1. There exists a constant C > 0 such that, for all0 <t <T,

t
/ ((p— 12+ (0 —1)* +u* + 106> + 7157 + 1253)dx + / / (¢* + S? + S3)dxdt < CEy. (4.6)
R3 0 JR3

In the following Lemmas, we will alway assume that E(t) < § for sufficiently small §. We use

the notation Z(0) = TO((;))) =1 7:((69)) = 10Z(0) and a(#) = oa(h).

Now, we do the higher-order estimates. For 1 < |a| < 3, we take 9% on a slight modification of
equations (2.4), and get

00%p+u-VOosp+ pdividu = fi,
Op03u +u - Vogu+ L2Vt p + PEVIR0 = 1divdg St + SV Ss + fa,

o 2a(6) a o o a 2a(0
D050+ (u — 720 R P Sdivogu+ - divosg = 07 (22007 + 5k ST+ 5583) + /o,
ro(Bi0%q +u- Va2q) + — ,,a;; OV 020 = f,

T1(8:05 81 + u - VIFS) + 19551 = E(VIgu + V(9gu)" — divoguls) + fs,
TQ(atagSQ —+u - V@;‘Sg) + %8552 = %dlv@ﬁu + fG,
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where f;,1 <14 <6 are commutators given by

fri==[07(u-Vp) —u- Vg p] - 87 (pdivu) — pdivd;u,
foi=—[0%(u- Vu) —u- VU] — {ag <pppvp) - IZV@?/}}
+ [8;“ (;(dlel + VSQ)>
_ o 2a(0) > ) < 2a(0) > o )
:=— (0 U — —= Vo) —u— = Voso
== (2 (v~ Zgye ZOpea’) "
- <ag (pdivu> - pdivagu) = (ag <1divq) = 1divagq> :
peq peg peq peq
o . —Uu - o — o 1 — 1 o
fa:=—-10(0%(u-Vq) Vorq) (QE <?0(9)pq> %O(Q)pax Q)
(2 (2@57) - i@ %)

1 1
f5 L= —71(8§(u . VSl) —Uu- VB;"Sl) - (ag(pSl) - p@g’Sl)

- %(div@?Sl + vagsg}

1 2 2
+ <8§‘ (pu(Vu +vul — 3divu13)> - %(V&g‘u + V(0%u)T — Sdivaffufg)

foi= 2 (0%(u-VSa) — u- VOO S,) — (a;*(lsg) - 13;52) - (8;‘(/\divu) - Adiva;;u>
P p p p
The following lemma gives the estimates on the commutators.
Lemma 4.2. There is a constant C' > 0 such that, for all0 < t < T, we have
(f1, f2, f3. fa f5, fo)llze < CE2 (£)D3 (1), (4.8)
Proof. By using the Moser type inequalities and the Sobolev embedding theorem, we get
109 (u - Vp) —u- VOLpllr2 < C(|Vull L= l|Vg " pll 2 + | Vol < |05 ull 2) < CE*(H)D3 (¢).
Similarly, we have
102 (pdivu) — pdivoSul| 2 < CE?(t) D3 (t).
So, we get
If1llz> < CE=(t)D? (). (4.9)
For estimating fy, we note that

102 (u - V) — w - VOLul| 2 < C(||Vull = [ VO ul| g2 + ||V oo 1000l £2) < CE? (£) D3 (1),

ol
—~
o~
~
ol
—~
o~
~

o (P Pooaa 0 a— o PO
19z <”Vp> - LVosp| < C <|V()|Loo|V3x ol + IIVpIILoollax()lle) <CFE
P P p P
and

1
||8f}( (diVSl + VSQ)) — ;(dlv@f}Sl + V6352)||L2

. e o . ! 1 1
IVpll L= I(divag —1S1, Va1 So) || 12 + [(divSy, VS2)|| £ [105 (;)HL?) < CE=(t)D=(1).

