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Exercise Sheet 7
Tarski–Seidenberg principle

Exercise 25
(4 points)
Let n ∈ N and 0 ̸= f ∈ R[x1, . . . , xn]. Show that Rn \ Z(f) is dense in Rn. Is this still true if we
replace R by any real closed field R?

Exercise 26
(4 points)
Let Z ⊆ R2 be the following zigzag curve in R2.
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Exercise Sheet 8

This assignment is due by Tuesday the 16th of December at noon.
Your solutions will be collected during Tuesday’s lecture or you can drop them
in the postbox 18 near F411.

1) Let R be a real closed field. Show that the semi-algebraic subsets of R are ex-
actly the finite unions of points and open intervals (bounded or unbounded).

2) Prove the following statements:

a) The infinite zig zag curve Z in the figure below is not semi-algebraic
in R2.
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b) For every compact semi-algebraic subset K of R2, the intersection of K
with the zigzag is semi-algebraic.

3) In the following exercise we will illustrate the Tarski-Seidenberg principle and
its proof in a concrete case. Consider the following polynomials in Z[T,X]

f1(T,X) = TX2 + (T + 1)X + 1
f2(T,X) = X3 − 3T 2X + 2T 3.

Prove the following statements:

a) Let f ′
2(T,X) be the partial derivative of f2(T,X) with respect to X.

Compute:
• the remainder g1(T,X) of the euclidean division of f2(T,X) by

f1(T,X) in Q(T )[X].
• the remainder g2(T,X) of the euclidean division of f2(T,X) by

f ′
2(T,X) in Q(T )[X].

(a) Show that Z is not semialgebraic.

(b) Let A be a compact semialgebraic subset of R2. Show that A ∩ Z is semialgebraic.

Exercise 27
(4 points)
Let Φ(x) be the following first order formula in the language of real closed fields with one free
variable x:

¬∀y
(
∃z

[
(¬ x3 = 0) ∧ y2 + xy − z2 − 1 = 0

]
∨ −y2 − xy + 1 > 0

)
.

Find a quantifier free first order formula in the language of real closed fields Ψ(x) such that
Φ(x) ∼ Ψ(x).
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Exercise 28
(4 points)
Let R be a real closed field. Decide which of the following sets A are definable in R (see Def-
inition 2.2 of Lecture 12). For the definable sets, decide whether they can be defined without
parameters, i.e. whether there is a first order formula Φ(X) with free variables X = (X1, . . . , Xn)
such that A = {r ∈ Rn | Φ(r) is true in R}. Justify your answers!

(a) R = R, f(x) = exp(−x2) − 1
e2 and A = {x ∈ R | f(x) < 0}.

(b) R = R and A = {
√

π}.

(c) R the real closure of R(x) with the order induced by x > N and A = {a ∈ R | a < n for some n ∈
N}.

(d) R = R, π : R3 → R2, (x, y, z) 7→ (x, y) and A = π(B) for B = {(2 sin θ, 2 cos θ, θ) | θ ∈ R} ⊆ R3.

Please hand in your solutions by Thursday, 15 December 2022, 10:00h in the postbox 14 or
per e-mail to your tutor.
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