S

<C

—~
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So, we derive
| follz2 < CE%(t)D3 (). (4.10)

In a similar way, for estimating f3, by noting that ey is a function of (0, /7oq), we have

|oY ((u — ;(ng))ee q) V6‘) — (u — 22(252)69 q) VoS0 Lz

< C((Vu, Vp, VO, V7oV, V)| = VIS0 12 + V]| < 02 (p, u, 8, /T0a) | £2)
< CE*(t)D% (1),

||8§‘(£divu) - %div@?u”w

RO e . RY
< IVE ) lldivay tull e + divedze< |07 ()l 22

< C(Il(V8, Vy/70q) | L= |divdS " ul r2 + [[dive| |02 (0, v/T0q) | 2) < CE* (£) D5 (t)
and
1 1
192 (—divg) — —divaq|
peo peq
< C((Vp, V8,V /70q) || = |divdS " q|| 2 + || divgl| =02 (p, 8, v/T0q)| 12 < CE%(t) D (t).
Therefore, we get
| fsllz2 < CE®(t)D3(t). (4.11)
To estimate f4, we note
I70(0g (u - Vq) —u - VOgq)l 12
< Oro(||Vu £ VO gl 12 + |V o 02l 12) < CE% (£)D* (t),

1 1
8% (= -
l z(TO(a)ch) =0 qll
< C(1(Vp, VO) | L= 1022ql z2 + llgll =102 (p,0) || 12) < CEZ(t)D*(2)
and
K(0) r(0)
0o(=2Lve) — 2 yoeg
1032535 90) ~ = gy Vo2

< C([[(Vp, V)|l 1< |V 6| 2 + VO] L= 1105 (0, 6) | 2) < CEZ (1) D3 (¢).
So, we have
[ fall= < CEX(0)DE(2). (412)
For the estimate of f5, we have
I71(05 (w- VIS1) —u - VO S1)| 12
< Cri([|Vull = [ VO 1S4 || 2 + |V Su | o< 0wl £2) < CE? (#)D? (1),

1 1 _ o 1 1
||3?(;)51 - ;@?Slllm < C(IVpllr=llog= Sz + 1S1 ]l =105 pllz2) < CE=(t) D= (t)
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and

2 2
102 (5 (Vu+ VuT = Zdivuly)) - £(Vogu + V(@gu)" — Zdivoguls| e
p P

2 2
< CO(|VpllL=|VOZ u+ V(02 u)T — gdivax“_lulg,HLz + [|[Vu + Vu® — gdivul3||Loo 0% pl| 12

< CE*(1)D*(1).
So, we get
[ f5llz2 < CE*(0)D(2). (4.13)
Similarly, we can estimate fg by
| follze < CEZ(6)D3(2). (4.14)
Combining the above estimates, the proof of Lemma 4.2 is finished. O

The next lemma shows the high-order estimates of the solutions.

Lemma 4.3. There exists a constant C > 0 such that, for all0 <t <T, we have
t
1(Vp, Vu, VO, 7oV q, /TIVS1, VT2V S2) |52 +/ 1(Vq, VS, VSy)||%:dt
0

< C(Ey+ E=(t) / t D(t)dt). (4.15)

Proof. Multiplying the equations (4.7) by %8;‘;), Ogu, L 030, ;2(2) 0%q, & o 50251, }\8 So, respec-
tively, and integrating with respect to x, we derive

5 [ (omor + S0+ G500 + O (bl + (/oS e

i g )2 1 a2 i a2 i g )2 =
2/\(\/?2@52) )der/(peﬁ(e)(azq) +2up(a””51) +/\p(6ISZ) de=T+X+L+Q+F,

where
v [ (0 (52) s o (§) oo (35)

X = / <div (ieu) . %(33,0)2 + diva - %(62%)2 + div @9 (u - ;(‘;gi; q)> . %(age)?
)

1
. QTo(agq)Q) dz,

v (209 N L e faiv (L) L0052 4 div (L) - Lra(a28,)?
—|—d1v<€n0)u> 270(3zq) —ﬁ-dlv(Quu) 271(89651) +d1v()\u> 272(89552) dz

L:= / ( (divogu -0y p+ VOgp-0gu) + R(VO;0 - 0gu + divogu - 050)

o
+%(div6§51 00w 4 & (vaau+V(aa T —;divaﬁulg)-aﬁ&)

1
+=(VO2S, - 0%u + divdu - 095,) + —9 (divo®q - 90 + V20 - agq)> da
p p

2a(6 1 1
o= (g it ) )
)peq 2upeg pegh”?
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/(flp”aaﬁfza“wfg 20 + f (())

We need to estimate each of the above term. Firstly, from the mass and energy equations, we have

9%q +f5 80‘51 + fo 8;152> dz

[0pll = Il - div(pu)ll = = | — u- Vp— p- divu]
< ull = [IVpllze + llpllroldivel . < C(E(t) + B (t)) < CE* (1)
and
10:0] .=
2a(0) P .. 1 2 L, 1 ., 1
= - (u— = V0 — —divu — —divg + + S5 oo
= peoZ(0) peo A B TP B v L

< O(llull o= VOl Loe + [Vl e + [[divu e + [[divgllze + [l Ze + [|S1]1 2 + 153117
< C(E?(t)D*(t) 4+ D (t) + D(t)) < C(D?(t) + D(t)).
Noting that ey = C,, + @ (0)7oq? and using the equations (1.9) and (1.13), we obtain

10 e = 10+ T

< C(||3t9||m + 170 |2 1001 L + Cligll o [l7ogel| o

< C(D3(t) + D(t)) + CD? (|| rou - Vg + =

() + D(?))-

1
w0 e

=

<C(D
Therefore, we get

IT] < C(|(Dep, 00| = |V o132 + 1002 )||L°°HV9HH2 + 100 L=70[|Val|32) < CE=($)D(?).
(4.16)

To estimate X, we note that
RO 1 RO R RO 1
div(—u) - = (03 2de = / (uV + —uVeo + divu) = (0 2dx
[ (=) - 50z THuVp SuvO+ = diva ) - 5 (05)
< C(llullp=(IVpllL= + [VOll=) + [dive] =) [ VolF < CE=(t)D(t),
/divu- %(8§‘u)2dw < C||divul| g || Vul|%2 < CEZ (£)D(t),

/d (ee _ 2”((5))/0)-;(639)2@

< O(llullz= + VOl L +mollgllz=Vallz= + [ Vol =) VO F: < CE=()D(2),

. To(8 1 o . 1
/le (92((9)) u) . 57'0(@: q)%dx < C(||VO|| = + ||divu| p=)T0||Vq|/32 < CE=(t)D(t).
and
Lu 1 o w1 o
/ <dlv(2lu) : 571(81 S1)% + d1v(X) . 57-2(895 52)2> dx
< C||divul| o (11| V1|32 + 72|V S2||%) < CEZ (£)D(t).

Therefore, we derive that

|X| < CEZ(t)D(t). (4.17)
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Noting that the matrix S; is symmetric and has zero trace, we have the following equality
1 1 2
0551 - VoSu = iagsl(vagu +V(0cu)T) = §6§51(V8§u + V(0cu)t — gdivagufg).
So, after integrating by parts, we rewrite L as

L=— / (V()aﬁuaﬁp + V(2)92810%u + V(=)0%So0%u + V()agqaga> de
p p P po
which gives
L] < CI[(Vp, VO) | (IVulFz + Vol + VO3 + VSillze + 1V Sall3 + [ Vall32)
< CEAODO) (4.18)

Moreover, it is easy to see that
Q <C(llallc=IValgz + Sl [V Sill2 + [S2]l o || S 12
+ (lallz~ + 15117 + 1520711V, V8, V7oV ) [ 122) VO] 2 < CEX()D(B). (4.19)
Finally, using Lemma 4.2, it holds
F < CE=(t)D(t). (4.20)
Combining the above estimates, we get the desired result and the proof of Lemma 4.3 is finished. O
In the following Lemmas, we aim to get the dissipative estimates of ||(Vp, Vu, V0)||3,..

Lemma 4.4. There exists a constant C' > 0 such that, for all0 <t <T, we have

2

2 d

gILLHVUHiIQ - E §/718§51~V8§udz
m=0

< u([Vpl3 + IVOl32) + CIl (S, S2) I3 + CE= (£)D(t), (4.21)
where v is a small constant to be determined later.

Proof. We replace the notation o by m in equation (4.7), and let 0 < m < 2. Then, multiplying
the resulting equation by VO™u and integrating with respect to z over R3, we get

/%M|V8;"u\2dx
< /(7’18,58;”8;?,5’1 -VOT'u +1uVo'S, - Vo lu + %8;”51V8;“u — f5 - Vo tu)dx
< %/ﬁ@f&V@fudx—/TlﬁfSlvafatu
+C [(uPIvorsi + oz i+ |fsde + £ vorul?.
70051V udx + /TlagndivSl SO Opudr + O[S |3 + CE%(t)D(t) + guva;”uui%

<
—dt

where we have used the upper bound on p (4.3) and the equality

/V@;"U(V(?;”u + V(@?u)T — gdivé);"ufg)dx = /(|V(’92%L|2 + %\divc‘?;”uﬁ)dx.
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Now, using the momentum equation (4.7),, we get

/TlagndivSlag:”atudm
_ Vi H m pﬂ m p9 m ]' . m ]' m
= [ 10, divS: | —u - VI 'u — ?Vﬁx p— ?V(”)'m 0+ ;dlv@z S+ ;V@m So+ fo | dx

ILL m m m 1
< £lvor ullZs + ClI(S1, S2) s + v(IVO pllZe + IVOF0II72) + CE= (H)D(t).

Combining the above estimates and summing m from 0 to 2, we get the desired results. O

Lemma 4.5. There exists a constant C such that

2/‘61

2
d 1
SN0l + > 1 [ m0ra- Voreds < C(IVule + lalf) + CEHOD@.  (422)
m=0

Proof. Replacing the notation o by m in equation (4.7), with 0 < m < 2, multiplying the resulting
equation by V07'6, and using Lemma 4.2, one gets

4Ky 9 / k(0)
—|IVOT 0|52 < | =
512 || T ||L — ’7'0(9)/)
1

= —/ T00:05'q - VOO + mou - VO'q- VOO + ———0'q - V0,0 — f4V0,'0 | dx
T0(0)p

d ;
< —a/ma;”q VO™ hdx + /Toa;nq -VOm0,0 + ;Tl|\vaya||%2 + Cllq||%2 + CE= (t)D(t)
2

|VOro|*dx

Now, using the equation for the temperature (4.7),, we obtain

/Toagnq Vo0 0dr = — /ngivagnq - O Op0dx

2a 1
= /TodiVG;”q ((u — = a(9) ) Voye+ ldiw?;”u + —divd)'q
Z(0)peq peg peg

m 2 2 1 2 1 2
% (Fc@peoq T Spes 1 T peeASQ) " f3)
K m 1
< 5712||V5w 0172 + CllalEs + I VullFz) + CE= (1) D(1).

Combining the above estimates and summing m from 0 to 2, we get the desired result (4.22). O

Lemma 4.6. There exists a constant C' > 0 such that, for all0 <t <T, we have

2
R d m m 1
IVl + > 5 [ 0u- Vore < CIT6IE + IVuls + (51, S2) ) + CEH 01D,
m=0
(4.23)
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Proof. Replacing the notation a by m in equation (4.7), with 0 < m < 2, multiplying the resulting
equation by VO™ p and integrating with respect to x over R?, one gets

3R RO

SIvarsli < [ Lverppas

5 p

= —/@Gfu -VOy pdx — /u -V u- VO pdx

1
— /RV@;"Q -V pdx —|—/ <p(div8;,”51 +Vo'Sy) + f2> -V pdx
< —%/QTU -VoT pdx — /divﬁ;"u - 07Oy pda
1 R m
+ CIVOl52 + 1 (S1, 82)7g) + CE2 ()D(E) + £ VI pll 72
Now, using the mass equation (4.7),, we obtain

/8;”divu SO Opda = — / divo)'u - 97 div(pu)dx

R
< VO pllzs + C[Vullf: + CEX(0)D(2).
Combining the above estimates and summing m from 0 to 2, we get the desired result (4.23). O
Combining Lemmas 4.4-4.6, we have the following

Lemma 4.7. There exists a constant C' such that, for all 0 <t < T, we have
t t
/ (Vp, VO, Vu)||3:dt < C(Ey+ E%(t)/ D(t)dt). (4.24)
0 0

Proof. Multiplying the inequality (4.23) by 5?%7 and adding the result to the equality (4.22), we
get

2
k1 2 Rrky 2 i/ m m K1 om, m
5, (IVO||52 + 25l2C’HVpHH2 + mEZO ” (7081 q-Vore+ 512083” u- Vol p) dz

< 1 (IVullye + (g, S1, S2) % + E2 (£)D(t)).

Multiplying the above result by ﬁ, adding the result to the inequality (4.21), choosing v suffi-
ciently small and integrating with respect to t, we get

t
/ 1(Vp, Vu, V6)|2padt
0

2
<CY [miarsi|- (vorl + nioyal- [Vore) + |orul - (797l dal

t
0
m=0

t t
+ / (g, S1, o) |30t + CEX (1) / D(t)dt.
0 0

In view of Lemmas 4.1 and 4.3, we have
t
0

2
> [miopsi|- (vorul+ wlopal - [V076] + 107ul - [V07sl)da]
m=0

t
< C(Eo + IVmiSillde + lullis + Ivroalze + V07 + 1Vollz: < C(E + Ef(t)/O D(t)dt)
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and

/ ||(q,51,52)||§,3dtg0(E0+E%(t)/ D(#)dt).
0 0

Combining the above estimates, we arrive at

t t
/ (V. Vu, VO)|yadt < C(Eo + B3 (2) / D(#)dt).
0 0

Proof of Theorem 1.3: Combining Lemmas 4.1, 4.3 and 4.7, we conclude that
t t
E(t) +/ D(t)dt < C(Ey + E%(t)/ D(t)dt). (4.25)
0 0

By the usual bootstrap principle and continuation methods, we obtain a global solution satisfying
(1.16). Moreover, from the equation (2.4) and inequality (1.16), we have

t
/ IV (p, u, 0, \/Toq, /7151, v/T252) ||22dt < C
0

and
‘1d
A 3V (o 0. V70q, /7151, VT252) |12 dt < C,
which implies the decay estimate (1.17) immediately and thus proves Theorem 1.3. 0O

5. GLOBAL RELAXATION LIMIT

Proof of Theorem 1.4: Assume that 7 = (19,71, 72), and let (p7,u",07,¢7,S7,57) be the
global solutions obtained in Theorem 1.3, satisfying
Op™ +div(p™uT) =0,
O (pTu) +div(pTu” @ uT) + VpT = div(S] + ST13),
at(p‘f'g‘l') + div(pTuTET +pTuT + qT _|_ STUT) — O

5.1
70(07)p™(0rq” +u” - VqT) +q7 + £(07)VOT =0, 50
7170 (ST +u - VST) + ST = p(Vu™ + (Vu™)T — 2divu™I3),
TopT 0 (ST + u - VST) + 5] = Mdivu”™
with
T _1 T\2 l T\2 E T\2 T
& —2(u) +4/J(Sl) +2/\(52) +eé, (5.2)
" =Cu0" +a(07)(q")?, pT=RpTO", (5.3)
cf. (1.12), (1.13). By Theorem 1.3 we have
sup (o7 = LuT 07 = 1 yTod VST VST () s
<t<oo
[ (1707 90 ) e + a7 ST S ) d < CEo (5.4
0

where C is a constant independent of 7 = (79, 71, T2).
Thus, there exist (p°,u%, 0%) € L>([0,00), H3(R3)) and (¢", S?,59) € L2(]0,00), H3(R?)) such
that
(p7,u”,07) — (p°,u",0°) weak-+ in L*>(]0,00); H*(R?)),
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and
(¢",57,55) — (¢°,57,59) weakly in L*([0,00); H*(R?)).

Furthermore, it is easy to see that (9;p7,0;,u”) are bounded in L?([0,00); H?(R3). By classical
compactness (p7,u7) are relatively compact in C([0, 7], H2,.(R?)) for any T > 0. As a consequence,
as 7 — 0 and up to subsequences,

(77u7) = (o°,u0) strongly in C([0,T], HE,(RY)).

In contrast, we notice that the boundedness of 9,0 in L?([0, 00); H?(R?)) is not obtained immedi-

ately, so does the strong convergence of 67 in C([0,T], H? .(R?)). However, since £ is a smooth

function of (0 —1, \/70q™, \/7T15T, /7253, u"), ET — C, is uniformly bounded in L*>((0, o0), H3(R?)).
Moreover, from equation (5.1),, we conclude that 9;£™ is uniformly bounded in L?((0,00); L?(R?),
the usual compactness argument implies

E™ =&Y strongly in C([0,T], H:.(R?)).

Thus, by using the formulation (5.2), and the fact that (79(q7)?, 71(ST)?, 72(57)?) are strongly
convergent to zero in L2([0,T); H?(R3)) as 7 tends to zero, one obtains, for any 7' > 0,

0" — 0° strongly in  L2([0,T], H?.(R%)).
On the other hand, as 7 — 0, we have
70(0¢q" +u-Vq) =0 in D'((0,00) x R?),

71(0,57 +u-VST) =0 in D'((0,00) x R?)
and
75(8;53 +u-VS3) =0 in D'((0,00) x R?).
So we may pass to the limit in (5.1)-(5.2) in the sense of distributions. The limits (p°,u,6)
satisfy the classical compressible Navier-Stokes equations in the distributional sense,
0yp° + div(p®u®) = 0,
¢ (pu®) + div(p°u’ @ u®) + Vp® = div(SY + SYI3), (5.5)
at(pOSO) + div(p0u050 —|—p0u0 + qO + SOUO) — O,

with
1
E0 = §(u0)2 + €, (5.6)
¥ =C,0°, p’ = Rp°0°, (5.7)

where ¢°, 59, S9 are given by
" = —k(0")VE°, SV = p(Vu + V()T - %diVUOIS)7 S9 = Mivu® ae. (0,00) x Q. (5.8)

Therefore, the proof of Theorem 1.4 is finished. O

6. BLOW-UP OF SOLUTIONS FOR LARGE DATA

Here we now show that there exists large initial data (pg, uo, 6o, go, S10, S20) such that the local
solution (p,u,d,q,S1,S2)(t, ) must blow up in finite time.

Since the system (2.4) is symmetric-hyperbolic, the local solutions possess the finite propagation
speed property:



20 YUXI HU AND REINHARD RACKE

Proposition 6.1. Let (po,uo, 00, q0, 510, 520) be given as in Theorem 2.1 and (p,u,0,q,S1,52)
be local solutions to (2.4) on [0,Tp). Let M > 0. We further assume that the initial data (po —
1,ug, 00 — 1, qo, S10,520) are compactly supported in a ball Bo(M) with radius M > 0. Then, there
exists a constant o such that

(p(, 1), u(-, 1), 0(,t),q(- 1), S1(-, 1), S2(-,t) = (1,013, 1,013, 03x3,0) := (p, @, 0, q, 51, S2)
on D(t) ={z e R¥||z| > M +ot}, 0<t<Tp.
Proof of Theorem 1.5: Firstly, the energy equation (1.1), implies that G is a constant and
G(t) = G(0) > 0. (6.1)

In the following, [ denotes fRB for simplicity. By noting that trace(S;) = 0, and using equations
(1.1), and (1.11), the constitutive equations (1.13), Remark 3.3 and (6.1), we can derive

F(t) = / (pu): - 2z — 37 / (pS2)sdir
- /(—div(pu® u) — Vp+ divSy + VS,) - ade + 3/Sgdx
:/p|u\2dx—|—/3(p—]3)da:—/trace(Sl)dx
:/p|u\2dx+3/(Rp0—Rp§)dx
= [otuas s [ (Ee o) - Lator) as
— [ slulaz 36 - 1) [0 = pEraa =30 - 1) [ 5 (i + a0 + T8+ 22t ao

5*3’}/ T1 T2

> — /pIU\de —-3(y - 1)/ (a(9)pq2 + @pSf + 2)\/)522) dz
5 — 3y max p

> 225 [ oluPdo = 36y - )(Ho + 5 fuol),

where v = Cﬂ + 1 and

1 (Z(60)\
Hy = / (Cvpo(eo ~Inbo = 1)+ RlpoInpo = po +1) + po (a(GO) " 2 < éOO)) )qg

T1

oy

]
mSh+ amsh ) de. (02

On the other hand,

2 2
F2(t) <2 </ pu - :z:dx) + 273 (/ pSng)
<2 (/medx) . (/pu|2dx> —|—27'22/pS§dx/pdx

4
< STIXP0 (r 4 o) / plufde + AN (Ho + L2 ug|[22) max po - - (M + rt)?
which implies
2 2 M, 4 maxpo 2
/pluIde > SF(t) _ 2\mo(Ho + 24522 |uo|7,)
8w max po(M + ot)? (M + ot)?
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Combining the above results, we derive

3(5—3y) (5—3v)A\r2 max pg
F'(t) > F2(t) — (s +3(y— 1) ) (H 7
()= 167 max po(M + ot)d ®) ( (M + ot)? +30—1) ) (Ho+ 2 luollz2)
_ c3 2
= ———F*(t)— K(t), 6.3
PO~ KW (63)
where cp := 77, c3 1= %. With this Riccati inequality, we can show the blow-up result.
Indeed, assuming a priori that
C3 2
2K(t) < —————F=(t 6.4
(1) < o) (6.4)
then we have
C3 2
F'(t) > ————F*(t
&) 2 2(1 + eqt) ®),
which gives
1 1 1 c3 C3
_—> >3 6.5
Fy — Fy F(t) — 8co 802(1 +02t)4 ( )
for which the maximal existence time T' can not be infinity provided
8cy 12870 max pgM*
> 22 6.6
LR 3(5 — 3v) (6:6)
Here Fy = F(0). Moreover, we have
1 1 c3 C3
<
F(t) — Fy 8co + 862(1 + Cgt)4,
which implies that
8ca(1 + cot)?
F(t) > M (6.7)

cs
To show that the a priori estimate (6.4) holds, we use the bootstrap method expressed in the
following simple lemma, already used in [20].
Lemma 6.2. Let f € C°([0,00),[0,00)) and 0 < a < b such that the following holds for any
0<a<f<oo:
f(0)<a and (Vtela,0]: ft) <b = Vte[o,f]: ft) <a.).

Then we have

Vt>0: f(t) <a.
That is, under the a priori assumption (6.4), we need to show that

C3 2
zm@ga?aﬁF@. (6.8)

We need the above equality to hold in particular for ¢ = 0, that is,

5 — 3v)A\T: max
4 <(M”2)2 +3(y 1)) (Ho + =52 Juoll3) < es 3. (6.9)
Next, using (6.7), one only need to show
1+ cot)®  64c3
4K@(+Q)g6?u+@w (6.10)

C3 Cc3



22 YUXI HU AND REINHARD RACKE

for which is sufficient to show

<(5 *J\?Z)/\Tz

16¢32
lluol|72) < —2. (6.11)
Cc3

max pg

13y 1)) (Ho +

Note that (6.6) and (6.11) imply (6.9), we need to find some ug such that the assumptions (6.6)
and (6.11) hold. Let (cp. [15, 21])

Lcos(5(r—1)), r € [0,1],

N re(1,M—1],

¥(r) = Leos(m(r—M+1)+%, re(M-1,M], (6.12)
0, r € (M,+o0),

where L is a positive constant to be determined later. @ is not in H3(R, ), but we can think of @
being smoothed around the singular points r = 1, M — 1, M and put to zero around r = 0, yielding
a function v, with ||v||zz < 2||0]|z2. We choose

uo(x) = v(|:c|)|%.

Assumption (1.22) can easily be satisfied since it is equivalent to requiring
__ 15,

poeo — pe+ —uy | dxr > 0,

R3 2

which is satisfied by choosing pofy > pf = 1. Let M > 5, then
[ o miauo(e)de = [ pola)ollel)lelda
R3 R3

> winpy [ w(a)lelda

Bo(M)

M
> min po/ o(r)r - drr?dr
0

T min pg

M—2
> min po/ L 4xr3dr > LM*.
2

We choose L (independent of M) sufficiently large such that

< / podx +7'2/ poSSde
Bo(M) Bo(M)

TQ/POSOQdI

4 .
< ?WM:S max pg + 2A max pgHy < %LM4
and
T min pOL S 1280 max pg
64 - 3(6-3v)

So, (6.6) holds. Now, after having chosen L large enough, fix L. On the other hand, since
l|uol|2. < 4L24XM?3, Then we choose M sufficiently large and v — 1 sufficiently small such that
(6.11) holds. This finishes the proof of Theorem 1.5. m
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